
Solutions of higher order linear differential equations with variable 

coefficients 

Equations reducible to linear differential equations with constant coefficients 

An equation of the form   

𝑎0𝑥𝑛 𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑎1𝑥𝑛−1 𝑑𝑛−1𝑦

𝑑𝑥𝑛−1
+ 𝑎2𝑥𝑛−2 𝑑𝑛−2𝑦

𝑑𝑥𝑛−2
+ ⋯ 𝑎𝑛−1𝑥1 𝑑𝑦

𝑑𝑥
+ 𝑎𝑛𝑦 = 𝑄(𝑥)  -----(1) 

Where 𝑎0, 𝑎1, 𝑎2, … 𝑎𝑛−1, 𝑎𝑛  are constants with  𝑎0 ≠ 0,  is called Cauchy’s 

homogeneous  linear differential equation . It is also known as Euler- Cauchy 

linear differential equation or Cauchy’s Euler equation.  

This can be reduced to a linear  differential equation with constant coefficients by 

substituting   𝑥 = 𝑒𝑡 which implies  t= log x  , 
𝑑𝑡

𝑑𝑥
=  

1

𝑥
 

Now  
𝑑𝑦

𝑑𝑥
=  

𝑑𝑦

𝑑𝑡

𝑑𝑡

𝑑𝑥
=   

𝑑𝑦

𝑑𝑡

1

𝑥
 

x 
𝑑𝑦

𝑑𝑥
=  

𝑑𝑦

𝑑𝑡
  

xDy= 𝜃𝑦,   where   𝜃 =  
𝑑

𝑑𝑡
, D= 

𝑑

𝑑𝑥
 

Similarly we get  𝑥2 𝑑2𝑦

𝑑𝑥2
=  𝑥2𝐷2𝑦 =   𝜃(𝜃 − 1)𝑦 

𝑥3
𝑑3𝑦

𝑑𝑥3 =  𝑥3𝐷3𝑦 =   𝜃(𝜃 − 2)(𝜃 − 1)𝑦 

...and so on  

Substituting these values in (1) , the equation reduces to differential equation with 

constant coefficients in y and t  which can be solved by using the methods 

discussed earlier.  

Remember:  𝒙 = 𝒆𝒕  or t= log x   and   𝜽 =  
𝒅

𝒅𝒕
, xDy= 𝜽𝒚, 𝒙𝟐𝑫𝟐𝒚 =   𝜽(𝜽 − 𝟏)𝒚,  

𝒙𝟑𝑫𝟑𝒚 =   𝜽(𝜽 − 𝟐)(𝜽 − 𝟏)𝒚…. 

 

 

 



(V Imp) Problem .1 : Solve the  differential Equation  𝑥2 𝑑2𝑦

𝑑𝑥2
  - x 

𝑑𝑦

𝑑𝑥
+ 𝑦 = log 𝑥  

Solution : The given diff eqn is 𝑥2 𝑑2𝑦

𝑑𝑥2
  - x 

𝑑𝑦

𝑑𝑥
+ 𝑦 = log 𝑥     

which is Cauchy- Euler homogeneous  linear differential equation 

It can be written as 𝑥2𝐷2𝑦 − 𝑥𝐷𝑦 + 𝑦 = log 𝑥----(1) 

Put 𝒙 = 𝑒𝑡  or t= log x   and   𝜃 =  
𝑑

𝑑𝑡
, xDy= = 𝜃𝑦, 𝑥2𝐷2𝑦 =   𝜃(𝜃 − 1)𝑦 in (1) 

We get [𝜃(𝜃 − 1)𝑦 −  𝜃𝑦 + 𝑦] = 𝑡  

[𝜃2 − 𝜃 − 𝜃 + 1]𝑦 = 𝑡 

[𝜃2 − 2𝜃 + 1]𝑦 = 𝑡-----(2) 

This is differential equation with constant coefficients. 

