
  ADVANCE ANALYSIS  
 

ADVANCE ANALYSIS  
 
 

ADVANCE ANALAYSIS 

 

Lecture-1: BASIC CONCEPT 

SET-: A set is a collection of distinct objects considered as an object in it’s over right.   Example 
-:  𝑆 = {𝑎, 𝑏, 𝑐}  

A set is a well-defined collection of object some typical sets are-: 

   𝑁: 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 

   𝐼: 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠  

   𝑄: 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠  

   𝑅: 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠  

NEIGHBOUREHOOD OF A POINT-: A set 𝑁 ⊆ 𝑅 is called the neighbourhood of a point 𝑎, 
if there exists an open interval 𝐼 containing 𝑎 and contained in 𝑁,  that,  

                                  𝑎 ∈ 𝐼 ⊆ 𝑁. 

OPEN SETS-: A sets 𝑆 is said to be open if it is a nbd of each of its points, that, for each 𝑥 ∈ 𝑆 
there exits an open interval 𝐼௫ such that  

 𝑚௫ ∈ 𝐼௫ ⊆ 𝑆  

Example-: The set 𝑅 of real number is an open set. 

CLOSED SET-: A set is said to be closed if each of its limit points is a member of the set. Thus 
𝑆 is closed iff  𝑆ᇱ ⊆ 𝑆̅  𝑜𝑟𝑆̅ = 𝑆 . 

Example-: The set 𝑅 of real number is a closed set 

Note: The set of real number is an example of both open and closed set.  

DIVERGENT SEQUENCES -: A sequences is said to be divergent if it does not have finite 
limit. 

INTERIOR POINTS -: A point 𝑥 is an interior point of a set 𝑆 if 𝑆 is a nbd of 𝑥. In other 
words, 𝑥 is an interior point of 𝑆 if ∃ an open interval ]𝑎, 𝑏[ containing 𝑥 and contained in  , that 
𝑥 ∈ ]𝑎, 𝑏[ ⊆ 𝑆 

           Thus a set is nbd of each of its interior points. 

LIMIT POINTS OF A SET-:A real number 𝜉 is a limit point of a set 𝑆(⊂ 𝑅) if every nbd of  𝜉 
contains an infinite number of member of 𝑆 . Or contains at least one member of 𝑆.   
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SEQUENCES -: A function whose domain is the set 𝑁 of natural numbers and range a set of 
real numbers denoted symbolically as 𝑆: 𝑁 → 𝑅.  

Example -:{𝑆௡} = {(−1)௡}, 𝑛 ∈ 𝑁 

CONVERGENCE OF SEQUENCE -: A sequences {𝑆௡}  is said to be converges to real 
number if for each 𝜖 > 0, there exists a positive integer 𝑚  such that |𝑆௡ − 𝑙| < 𝜖 , for all 
𝑛 ≥ 𝑚 . 

 𝑆௡ → 𝑙     𝑎𝑠    𝑛 → ∞ or   lim
௡→ஶ

𝑆௡ = 𝑙 

Example -:  𝑓(𝑥) = 𝑥ଶ 

                    lim
௫→௔

𝑥ଶ = 𝑎ଶ  (Limiting value) 

                       𝑓(𝑎) = 𝑎ଶ   (Functional value) 

 If functional value = limiting value then continuity.  

  BOUNDS OF A SEQUENCE -: A sequences {𝑆௡} is said to be bonded if ∃ 𝑘, 𝐾  such that,  

                          𝑘 ≤ 𝑆௡ ≤ 𝐾    ,∀ 𝑛 ∈ 𝑁     

MONOTONIC SEQUENCE -: if a sequences is either increasing or decreasing then we call it 
monotonic.  

                                 

 

    

 

 

 

 

 

 

 

 

 



  ADVANCE ANALYSIS  
 

ADVANCE ANALYSIS  
 
 

MODUEL -1 

Lecture-2: LIMTITS AND METRIC SPACES 
 

 LIMITS-:  A function 𝑓(𝑥) is said to be has limit 𝑙 ∈ 𝑅 𝑎𝑡 𝑥 = 𝑎, if  𝛿 > 0 , ∃ 𝜖 > 0  
corresponding to 𝛿 such that  |𝑓(𝑥) − 𝑙| < 𝜖 , when |𝑥 − 𝑎| < 𝛿 . Or we may write  
lim௫→௔ 𝑓(𝑥) = 𝑙 .  

Example -: Show that   𝐥𝐢𝐦
𝒙→𝟑

𝒙𝟐 + 𝟐𝒙 = 𝟏𝟓  

          Ans- Given 𝑓(𝑥) = 𝑥ଶ + 2𝑥    ,     𝑙 = 15 ,    𝑎 = 3 

                                  𝑥 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑠 𝑡𝑜 3 

                   i.e.|𝑥 − 3| < 𝛿        (𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛿 > 0)  

                  or |𝑥 − 3| < 𝛿 < 1    𝑜𝑟    |𝑥 − 3| < 1 

                 ⇒  −1 < |𝑥 − 3| < 𝛿        

                   ⇒  2 < 𝑥 < 4    𝑜𝑟      7 < 𝑥 + 5 < 9                                                     𝑖. 𝑒.   𝑥 𝜖 [2,4] 

     Now ,|𝑥ଶ + 2𝑥 − 15| = |(𝑥 − 3)(𝑥 + 5)| 

                                            = |𝑥 − 3||𝑥 + 5| < 9𝛿 

   As we can write (𝑥 + 5) < 9     𝑎𝑠 (𝑥 + 5) ∈ [7,9] 

                    ∴ |𝑥ଶ + 2𝑥 − 15| < 9𝛿 

           Let us choose 9𝛿 = 𝜖 

               ⇒   |𝑥ଶ + 2𝑥 − 15| < 𝜖   ቀ𝑓𝑜𝑟 𝑐ℎ𝑜𝑜𝑠𝑖𝑛𝑔 𝛿 =
ଽ

ఢ
ቁ. 

