Solutions of higher order linear differential equations with variable
coefficients

Equations reducible to linear differential equations with constant coefficients

An equation of the form

n n-1 dn—Zy

ay _1d hY% _ dy
n=z > n-1>_ 7 n-2 1 — O0(v) —oeee
Aox" 0+ @ X" X oS A Xt Ay = Q(X) (1)

Where aq, a4, a,, ...a,_1,a, are constants with a, # 0, is called Cauchy’s
homogeneous linear differential equation . It is also known as Euler- Cauchy
linear differential equation or Cauchy’s Euler equation.

This can be reduced to a linear differential equation with constant coefficients by

substituting x = e which implies t= log x ,% = %
Now & — &vat _ dyi
dx dt dx dt x
@ _ v
dx  dt
= _ 4 p=4
xDy= 6y, where 6 = o D= —
2
Similarly we get xZ% = x2D%y = 6(6 —1)y
d3y
x3@ = x3D3y = 6(6-2)(6 -1)y
...and so on

Substituting these values in (1) , the equation reduces to differential equation with
constant coefficients in y and t which can be solved by using the methods
discussed earlier.

Remember: x = e' ort=logx and 6= %, xDy= 0y, x*D*y = 0(0 — 1)y,
x3D3y = 6(0—2)6-1y....



2
(V Imp) Problem .1 : Solve the differential Equation x?2 ZTy - xz—i +y =logx

2

ion - The given diff ean is x2 %2 - x 2 4 y =
Solution : The given diff egn is x 2 X ty= log x
which is Cauchy- Euler homogeneous linear differential equation

It can be written as x2D?y — xDy + y = log x----(1)

Putx =e’ ort=logx and 6 = %, xDy= =0y, x?D?*y = 6(6 — 1)y in (1)
Weget[6(0 —1)y— Oy+y]=t
[02—60—-60+1]y =t
[0% — 20 + 1]y = t--—-(2)

This is differential equation with constant coefficients.

Its Auxiliary equationism? —2m+1 =0
(m — 1)?=0, m=1,1 roots are real and equal.

Its complementary function is y.(t) = (c; + ¢,t) (e)t .....(3)

. . 1 —1
Now Particular integral is y,(t) = [02_26+1]
1

P.1= T

t
=[1-6]"%t
=[1+26 + 36% + --- ]t
=[1+20]t ,[0]t==-() =1
= t42
Therefore P.I=y,(t) =t+2 ...(4)
The solution of (2) y(t) = y.(£)+ y,(t)
From (3) and (4), we get y(t) = (c; + cot) ()t +t+2 --(5)

To get the solution of (1) replace t by log x, et by x



From (5), y(X) = (¢4 + czlogx)x +logx + 2 is the solution of

2 d’y

d
) -xd—i’+y=logx

x
(V Imp) Problem: 2 . Solve the differential Equation

2 d%y

X
dx?

AxY — 52
4xdx+6y—x

Solution : The given diff eqn is x? % -4 X Z—z + 6y = x?
which is Cauchy- Euler homogeneous linear differential equation
It can be written as x2D?y — 4xDy + 6y = x2----(1)
Putx =e’ ort=logx and 6 = %, xDy= =0y, x?D?*y = 6(6 — 1)y in (1)
We get [0(6 — 1)y — 4 0y + 6y] = e**
[02 — 0 — 460 + 6]y = e?t
[6% — 50 + 6]y = e*t--—--(2)
This is differential equation with constant coefficients.
Its Auxiliary equationism? —5m+6 =0
(m-2)(m-3)=0, m=2,3 roots are real and distinct

Its complementary function is y.(t) = c,e? + c,e3t .....(3)

. . . _ 1 2t
Now Particular integral is y,(t) = 9750101 C
— 1 2t —
Pl= g e’ Pute =2

since 2 is a root we get [#2 — 50 + 6] = [22 — 5.2+ 6 =0

L pat—yp 1 2t ,put@ =2

So that P.I = t. ) T265]

2t

1
P.l = 2t = —te?t |

=t [2.2-5]