Its Auxiliary equation is 𝑚2 − 2𝑚 + 1 = 0 

(𝑚 − 1)2=0, m=1,1 roots are real and equal. 

Its complementary function is 𝑦𝑐(𝑡) =  (𝑐1 + 𝑐2𝑡) (𝑒)𝑡  …..(3) 

Now Particular integral is 𝑦𝑝(𝑡) =  
1

[𝜃2−2𝜃+1]
𝑡 

P.I= 
1

[𝜃−1]2
𝑡 

= [1 − 𝜃]−2𝑡 

                =[1+2 𝜃 + 3𝜃2 + ⋯ ]𝑡 

                                 =[1+2 𝜃]𝑡     , [𝜃]𝑡= 
𝑑

𝑑𝑡
(𝑡) = 1 

                                                            = t+2   

Therefore P.I = 𝑦𝑝(𝑡) = 𝑡 + 2   …(4)  

The solution of (2) 𝑦(𝑡) =  𝑦𝑐(𝑡)+ 𝑦𝑝(𝑡) 

From (3) and (4), we get   𝑦(𝑡) =   (𝑐1 + 𝑐2𝑡) (𝑒)𝑡  + 𝑡 + 2   --(5) 

To get the solution of (1) replace t by log x, 𝑒𝑡 𝑏𝑦 𝑥   



From (5) , y(x) = (𝒄𝟏 + 𝒄𝟐 𝐥𝐨𝐠 𝒙)𝐱  + 𝐥𝐨𝐠 𝒙 + 𝟐   is the solution of 

 𝒙𝟐 𝒅𝟐𝒚

𝒅𝒙𝟐
  - x 

𝒅𝒚

𝒅𝒙
+ 𝒚 = 𝐥𝐨𝐠 𝒙  

(V Imp) Problem: 2 . Solve the differential Equation 

  𝑥2 𝑑2𝑦

𝑑𝑥2
  -4 x 

𝑑𝑦

𝑑𝑥
+ 6𝑦 = 𝑥2 

Solution : The given diff eqn is 𝑥2 𝑑2𝑦

𝑑𝑥2
  -4 x 

𝑑𝑦

𝑑𝑥
+ 6𝑦 = 𝑥2    

which is Cauchy- Euler homogeneous  linear differential equation 

It can be written as 𝑥2𝐷2𝑦 − 4𝑥𝐷𝑦 + 6𝑦 = 𝑥2----(1) 

Put 𝒙 = 𝑒𝑡  or t= log x   and   𝜃 =  
𝑑

𝑑𝑡
, xDy= = 𝜃𝑦, 𝑥2𝐷2𝑦 =   𝜃(𝜃 − 1)𝑦 in (1) 

We get [𝜃(𝜃 − 1)𝑦 − 4 𝜃𝑦 + 6𝑦] = 𝑒2𝑡  

[𝜃2 − 𝜃 − 4𝜃 + 6]𝑦 = 𝑒2𝑡  

[𝜃2 − 5𝜃 + 6]𝑦 = 𝑒2𝑡-----(2) 

This is differential equation with constant coefficients. 

Its Auxiliary equation is 𝑚2 − 5𝑚 + 6 = 0 

(m-2)(m-3)=0, m=2,3 roots are real and distinct 

Its complementary function is 𝑦𝑐(𝑡) =  𝑐1𝑒2𝑡 + 𝑐2𝑒3𝑡  …..(3) 

Now Particular integral is 𝑦𝑝(𝑡) =  
1

[𝜃2−5𝜃+6]
𝑒2𝑡  

P.I= 
1

[𝜃2−5𝜃+6]
𝑒2𝑡    Put 𝜃 = 2 

 since 2 is a root we get [𝜃2 − 5𝜃 + 6] = [22 − 5.2 + 6 =0 

So that P.I =  𝑡.
1

𝑓′(𝜃)
𝑒2𝑡= 𝑡.