 

Example -: show that   𝐥𝐢𝐦
𝒙→𝟏

√𝒙 + 𝟑 = 𝟐 

       Proof -: given  𝑓(𝑥) = √𝑥 + 3     , 𝑙 = 2 , 𝑎 = 1 

     𝑥 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑠 𝑡𝑜 1 

                                |𝑥 − 1| < 𝛿        (𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛿 > 0) 

       Or |𝑥 − 1| < 𝛿 < 1 

                           Or −1 < |𝑥 − 1| < 1 

     Or  0 < 𝑥 < 2           ; √3 + 2 < √𝑥 + 3 + 2 < √5 + 2 
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                       i.e.   𝑥𝜖]0,2[  

   now , ห√𝑥 + 3 − 2ห =
ห√௫ାଷିଶหห√௫ାଷାଶห

ห√௫ାଷାଶห
 

                                    =
|(௫ାଷ)ିସ|

ห√௫ାଷାଶห
 

    =
|௫ିଵ|

ห√௫ାଷାଶห
<

ఋ

√ହାଶ
< 𝜖 

            For 𝛿 = min(1, √5 + 2)𝜖 

 

Example-: show that   𝐥𝐢𝐦
𝒙→ି𝟐

𝒙𝟐 + 𝟑𝒙 = −𝟐 

    Proof-: given  𝑓(𝑥) =     𝑥ଶ + 3𝑥 , 𝑙 = −2 , 𝑎 = −2 

     𝑥 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑠 𝑡𝑜 − 2 

                                |𝑥 + 2| < 𝛿        (𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛿 > 0) 

       Or |𝑥 + 2| < 𝛿 < 1 

                           Or −1 < |𝑥 + 2| < 1 

     Or  −3 < 𝑥 < −1       

                       i.e.  𝑥𝜖]−3, −1[  

  Now, |𝑥ଶ + 3𝑥 + 2| = |(𝑥 + 1)(𝑥 + 2)| 

               = |𝑥 + 1||𝑥 + 2| < 𝛿 

       As we can write (𝑥 + 1) < 1   (  as (𝑥 + 1)𝜖]−3, −1[ ) 

          ∴ |𝑥ଶ + 3𝑥 + 2| < 𝛿 

     Let us choose 𝛿 = min(1, 𝜖) 

      ⇒ |𝑥ଶ + 3𝑥 + 2| <  𝜖           ( 𝑓𝑜𝑟 𝑐ℎ𝑜𝑜𝑠𝑖𝑛𝑔 𝛿 = 𝜖). 

 

 

Example -: show that  𝐥𝐢𝐦
𝒙→𝟏

𝒙𝟐ି𝟏

𝒙ି𝟏
= 𝟐   

             Proof -: given  𝑓(𝑥) = √𝑥 + 3     , 𝑙 = 2 , 𝑎 = 1 

     𝑥 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑠 𝑡𝑜 1 
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                            i.e.    |𝑥 − 1| < 𝛿        (𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛿 > 0) 

       Or |𝑥 − 1| < 𝛿 < 1 

                           Or −1 < |𝑥 − 1| < 1 or 1 < |𝑥 + 1| < 3 

     Or  0 ≤ 𝑥 ≤ 2  

                   i.e. 𝑥 ∈ [0,2]  

             Now, ቚ
௫మିଵ

௫ିଵ
ቚ = ቚ

(௫ିଵ))(௫ାଵ)

௫ିଵ
ቚ = |𝑥 − 1| 

  We can write (𝑥 + 3) < 3        [ 𝑎𝑠 (𝑥 + 1 ) ∈ (1,3)] 

                                = |𝑥 + 1| < 𝛿 

     ∴ ቚ
௫మିଵ

௫ିଵ
− 2ቚ = |𝑥 + 1 − 2| = |𝑥 + 1| < 𝛿 

Consider 𝜖 = 𝛿   𝑎𝑛𝑑 𝑐ℎ𝑜𝑜𝑠𝑖𝑛𝑔 𝛿 = min(1, 𝜖) 

     ቚ
௫మିଵ

௫ିଵ
− 2ቚ < 𝜖           𝑤ℎ𝑒𝑛 |𝑥 − 1| < 𝛿 . 

 Example -: show that  𝐥𝐢𝐦
𝒙→𝟎

√𝟒 − 𝒙 = 𝟐 . 

      Proof -: Given  𝑓(𝑥) = √𝑥 + 3     , 𝑙 = 2 , 𝑎 = 0 

     𝑥 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑠 𝑡𝑜 0 

                                |𝑥 − 0| < 𝛿        (𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛿 > 0) 

       Or |𝑥| < 𝛿 < 1 

                           Or −1 < |𝑥 − 1| < 1 

                       i.e.   𝑥𝜖]−1,1[  

      ∴     ห√4 + 𝑥 − 2ห =
ห√ସି௫ିଶหห√ସି௫ାଶห

ห√ସି௫ାଶห
 

                                    =
|(ସି௫)ିସ|

ห√ସି௫ାଶห
 

    =
|ି௫|

ห√ସି௫ାଶห
<

ఋ

√ଷାଶ
< 𝜖 

                 √5 + 2 < √4 − 𝑥 + 2 < √3 + 2 

            Choosing 𝛿 = min൫1, (√3 + 2)𝜖൯ 

                             Or ห√4 + 𝑥 − 2ห < 𝜖 
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              For 𝛿 = ൫√3 + 2൯𝜖. 