Therefore P.1 =y, (t) = —te®* ...(4)
The solution of (2) y(t) = y.(£)+ y,(t)
From (3) and (4), we get y(t) = c,e?t + c,e3t —te?t --(5)
To get the solution of (1) replace t by log x, et by x , e?t = x2,e3t = x3

From (5) , y(X) = ¢1x% + c3x3 - (logx)x? is the solution of

d*y
xt—5 - 4x +6y—x

Problem.3: Solve the differential Equation

24y Ay i
XS Xty = logx sin(logx)

Problem.4. Solve the differential Equation

2 d*y
dx?

v _
X +y=0
V. V. V. Imp Problem: 5. Solve the differential Equation

3
3L 4 2 2” +2y = 10(x +)

dx3

General Method

RHS Q(x) contains other than ee®*, sin bx,cosbx, x™

2
1. Solve %+a2y = secax

Solution: Given equation in the standard form is (D +a®)y = secax
Which is a non-homogeneous and the homogeneous equation is
(D’ +a’)y=0
AE. ism +a’=0,m=+a

-.C.F.=c cosax+c,sinax



P.l.= ! secax:i[

> - secax — -
D°+a 2ia

secax
D-ia D+ia }

] 1 ; r
Now consider o secax = e'”jsec axe"¥dx
—ia

B eiaxj cosax—isinax
cosax

dx

=e™|[(1-itanax)dx =e™ x+llogcosax
a

D+ia

1 iax I —iax I
P.l.= f{e (x+—|ogcosax)—e (x+—|ogcosaxﬂ
2ia a a

X eiax _e—iax 1 eiax +e—iax
=—| ——— [+ logcosax| ———
a{ 2i } a { 2 }

Changing ito —i, we have ! —_secax=e (x L log cos axj
a

X . 1
= —sinax+—log(cosax)cos ax
a a

Hence the general solution is

. X . 1
y = C, Cosax +c, sinax+—sin ax+—cosaxlog (cos ax)

a a
2
Find the solution of d—g - 2ﬂ+ 4y =e* cosx
dx dx
2
Solution: Given equation is 4y _ 2ﬂ+4y =e*Ccos X

dx>  dx
Given equation is non-homogeneous equation, whose homogeneous equation is,
(D*-2D+4)y=0
A.E. is,
m?—2m+4=0
m=1+ iJ§
The complementary function is,

C.F.=¢" (c1 cos~/3x+¢, sin J§x)

Writing the formula for particular integral

The particular integral is,



e” cos X

1
- f(D)

:ﬁex‘mx
-2D+

Put D=D+a=D+1

Pl.=¢"

-——COS X
D°+3

X

-1+3

=€ COS X

X

e
=—COS X
2

Simplification of Particular Integral
The general solution is,
y=C.F.+LF

y:ex(clcos\/§x+czsin\/§x)+%cosx

2

2. Solve d—¥+ a’y =secax
dx

Solution: Given equation in the standard form is (D® +a°)y = secax
Which is a non-homogeneous and the homogeneous equation is
(D*+a’)y=0
AE.is m*+a*=0,m=+a

-.C.F.=c cosax+c,sinax

—secax — -
D-ia D+lia

P.l.= ! secax=i[

— _ Sec ax
D°+a 2ia

Now consider secax = ei”jsec axe "*dx

D-1a

_eiaxj-cosax—isin ax
cosax

dx

=e™[(1-itanax)dx =e™ x+llogcosax
a

. . 1 i i
Changing ito —i, we have - secax=e"ax(x+—log cosaxj
D+ia a

1 iax I —iax I
Pl = f{e (x+—|ogcosaxj—e (x+—logcosaxﬂ
2ia a a



X eiax _e—iax 1 eiax +e—iax
=—| ———— [+ logcosax| ———
a{ 2i } a { 2 }

X . 1
= —sinax+—log(cosax)cos ax

a a

Hence the general solution is

. X . 1
y = C, Cosax +c, sinax+—sin ax+—cosaxlog(cosax)
a a

3. Solve (D+1)2 Yy = X COS X

Solution: Given (D +1)2 y = XCOS X

AE.is (m+1)°=0,m=-1,-1

CF.=(c,+c,x)e”