1

[2𝜃−5]
𝑒2𝑡   , put 𝜃 = 2 

P.I =  𝑡.
1

[2.2−5]
𝑒2𝑡 =  −𝑡𝑒2𝑡   , 

 

 



Therefore P.I = 𝑦𝑝(𝑡) = −𝑡𝑒2𝑡   …(4)  

The solution of (2) 𝑦(𝑡) =  𝑦𝑐(𝑡)+ 𝑦𝑝(𝑡) 

From (3) and (4), we get   𝑦(𝑡) =   𝑐1𝑒2𝑡 + 𝑐2𝑒3𝑡 −𝑡𝑒2𝑡   --(5) 

To get the solution of (1) replace t by log x, 𝑒𝑡 𝑏𝑦 𝑥  , 𝑒2𝑡 = 𝑥2, 𝑒3𝑡 = 𝑥3 

From (5) , y(x) = 𝒄𝟏𝒙𝟐 + 𝒄𝟐𝒙𝟑  - ( 𝐥𝐨𝐠 𝒙)𝒙𝟐   is the solution of 

 𝒙𝟐 𝒅𝟐𝒚

𝒅𝒙𝟐
  - 4x 

𝒅𝒚

𝒅𝒙
+ 𝟔𝒚 = 𝒙𝟐 

 Problem.3: Solve the differential Equation 

  𝑥2 𝑑2𝑦

𝑑𝑥2
  + x 

𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑙𝑜𝑔𝑥 sin(𝑙𝑜𝑔𝑥) 

Problem.4. Solve the differential Equation 

  𝑥2 𝑑2𝑦

𝑑𝑥2
  -x 

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0 

 V. V. V. Imp Problem: 5. Solve the differential Equation 

  𝑥3 𝑑3𝑦

𝑑𝑥3
+ 2𝑥2 𝑑2𝑦

𝑑𝑥2
  +2𝑦 = 10(𝑥 +

1

𝑥
) 

 

 

 

General Method  

RHS Q(x) contains  other than e𝒆𝒂𝒙, 𝒔𝒊𝒏 𝒃𝒙 , 𝒄𝒐𝒔𝒃𝒙, 𝒙𝒎 

1. Solve 

2
2

2
sec

d y
a y ax

dx
   

                  Solution: Given equation in the standard form is 
2 2( ) secD a y ax   

 Which is a non-homogeneous and the homogeneous equation is                                  

2 2( ) 0D a y   

                                 A.E. is 
2 2 0m a  , m a   

                                       1 2C.F. cos sinc ax c ax    



                                  P.I. = 
2 2

1 1 1 1
sec sec sec

2
ax ax ax

D a ia D ia D ia

 
     

 

                                   Now consider 
1

sec seciax iaxax e axe dx
D ia


   

                                                                              
cos sin

cos

iax ax i ax
e dx

ax


    

                                                                               1 tan log cosiax iax i
e i ax dx e x ax

a

 
    

 
  

                      Changing  i to –i , we have 
1

sec log cosiax i
ax e x ax

D ia a

  
  

  
 

                       P.I.= 
1

log cos log cos
2

iax iaxi i
e x ax e x ax

ia a a

    
      

    
 

                                       
2

1
logcos

2 2

iax iax iax iaxx e e e e
ax

a i a

     
    

   
 

                                        
1

sin log cos cos
x

ax ax ax
a a

   

                         Hence the general solution is    

 1 2

1
cos sin sin cos log cos

x
y c ax c ax ax ax ax

a a
     

Find the solution of 

2

2
2 4 cosxd y dy

y e x
dx dx

    

      Solution: Given equation is 

2

2
2 4 cosxd y dy

y e x
dx dx

    

                       Given equation is non-homogeneous equation, whose homogeneous equation is, 

                       2 2 4 0D D y    

                       A.E. is, 

           

2 2 4 0

1 3

m m

m i

  

 
  

                    The complementary function is, 

          1 2C.F. cos 3 sin 3xe c x c x       

                    Writing the formula for particular integral     

                    The particular integral is, 



                    
 