 

 

THEORM-: IF   𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) = 𝑳     𝒂𝒏𝒅   𝐥𝐢𝐦
𝒙→𝒂

𝒈(𝒙) = 𝑴 𝒕𝒉𝒆𝒏           

1.   𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) + 𝒈(𝒙) = 𝑳 + 𝑴        

2.   𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) − 𝒈(𝒙) = 𝑳 − 𝑴        

3.   𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙)𝒈(𝒙) = 𝑳𝑴        

4.   𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙)

𝒈(𝒙)
=

𝑳

𝑴
          (𝒑𝒓𝒐𝒗𝒊𝒆𝒅 𝑴 ≠ 𝟎)  

 

Proof -: Given   lim
௫→௔

𝑓(𝑥) = 𝐿     𝑎𝑛𝑑   lim
௫→௔

𝑔(𝑥) = 𝑀             

             For some 𝛿ଵ > 0     , ∃  𝜖 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 |𝑓(𝑥) − 𝐿| <
ఢ

ଶ
  

                        (When |𝑥 − 𝑎|<𝛿ଵ) 

             Similarly for  𝛿ଶ > 0 ,   ∃   𝜖 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 |𝑔(𝑥) − 𝑀| <
ఢ

ଶ
 

                        (When |𝑥 − 𝑎|<𝛿ଶ) 

1.      Now |𝑓(𝑥) + 𝑔(𝑥) − (𝐿 + 𝑀)| 
     = |𝑓(𝑥) − 𝐿 + 𝑔(𝑥) − 𝑀)| 
      ≤ |𝑓(𝑥) − 𝐿| + |𝑔(𝑥) − 𝑀|   ( as we know |𝑥 + 𝑦| ≤ |𝑥| + |𝑦| ) 

Choosing 𝛿 = min(𝛿ଵ, 𝛿ଶ) , 𝑤𝑒 𝑔𝑒𝑡  

      |𝑓(𝑥) + 𝑔(𝑥) − (𝐿 + 𝑀)|<  
ఢ

ଶ
+

ఢ

ଶ
  , when |𝑥 − 𝑎| < 𝛿 

     ∴ |𝑓(𝑥) + 𝑔(𝑥) − (𝐿 + 𝑀)| < 𝜖       ,   |𝑥 − 𝑎| < 𝛿 

   Or   lim
௫→௔

𝑓(𝑥) + 𝑔(𝑥) = 𝐿 + 𝑀        

 

 

2.      Now |𝑓(𝑥) − 𝑔(𝑥) − (𝐿 − 𝑀)| 
     = |𝑓(𝑥) − 𝐿 − 𝑔(𝑥) + 𝑀)| 
      ≤ |𝑓(𝑥) − 𝐿| + |𝑀 − 𝑔(𝑥)|   ( as we know |𝑥 + 𝑦| ≤ |𝑥| + |𝑦| ) 

Choosing 𝛿 = min(𝛿ଵ, 𝛿ଶ) , 𝑤𝑒 𝑔𝑒𝑡  
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      |𝑓(𝑥) − 𝑔(𝑥) − (𝐿 − 𝑀)| ≤  
ఢ

ଶ
+

ఢ

ଶ
  , when |𝑥 − 𝑎| < 𝛿 

     ∴ |𝑓(𝑥) + 𝑔(𝑥) − (𝐿 + 𝑀)| < 𝜖       ,   |𝑥 − 𝑎| < 𝛿 

   Or   lim
௫→௔

𝑓(𝑥) − 𝑔(𝑥) = 𝐿 − 𝑀        

 

3.   𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) = 𝑳     𝒂𝒏𝒅   𝐥𝐢𝐦
𝒙→𝒂

𝒈(𝒙) = 𝑴            

I.e. for 𝛿 > 0 ,   ∃    𝜖 > 0  |𝑓(𝑥) − 𝐿| < 𝐾ଵ𝜖          (0 < |𝑥 − 𝑎| < 𝛿ଵ) 
   Similarly |𝑔(𝑥) − 𝑀| < 𝐾ଶ𝜖          (0 < |𝑥 − 𝑎| < 𝛿ଶ) 

   Where  𝐾ଵ =
ଵ

ଶ(ଵା|ெ|)
     ,      𝐾ଶ =

ଵ

ଶ(ଵା|௅|)
      

    Or |𝑔(𝑥) − 𝑀| < 1 
 Now , |𝑔(𝑥)| = |𝑔(𝑥) − 𝑀 + 𝑀| ≤ |𝑔(𝑥) − 𝑀| + |𝑀| < 1 + |𝑀| 
 For  𝛿 = min(𝛿ଵ, 𝛿ଶ)   
 Again  |𝑓(𝑥)𝑔(𝑥) − 𝐿𝑀| 
             =  |𝑓(𝑥)𝑔(𝑥) − 𝐿𝑔(𝑥) + 𝐿𝑔(𝑥) − 𝐿𝑀| 
             = |𝑔(𝑥)(𝑓(𝑥) − 𝐿) + 𝐿(𝑔(𝑥) − 𝑀)| 

         ≤ |𝑔(𝑥)(𝑓(𝑥) − 𝐿)| + |𝐿(𝑔(𝑥) − 𝑀)| 

      < |𝑔(𝑥)||(𝑓(𝑥) − 𝐿)| + |𝐿||(𝑔(𝑥) − 𝑀)| 

              < 1 + |𝑀|𝐾ଵ𝜖 + 1 + |𝐿|𝐾ଶ𝜖 

                       =
ఢ

ଶ
+

ఢ

ଶ
=  𝜖 

i.e. for  |𝑓(𝑥)𝑔(𝑥) − 𝐿𝑀| < 𝜖   𝑤ℎ𝑒𝑛 (0 < |𝑥 − 𝑎| < 𝛿)  

 

 