==sinx—

COS X

_X_Z(D+l) 1
(D+1)2 —1*+2D+1
[ 2 }sinx

X_—_
" D+1] 2

X D-1 .
sin X

2 D*-1

X . COS X —Sin x
=§smx+—

Hence the general solution is y =(c, +c,x)e™ +§sin X+
4. Solve (D*~D*-6D)y =1+X
Solution: Given equation is (D3 - D? —6D) y=1+x°

AE.is m*-m?-6m=0, m(mz—m—6)=0

COS X —sin X

2



:>m(m—3)(m+2)=0’

..m=0,3,-2

~CF=y =ce”™+c,e*+ce™

_ 2
:_1 l_1+2+2_2D (1+x2)(ignoringthetermscontaining D3 D*,...)
D 6 6 36 36
1 3
A x 11, 2 Q_i()
6| 3 6 6 6 36 36

518 673 6

-l 2sx ¥ X 11
118 6 3 6 9

General solutionis y=y, +Y,

3x —2X
y=C +Ce” +ce —=.

1 {zsx 2 X1 1}
6 + .

5. Solve the differential equation (D3 +1) y= COS(ZX —1)



Solution: Given differential equation is (D3 +1) y =cos(2x—1)

AE.is m*+1=0

:(m+1)(m2 —m+1)=0

1+i3

=>m=-1
2

\/3x \/3x

~CF.=ce*+e" {c 2 COS—=+C, sm—}

P.l.= D31+1cos(2x—1)

Putting D*=—4

1+4D

1
P.I.= 4Dcos(Zx—l) [cos (2x- 1)]

Again putting D = —4
P.I. = 6—15[005(2x—1)—8sin(2x—1)]

General Solution is y=C.F.+P.1

3%

X X «/§x . 1 .
=ce +e/{czcosT+c3smT +%[cos(2x—1)—8sm(2x—1)]

6 .Find the complete solution of
(D2 +5D—6)y=sin AXsin X

Solution: Given equation is (D2 +5D —6) y =sin4xsin x

AE.is m*+5m-6=0 m=-6,1

The roots are real and distinct .



. H _ —6x X
~CFisy,=ce” +ce

sindxsinx 1 2sin4xsin x

Plisy, = =—.
Vs D?+5D-6 2 D*+5D-6
_l{cosBx—cosSx}_l[ cos3x  cos5x }
2| D*+5D-6 2| D*+5D-6 D?*+5D-6
1 c0os 3x )
=2 ——222 | (putD’=-9
3o s (00
| D +3)cos3x
:l[ oS 3X :i{cowx}:i ( 2) (put D= -9)
2/5D-15] 10 D-3] 10 D°-9
_i{—3sin3x+30033x}_ —sin 3x +€os 3x
10 -18 —60
_ sin3x—cos3x
60
1 cos5x 2
1 COS5X 1 cosb5x

" 2'-2545D-6 2 5D-31

_ —25sin5x+31c0s5x
2(—625—961)

_ 25sin5x —31c0s5x
3172

sin 3x —cos 3x N 25sin5x—31cos5x
60 3172

General solutionis Y =Ce " +C,e* +

1. Solve (D°-3D+4)y=(1+e™)
Solution: Given (D*—-3D* +4)y =(1+ e_x)s
AE.is m* -3m* +4 =0,
ie. (m+1)(m=-2*)=0, m=-12,2,

C.F=y=ce™ +(c, +c,x)e*



i 1+e + 32 3™
MWl B ¥ = D®-3D?+4

1 e—3x

+ N e N 3
D°-3D*+4 D°*-3D?+4 D°-3D°+4 D°-3D*+4

- ypl + ypz + ypa + yp4

1
Now yp1 :m pUtDzo
1
4
e—3x
- utD =-3
ypz D3 _3D2 + 4 (p )
e’3x e—3x
3e—2x
=———— (putb=-2
ypa D3 _3D2 +4 (p )
3972)( o 3e72x
-8-12+4 16
e
yp4 =

(D+1)(D?-4D+4) (putD = 1)

_ xe’ _xe”
1+4+4 3

B 1 e 32 xe
General solution is yzclex+(C2+C3X)ezx+—+ + 16 + 3