2

1
P.I. cos

1
cos

2 4

x

x

e x
f D

e x
D D




 

 

                     Put     1D D a D         

 

2

1
P.I. cos

3

1
cos

1 3

cos
2

x

x

x

e x
D

e x

e
x





 



  

                   Simplification of Particular Integral     

                   The general solution is, 

        
 1 2

C.F. I.F.

cos 3 sin 3 cos
2

x
x

y

e
y e c x c x x

 

  
   

2. Solve 

2
2

2
sec

d y
a y ax

dx
   

    Solution:  Given equation in the standard form is 
2 2( ) secD a y ax   

 Which is a non-homogeneous and the homogeneous equation is               

2 2( ) 0D a y   

         A.E. is 
2 2 0m a  , m a   

          1 2C.F. cos sinc ax c ax    

         P.I.= 
2 2

1 1 1 1
sec sec sec

2
ax ax ax

D a ia D ia D ia

 
     

 

         Now consider 
1

sec seciax iaxax e axe dx
D ia


   

                                                     
cos sin

cos

iax ax i ax
e dx

ax


    

                                                       1 tan log cosiax iax i
e i ax dx e x ax

a

 
    

 
  

          Changing  i to –i , we have 
1

sec log cosiax i
ax e x ax

D ia a

  
  

  
 

           P.I. = 
1

log cos log cos
2

iax iaxi i
e x ax e x ax

ia a a

    
      

    
 



                
2

1
logcos

2 2

iax iax iax iaxx e e e e
ax

a i a

     
    

   
 

                  
1

sin log cos cos
x

ax ax ax
a a

   

   Hence the general solution is                  

 1 2

1
cos sin sin cos log cos

x
y c ax c ax ax ax ax

a a
     

3. Solve  
2

1 cosD y x x   

   Solution: Given  
2

1 cosD y x x   

       A.E. is  
2

1 0, 1, 1m m      

                   1 2C.F. xc c x e   

        P.I.= 
 

2

1
cos

1
x x

D 
 

             
 

 
 

1 1
cosx f D x

f D f D

 
  

 
 

             
 

 
2 2

2 1 1
cos

1 2 11

D
x x

DD

 
  

    

 

             
2 sin

1 2

x
x

D

 
   

 

             
2

1
sin sin

2 1

x D
x x

D


 


 

             
cos sin

sin
2 2

x x x
x


    

         Hence the general solution is  1 2

cos sin
sin

2 2

x x x x
y c c x e x 
      

4. Solve  3 2 26 1D D D y x     

   Solution: Given equation is  3 2 26 1D D D y x     

       A.E. is 
3 2 6 0m m m   ,    2 6 0m m m    



                 
  3 2 0m m m   

,  

     0,3, 2m    

     

0 3 2

1 2 3C.F. x x x

cy c e c e c e    
 

                    P.I. = 
2 2

3 2 2

1 1 1

6 6
1

6

x x

D D D D D D

 
 

   
 

 

 

                  =  
2

2 2
21

1 .... 1
6 6 6

D D D D
x

D

   
         

 

                                

 
2

2 2
21 1

. 1 .... 1
6 6 6

D D D D
x

D

      
        

       

                   
2 2 4 3

21 1 2
. 1 .... 1

6 6 6 36

D D D D D
x

D

   
      

 
 

                   
2

21 1 1 2
. 1

6 6 6 36 36

D D D
x

D

 
      

 
(ignoring the terms containing 3 4, ,...D D ) 

                   
3

21 1 1 2 2 2
. 2

6 3 6 6 6 36 36

x x x
x x
 

       
 

 

                 
2 31 25 1 1

.
6 18 6 3 6 9

x x x 
     

 
 

             General solution is c py y y   

                             
2 3

3 2

1 2 3

1 25 1 1
.

6 18 6 3 6 9

x x x x x
y c c e c e  
        

 
. 