4. Before proving this we shall prove that  

Q-: prove that    𝐥𝐢𝐦
𝒙→𝒂

𝟏

𝒈(𝒙)
=

𝟏

𝑴
     𝒊𝒇   𝐥𝐢𝐦

𝒙→𝒂
𝒈(𝒙) = 𝑴                

   Proof –: Given   lim
௫→௔

𝑔(𝑥) = 𝑀          

                for 𝛿 > 0 ,   ∃    𝜖 > 0   such that  
                       |𝑔(𝑥) − 𝑀| < 𝐾𝜖 
                 Or  |𝑔(𝑥) − 𝑀| < 1 
        Now , |𝑀| = |𝑀 − 𝑔(𝑥) + 𝑔(𝑥)| 
                          ≤ |𝑀 − 𝑔(𝑥)| + |𝑔(𝑥)| 
                       𝑜𝑟   |𝑀| ≤ 1 + |𝑔(𝑥)|  
           |𝑔(𝑥)| ≥ |𝑀| − 1     

Now    ቚ
ଵ

௚(௫)
−

ଵ

ெ
ቚ = ቚ

ெି௚(௫)

ெ௚(௫)
ቚ  
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                  ≤
ெି௚(௫)

|ெ||௚(௫)|
    

        ≤
௄ఢ

|ெ|(|ெ|ିଵ)
     

  Now choosing 𝐾 = |𝑀|(|𝑀| − 1)   

       We get ቚ
ଵ

௚(௫)
−

ଵ

ெ
ቚ = 𝜖    𝑓𝑜𝑟 (0 < |𝑥 − 𝑎| < 𝛿)  

Again given   lim
௫→௔

𝑓(𝑥) = 𝐿     𝑎𝑛𝑑   lim
௫→௔

𝑔(𝑥) = 𝑀            

We know   lim
௫→௔

𝑓(𝑥)ℎ(𝑥) = 𝐿𝑁          (for   lim
௫→௔

ℎ(𝑥) = 𝑁        

And   lim
௫→௔

ଵ

௚(௫)
=

ଵ

ெ
            

Taking ℎ(𝑥) =
ଵ

௚(௫)
     , 𝑤𝑒 𝑔𝑒𝑡  

      lim
௫→௔

𝑓(𝑥)𝑔(𝑥) =    lim
௫→௔

௙(௫)

௚(௫)
=

௅

ெ
        𝑤ℎ𝑒𝑟𝑒 𝑁 =

ଵ

ெ
 , 𝑀 ≠ 0)       

 

 

REAL VALUED FUNCTION -: Any function of the form 𝑓: 𝐴 → 𝑅 is said to be a real valued 
function . 

NON INCRESING FUNCTION-: If 𝑓 is real valued function on any interval 𝐽 ⊂ 𝑅, ‘f ’ is said 
to be non-increasing  function  on 𝐽  if 𝑓(𝑥) ≥ 𝑓(𝑦) when 𝑥 < 𝑦 ,    𝑥, 𝑦 ∈ 𝐽  

NON DECRESING FUNCTION-: If 𝑓 is real valued function on any interval 𝐽 ⊂ 𝑅, ‘f ’ is said 
to be non-decreasing  function  on 𝐽  if 𝑓(𝑥) ≤ 𝑓(𝑦) when 𝑥 < 𝑦 ,    𝑥, 𝑦 ∈ 𝐽  

MONOTONE FUNCTION -: A function 𝑓 is said to be monotone if it is either non–increasing 
or non-decreasing. 

Theorem -:  Let  𝒇  be a non-decreasing function on the bounded interval(𝒂, 𝒃),  if 𝒇 is 
bounded above on (𝒂, 𝒃), then  𝐥𝐢𝐦𝒙→𝒃ష 𝒇(𝒙) exist. Also   iff   is bounded below on (𝒂, 𝒃) 
then  𝐥𝐢𝐦𝒙→𝒂శ 𝒇(𝒙) exists.  

    Proof -: let us considered the function 𝑓  is bounded above and 

 Non-decreasing in the interval (𝑎, 𝑏), therefore ∃  a suprimum , let it be 𝑀 ,i.e. 𝑀 =

𝑙𝑒𝑎𝑠𝑡 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑓(𝑥) , 𝑥 ∈ (𝑎, 𝑏) ,for 𝜖 > 0, the number 𝑀 − 𝜖  is not an upper bound of 
𝑓(𝑥) for 𝑥 ∈ (𝑎, 𝑏) 

let  𝑦 ∈ (𝑎, 𝑏) 𝑠𝑢𝑐 𝑡ℎ𝑎𝑡  

  𝑓(𝑦) > 𝑀 − 𝜖  𝑤ℎ𝑒𝑟𝑒 , 𝑦 = 𝑏 − 𝛿 
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 𝑓(𝑏 − 𝛿) > 𝑀 − 𝜖 

 ∴ 𝑓(𝑥) > 𝑀 − 𝜖       𝑓𝑜𝑟 𝑏 − 𝛿 < 𝑥 < 𝑏 

   lim௫→௕ష 𝑓(𝑥) exists 

Similarly it 𝑓 is bounded above and the function is non-decreasing on (𝑎, 𝑏) then we can show 
that lim௫→௕ష 𝑓(𝑥)  exists. 

 

Theorem-: let 𝒇 be a non-increasing function on the bounded open interval (𝒂, 𝒃) . then  
If 𝐥𝐢𝐦𝒙→𝒃ష 𝒇(𝒙) 𝒇 is exists while , if 𝒇 is bounded below on (𝒂, 𝒃) then  𝐥𝐢𝐦𝒙→𝒂శ 𝒇(𝒙) exists . 

COROLLARY -: if 𝑓  is monotonic function on the open interval (𝑎, 𝑏) and   if 𝑐 𝜖 (𝑎, 𝑏) then 
lim௫→௖శ 𝑓(𝑥) and lim௫→௖ష 𝑓(𝑥) both exists . 

   Proof -:let us consider 𝑓 is non-decreasing for 𝛿 > 0  , ∃ an bounded open interval (𝑐 − 𝛿, 𝑐 +

𝛿) ⊂ (𝑎, 𝑏) then the function 𝑓  is bonded above in (𝑐 − 𝛿 , 𝑐) by the upper bound 𝑓(𝑐) and 
hence lim௫→௖ష 𝑓(𝑥) exists .  

Similarly it is called bounded below in  (𝑐, 𝑐 + 𝛿) by the lower bound 𝑓(𝑐) . 

Hence lim௫→௖ష 𝑓(𝑥) exits . 

 

 

 MODULOUS -:|𝟎| 

         |𝒙| > 𝟎     (∵ 𝒙 ≠ 𝟎)  

   |𝒙| = |−𝒙| 

   |𝒙 + 𝒚| ≤ |𝒙| + |𝒚|  

 

 

 

                                METRIC SPACE 

Metric space -: let 𝑀 be any set , a metric for 𝑀 is a function 𝜌 with the domain 𝑀 × 𝑀 and 
range contained in [0, ∞) such that  



  ADVANCE ANALYSIS  
 

ADVANCE ANALYSIS  
 
 

i. 𝜌(𝑥, 𝑥) = 0   , (𝑥 ∈ 𝑀) 
ii. 𝜌(𝑥, 𝑦) > 0    ,   (𝑥 ≠ 𝑦  , 𝑥, 𝑦 ∈ 𝑀) 

iii. 𝜌(𝑥, 𝑦) =   𝜌(𝑦, 𝑥)   ( 𝑥, 𝑦 ∈ 𝑀)     
iv. 𝜌(𝑥, 𝑦) ≤     𝜌(𝑥, 𝑧) +   𝜌(𝑦, 𝑧)   ( 𝑥, 𝑦 , 𝑧 ∈ 𝑀)             

Q-: show that the set of real numbers is a metric space with the metric ′𝝆′ defined by 
𝝆(𝒙, 𝒚) = |𝒙 − 𝒚| 

 Or ⟨𝑅, 𝜌⟩ is a matric space  𝑓(𝑥, 𝑦) = |𝑥 − 𝑦|   (𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑚𝑎𝑡𝑟𝑖𝑐)  

i. 𝜌(𝑥, 𝑥) = |𝑥 − 𝑥|0  , (𝑥 ∈ 𝑀) 
ii. 𝜌(𝑥, 𝑦) = |𝑥 − 𝑦| > 0    ,   (𝑥 ≠ 𝑦  , 𝑥, 𝑦 ∈ 𝑀) 

iii. 𝜌(𝑥, 𝑦) =   |𝑥 − 𝑦| = |𝑦 − 𝑥|   = 𝜌(𝑦, 𝑥)      ( ∀𝑥, 𝑦 ∈ 𝑅)     
iv.   𝑓𝑜𝑟 𝑥, 𝑦, 𝑧 ∈ 𝑅   

                𝜌(𝑥, 𝑦) = |𝑥 − 𝑦| = |𝑥 − 𝑧 + 𝑧 − 𝑦|    

                  ≤ |𝑥 − 𝑧| + |𝑥 − 𝑧| 

   =  𝜌(𝑥, 𝑧) +   𝜌(𝑦, 𝑧) 

Q-: show that set of real numbers be the discrete metric is a matric space.  

i. 𝑑(𝑥, 𝑥) = 0  , (𝑥 ∈ 𝑀) 
ii. 𝑑(𝑥, 𝑦) = 1 > 0    ,   (𝑥 ≠ 𝑦  , 𝑥, 𝑦 ∈ 𝑅) 

iii. 𝑑(𝑥, 𝑦) =   1 = 𝑑(𝑦, 𝑥)      ( 𝑥, 𝑦 ∈ 𝑅)     
iv.   𝑓𝑜𝑟 𝑥, 𝑦, 𝑧 ∈ 𝑅   

                𝜌(𝑥, 𝑦) = 1 < 2 = 1 + 1   =  𝑑(𝑥, 𝑧) +   𝑑(𝑧, 𝑦) 

NOTE-:    DISCRETE METRIC -: 

               𝑑(𝑥, 𝑥) = 0 

              𝑑(𝑥, 𝑦) = 1 

            𝑑(𝑥, 𝑦) = 0 𝑖𝑓  𝑥 = 𝑦 

                          = 1 𝑖𝑓 𝑥 ≠ 𝑦  

  Q -: show that if 𝝆 is a matric for set 𝑴  then so is 𝟐𝝆  

        Ans -: Given  𝜌 is a matric for the set  . 

 𝜌(𝑥, 𝑥) = 0   , (𝑥 ∈ 𝑀) 

                    ⇒ 2𝜌(𝑥, 𝑥) = 0 
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 𝜌(𝑥, 𝑦) > 0    ,   (𝑥 ≠ 𝑦  , 𝑥, 𝑦 ∈ 𝑀) 
  ⇒ 2𝜌(𝑥, 𝑦) > 0  

 𝜌(𝑥, 𝑦) =   𝜌(𝑦, 𝑥)   ( 𝑥, 𝑦 ∈ 𝑀)     
   ⇒ 2𝜌(𝑥, 𝑦) = 2𝜌(𝑦, 𝑥) 

 𝜌(𝑥, 𝑦) ≤     𝜌(𝑥, 𝑧) +   𝜌(𝑦, 𝑧)   ( 𝑥, 𝑦 , 𝑧 ∈ 𝑀)             
 ⇒ 2𝜌(𝑥, 𝑦) ≤    2 𝜌(𝑥, 𝑧) +  2 𝜌(𝑦, 𝑧) 
 

 Q-: show that if 𝝆 𝒂𝒏𝒅 𝝈 are both metrics for a set 𝑴 then 𝝆 + 𝝈 is also a metric for the 
set 𝑴. 