5. Solve the differential equation    3 1 cos 2 1D y x    



    Solution:  Given differential equation is    3 1 cos 2 1D y x    

         A.E. is 
3 1 0m    

          21 1 0m m m      

        
1 3

1,
2

i
m


    

      

2

1 2 3

3 3
C.F. cos sin

2 2

x x x x
c e e c c

 
    

 
 

         P.I.=  3

1
cos 2 1

1
x

D



 

          Putting  
2 4D    

          P.I.=    2

1 1 4
cos 2 1 cos 2 1

1 4 1 16

D
x x

D D


     

 

          Again putting 
2 4D    

          P.I. =    
1

cos 2 1 8sin 2 1
65

x x      

         General Solution is C.F.+P.Iy   

                                       2

1 2 3

3 3 1
cos sin cos 2 1 8sin 2 1

2 2 65

x x x x
c e e c c x x

 
          

 
 

6 .Find the complete solution of     

                   2 5 6 sin 4 sinD D y x x    

   Solution: Given equation is  2 5 6 sin 4 sinD D y x x    

                   A.E. is 
2 5 6 0, 6,1m m m      

                   The roots are real and distinct . 



                 6

1 2C.F. is y x x

c c e c e    

                  P.I. is 
2 2

sin 4 sin 1 2sin 4 sin
.

5 6 2 5 6
p

x x x x
y

D D D D
 

   
 

                                
2 2 2

1 cos3 cos5 1 cos3 cos5

2 5 6 2 5 6 5 6

x x x x

D D D D D D

   
             

 

                           
1

2

2

1 cos3
put 9

2 5 6
p

x
y D

D D

 
     

 

                                      
 

 2

2

3 cos31 cos3 1 cos3 1
put 9

2 5 15 10 3 10 9

D xx x
D

D D D

    
               

 

                                      
1 3sin 3 3cos3 sin 3 cos3

10 18 60

x x x x    
    

 

                                      
sin 3 cos3

60

x x
  

                                       
2

2

2

1 cos5
. put 25

2 5 6
p

x
y D

D D
   

 
 

                                             
1 cos5 1 cos5

. .
2 25 5 6 2 5 31

x x

D D
   

   
 

                                              

                                              
 

25sin5 31cos5

2 625 961

x x 


 
 

                                              
25sin 5 31cos5

3172

x x
  

                                 General solution is 6

1 2

sin 3 cos3 25sin 5 31cos5

60 3172

x x x x x x
y c e c e  
   

 

1. Solve     
3

3 23 4 1 xD D y e     

Solution:  Given    
3

3 23 4 1 xD D y e     

                  A.E. is 
3 23 4 0,m m    

                  
  2. . 1 2 0, 1,2,2,i e m m m      

                  C.F.=   2

1 2 3

x xy c e c c x e    



                 Now P.I   is 

3 2

3 2

1 3 3

3 4

x x x

p

e e e
y

D D

    


 
 

                                           

3 2

3 2 3 2 3 2 3 2

1 3 3

3 4 3 4 3 4 3 4

x x xe e e

D D D D D D D D

  

   
       

 

                                           
1 2 3 4p p p py y y y     

                Now  
1 3 2

1
put 0

3 4
py D

D D
 

 
 

                                =
1

4  

                                   
 

2

3

3 2
put 3

3 4

x

p

e
y D

D D



  
 

 

                                            
3 3

27 27 4 4

x xe e 

 
   

 

                                     
 

3

2

3 2

3
put 2

3 4

x

p

e
y D

D D



  
 

 

                                           
2 23 3

8 12 4 16

x xe e 

 
  

 

                                    
  

 
4 2

3
put 1

1 4 4

x

p

e
y D

D D D



  
  

 

                                           
1 4 4 3

x xxe xe 

 
 

 

                  General solution is    
3 2

2

1 2 3

1 3

4 4 16 3

x x x
x x e e xe

y c e c c x e
  

        

 

 

 



 

 

 

 

 