 Ans -: Given both 𝜌  and 𝜎 are both metrics for set 𝑀 

         𝜌(𝑥, 𝑥) = 0 , 𝜎 (𝑥, 𝑥)     (𝑥 ∈ 𝑀) 

                    ⇒ 𝜌(𝑥, 𝑥) + 𝜎 (𝑥, 𝑥) = 0 

 𝜌(𝑥, 𝑦) > 0   𝜎(𝑥, 𝑦) > 0 ,   ( 𝑥, 𝑦 ∈ 𝑀) 
  ⇒ 𝜌(𝑥, 𝑦) + 𝜎(𝑥, 𝑦) > 0  

 𝜌(𝑥, 𝑦) =   𝜌(𝑦, 𝑥) , 𝜎(𝑥, 𝑦) = 𝜎(𝑦, 𝑥)  ( 𝑥, 𝑦 ∈ 𝑀)     
   ⇒ 𝜌(𝑥, 𝑦) + 2𝜌(𝑦, 𝑥) = 𝜎(𝑥, 𝑦) + 𝜎(𝑦, 𝑥) 
For 𝑥, 𝑦, 𝑧 ∈ 𝑅 

    𝜌(𝑥, 𝑦) ≤     𝜌(𝑥, 𝑧) +   𝜌(𝑦, 𝑧)                
    𝜎(𝑥, 𝑦) ≤ 𝜎(𝑥, 𝑧) + 𝜎(𝑧, 𝑦) 

           ⇒ 𝜌(𝑥, 𝑦) + 𝜎(𝑥, 𝑦) ≤ ൫ 𝜌(𝑥, 𝑧) + 𝜎(𝑥, 𝑧)൯ + ൫ 𝜌(𝑧, 𝑦) + 𝜎(𝑧, 𝑦)൯   

 

Theorem -: let 𝒇 be non-increasing function on the bounded (𝒂, 𝒃).if 𝒇 is bounded above on 
(𝒂, 𝒃) then 𝐥𝐢𝐦𝒙→𝒃ష 𝒇(𝒙) exists, while of  𝒇 is bounded below then  𝐥𝐢𝐦𝒙→𝒂శ 𝒇(𝒙) exists. 

Proof -: consider 𝑓  is non-increasing and bonded above on (𝑎, 𝑏 

           Let 𝑀 = 𝑔. 𝑙. 𝑏 𝑓(𝑥)  ,   𝑥 ∈ (𝑎, 𝑏) 

          For 𝜖 > 0  , 𝑀 + 𝜖  is not a bound 

          Let 𝑦 = 𝑏 − 𝛿 such that 𝑓(𝑦) < 𝑀 + 𝜖 

          Or 𝑓(𝑥) > 𝑚    , ∀ 𝑥 ∈ (𝑎, 𝑏) 

          i.e. 𝑚 < 𝑓(𝑥) < 𝑚 + 𝜖    ,     𝑏 − 𝛿 < 𝑥 < 𝑏 

          Or |𝑓(𝑥) − 𝑚| < 𝜖           , 𝑤ℎ𝑒𝑛 𝑏 − 𝛿 < 𝑥 < 𝑏   
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          lim௫→௕ష 𝑓(𝑥) exists. 

 

   THE CLASS  𝒍𝟐  -:  The class 𝒍𝟐 is the class of all sequences 

                                   {𝑺𝒏}𝒏ୀ𝟏
ஶ = 𝑺  such that ∑ 𝑺𝒏

𝟐 < ∞ஶ
𝒏ୀ𝟏   

 

 NOTE -: (SCWARZ’S INQUALITY) -: if 𝑆 = {𝑆௡}௡ୀଵ
ஶ  and 

𝑡 = {𝑡௡}௡ୀଵ
ஶ   are in  𝑙ଶ then ∑ 𝑆௡𝑡௡

ஶ
௡ୀଵ  is also absolutely convergent and  |∑ 𝑆௡𝑡௡

ஶ
௡ୀଵ | ≤

|∑ 𝑆௡
ஶ
௡ୀଵ ||∑ 𝑡௡

ஶ
௡ୀଵ | . 

(MINKOWSKI INEQUALITY)-: if  𝑆 = {𝑆௡}௡ୀଵ
ஶ  and    𝑡 = {𝑡௡}௡ୀଵ

ஶ  are in 𝑙ଶ then such that 
𝑡 = {𝑡௡ + 𝑆௡}௡ୀଵ

ஶ  is in 𝑙ଶ and 

            ൥෍(𝑆௡ + 𝑡௡)ଶ

ஶ

௡ୀଵ

൩

ଵ
ଶ

 ≤ ൥෍ 𝛿௡
ଶ

ஶ

௡ୀଵ

൩

ଵ
ଶ

+ ൥෍ 𝑡௡
ଶ

ஶ

௡ୀଵ

൩

ଵ
ଶ

 

Q-:For 𝒏 ∈ 𝑰 if 𝒙 = (𝒙𝟏, 𝒙𝟐 ⋯ ⋯ 𝒙𝒏) and 𝒚 = (𝒚𝟏, 𝒚𝟐 ⋯ ⋯ 𝒚𝒏) are  two ordered 𝒏  tuples  of 

real numbers define 𝝆(𝒙, 𝒚) = [∑ (𝒙𝒌 − 𝒚𝒌)𝟐ஶ
𝒏ୀ𝟏 ]

𝟏

𝟐 then show that 〈𝑹𝒏, 𝝆〉 is a metric space .  

 Ans -:  𝜌(𝑥, 𝑥) = [∑ (𝑥௞ − 𝑥௞)ଶஶ
௡ୀଵ ]

భ

మ = 0 

             𝜌(𝑥, 𝑦) = [∑ (𝑥௞ − 𝑦௞)ଶஶ
௡ୀଵ ]

భ

మ > 0 

           𝜌(𝑥, 𝑦) =[∑ (𝑥௞ − 𝑦௞)ଶஶ
௡ୀଵ ]

భ

మ 

                       [∑ (𝑦௞ − 𝑥௞)ଶஶ
௡ୀଵ ]

భ

మ =  𝜌(𝑦, 𝑥)  

 for 𝑥, 𝑦, 𝑧 ∈ 𝑅௡, 𝑤ℎ𝑒𝑟𝑒 𝑥 = (𝑥ଵ, 𝑥ଶ ⋯ ⋯ 𝑥௡) 𝑎𝑛𝑑 𝑦 = (𝑦ଵ, 𝑦ଶ ⋯ ⋯ 𝑦௡) 

                𝑧 = (𝑧ଵ, 𝑧ଶ ⋯ ⋯ 𝑧௡)  

Let 𝜌(𝑥, 𝑧) = [∑ (𝑥௞ − 𝑧௞)ଶஶ
௡ୀଵ ]

భ

మ 

     Taking 𝑎௞ = 𝑥௞ − 𝑧௞  ,       𝑏௞ = 𝑧௞ − 𝑦௞  

   𝜌(𝑥, 𝑧) = [∑ 𝑎௞
ଶஶ

௡ୀଵ ]
భ

మ    𝜌(𝑧, 𝑦) = [∑ 𝑏௞
ଶஶ

௡ୀଵ ]
భ

మ 

   𝜌(𝑥, 𝑦) = [∑ (𝑎௞ + 𝑏௞)ଶஶ
௡ୀଵ ]

భ

మ 
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                 ≤ [∑ (𝑎௞)ଶஶ
௡ୀଵ ]

భ

మ + [∑ 𝑏௞
ଶஶ

௡ୀଵ ]
భ

మ 

          (Using minkowskis’s inequality) 

                 = 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑦) 

     ∴ 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑦)  

PROVE THAT 〈𝒍𝟐, 𝝆〉 IS A MATRICE SPACE, WHERE 𝝆 IS DEFINED AS 𝝆(𝒙, 𝒚) 
defined as 𝝆(𝒙, 𝒚) = ‖𝒙 − 𝒚‖𝟐. 

Proof -:for 𝑥, 𝑦, 𝑧 ∈ 𝑙ଶ  

 𝜌(𝑥, 𝑥) = ‖𝑥 − 𝑥‖ଶ = 0 

 𝜌(𝑥, 𝑦) = ‖𝑥 − 𝑦‖ଶ > 0 (𝑖𝑓 𝑥 ≠ 𝑦) 

 𝜌(𝑥, 𝑦) = ‖𝑥 − 𝑦‖ଶ = ‖(−1)(𝑦 − 𝑥‖ଶ 
                  |−1|‖𝑦 − 𝑥‖ଶ = ‖𝑦 − 𝑥‖ଶ = 𝜌(𝑦, 𝑥) 

 𝜌(𝑥, 𝑦) = ‖𝑥 − 𝑦‖ଶ = ‖𝑥 − 𝑧 + 𝑧 − 𝑦‖ଶ 
                ≤ ‖𝑥 − 𝑧‖ଶ + ‖𝑧 − 𝑦‖ଶ 

                                  = 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑦) 

                              ∴ 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑦) 

 

NOTE-: The NORM for a sequence in 𝑙ଶ has  following properties -: 

 ‖𝑠‖ଶ ≥ 0      𝑠 ∈ 𝑙ଶ 

 ‖𝑠‖ଶ = 0        𝑖𝑓𝑓 𝑠 = 0 ∈ 𝑙ଶ 

 ‖𝑐𝑠‖ଶ = |𝑐|‖𝑠‖ଶ 𝑓𝑜𝑟 𝑠 ∈ 𝑙ଶ , 𝑐 ∈ 𝑅 𝑤ℎ𝑒𝑟𝑒 𝑐 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

 ‖𝑠 + 𝑡‖ଶ ≤ 0‖𝑠‖ଶ + ‖𝑡‖ଶ (𝑓𝑜𝑟 𝑠, 𝑡 ∈ 𝑙ଶ) 
 

(THE CLASS𝒍ஶ)-: The class 𝒍ஶ denote a set of all bounded sequence of real numbers. 

 Q-: show that〈𝒍ஶ, 𝝆〉  is a metric space where𝝆 is defined as 𝝆(𝒙, 𝒚) =  𝒍. 𝒖. 𝒃
𝟏ஸ𝒏ஸஶ

|𝒙𝒏 − 𝒚𝒏| 

  Proof -:      for 𝑥, 𝑦, 𝑧 ∈ 𝑙ஶ 

 𝜌(𝑥, 𝑦) =  𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑥௡ − 𝑥௡| = 0 

 𝜌(𝑥, 𝑦) =  𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑥௡ − 𝑦௡| > 0 

 𝜌(𝑥, 𝑦) =  𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑥௡ − 𝑦௡| =  𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑦௡ − 𝑥௡| = 𝜌(𝑦, 𝑥) 
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 𝜌(𝑥, 𝑦) =  𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑥௡ − 𝑦௡| =  𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑥௡ − 𝑧௡ + 𝑧௡ − 𝑦௡| 

               ≤  𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑥௡ − 𝑧௡| + 𝑙. 𝑢. 𝑏
ଵஸ௡ஸஶ

|𝑧௡ − 𝑦௡| 

                   = 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑦) 

Q-: For 𝑷(𝒙𝟏, 𝒚𝟏) 𝒂𝒏𝒅  𝑸(𝒙𝟐, 𝒚𝟐) defined 𝝆(𝑷, 𝑸) = |𝒙𝟏 − 𝒙𝟐| + |𝒚𝟏 − 𝒚𝟐| show that 𝝆 is 
metric for the set of ordered pair of real numbers further if 𝝉(𝑷, 𝑸) = 𝒎𝒂𝒙 (|𝒙𝟏 −

𝒙𝟐|, |𝒚𝟏 − 𝒚𝟐|) show that 𝝉 is a metric for the same of ordered pairs of real number. 

Proof -: for 𝑃, 𝑄, 𝑅 ∈ 𝑀        (𝑀  is the set of real number)  

 𝜌(𝑃, 𝑃) = |𝑥ଵ − 𝑥ଵ| + |𝑦ଵ − 𝑦ଵ| = 0 

 𝜌(𝑃, 𝑄) = |𝑥ଵ − 𝑥ଶ| + |𝑦ଵ − 𝑦ଶ| > 0 

 𝜌(𝑃, 𝑄) = |𝑥ଵ − 𝑥ଶ| + |𝑦ଵ − 𝑦ଶ| = |𝑥ଶ − 𝑥ଵ| + |𝑦ଶ − 𝑦ଵ| 
 = |𝑦ଶ − 𝑦ଵ| + |𝑥ଶ − 𝑥ଵ| = 𝜌(𝑄, 𝑃) 

 𝜌(𝑃, 𝑄) = |𝑥ଵ − 𝑥ଶ| + |𝑦ଵ − 𝑦ଶ| 
                  = |𝑥ଵ − 𝑥ଶ + 𝑥ଷ − 𝑥ଷ| + |𝑦ଵ − 𝑦ଶ + 𝑦ଷ − 𝑦ଷ| 

                              ≤ |𝑥ଵ − 𝑥ଷ| + |𝑥ଷ − 𝑥ଶ | + |𝑦ଵ − 𝑦ଷ| + |𝑦ଷ − 𝑦ଶ| 

 = (|𝑥ଵ − 𝑥ଷ| + |𝑦ଵ − 𝑦ଷ|) + (|𝑥ଷ − 𝑥ଶ | + |𝑦ଷ − 𝑦ଶ|) 

  = 𝜌(𝑃, 𝑅) + 𝜌(𝑅, 𝑃) 

        𝜌(𝑃, 𝑄) ≤ 𝜌(𝑃, 𝑅) + 𝜌(𝑅, 𝑃) 

 

Again for 𝑃, 𝑄, 𝑅 ∈ 𝑀    

 𝜏(𝑃, 𝑄) = 𝑚𝑎𝑥 (|𝑥ଵ − 𝑥ଶ|, |𝑦ଵ − 𝑦ଶ|) = 0 

 𝜏(𝑃, 𝑄) =  𝑚𝑎𝑥 (|𝑥ଵ − 𝑥ଶ|, |𝑦ଵ − 𝑦ଶ|) > 0 𝑥ଵ ≠ 𝑥ଶ , 𝑦ଵ ≠ 𝑦ଶ  

 𝜏(𝑃, 𝑄) =  𝑚𝑎𝑥 (|𝑥ଵ − 𝑥ଶ|, |𝑦ଵ − 𝑦ଶ|) 
               = 𝑚𝑎𝑥 (|𝑥ଶ − 𝑥ଵ|, |𝑦ଶ − 𝑦ଵ|) 

          = 𝑚𝑎𝑥 (|𝑦ଶ − 𝑦ଵ|, |𝑥ଶ − 𝑥ଵ|) 

   = 𝜏(𝑃, 𝑄) 

 𝜏(𝑃, 𝑄) = max(|𝑥ଵ − 𝑥ଶ|, |𝑦ଵ − 𝑦ଶ|) 

                   = 𝑚𝑎𝑥|𝑥ଵ − 𝑥ଷ + 𝑥ଷ−𝑥ଶ|,|𝑦ଵ − 𝑦ଷ + 𝑦ଷ − 𝑦ଶ| 

                        ≤ max(|𝑥ଵ − 𝑥ଷ|, |𝑦ଵ − 𝑦ଷ|) + max (|𝑥ଷ − 𝑥ଶ|, |𝑦ଷ − 𝑦ଶ| 

                          = 𝜏(𝑃, 𝑅) + 𝜏(𝑅, 𝑄) 
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Definition -: suppose 〈𝑴, 𝝆〉 are matrices spaces where 𝒂 ∈ 𝑴𝟏, 𝝆 ∈ 𝑴𝟐. Consider the 
function 𝒇 whose domain is 𝑴𝟏and the range is contained in 𝑴𝟐 , then we say 𝒇(𝒙) 
approaches to 𝑳 when 𝒙 approaches a that if for given 𝝐 > 𝟎 ∃ 𝜹 > 𝟎  such that 
𝝆𝟐(𝒇(𝒙), 𝒍) < 𝝐 when 𝝆𝟏(𝒙, 𝒂) < 𝜹 

                     𝐥𝐢𝐦𝒙→𝒂 𝒇(𝒙) = 𝒍 

 

 

 

 

Q-: let 𝒇: 𝒍𝟐 → 𝑹 be defined as follows if 𝒙 = {𝒙𝒏}𝒏ୀ𝟏
ஶ ∈ 𝒍𝟐, 𝒇(𝒙) = 𝒙𝟏     (i.e. image under 𝒇 

of any sequence in 𝒍𝟐 is the first term of the sequence).let 𝒂 = {𝒂𝒏}𝒏ୀ𝟏
ஶ   be fixed element in 

𝒍𝟐 prove that                                𝐥𝐢𝐦𝒙→𝒂 𝒇(𝒙) = 𝒂𝟏 . 

 Proof -: for 𝜖 > 0 we have to find 𝛿 > 0   so that 𝜌ଶ(𝑓(𝑥), 𝑎ଵ) < 𝜖                     𝜌ଵ(𝑥, 𝑎) < 𝛿  we 
must show that 

                 |𝑓(𝑥) − 𝑎ଵ| < 𝜖 Where  ‖𝑥 − 𝑎‖ଶ < 𝛿 

               ‖𝑥 − 𝑎‖ଶ = [∑ (𝑥௡ − 𝑎௡)ଶ]ஶ
௡ୀଵ

భ

మ    

                                ≥ [𝑥ଵ − 𝑎ଵ]
భ

మ ≥ [𝑥ଵ − 𝑎ଵ] 

  Now , |𝑥ଵ − 𝑎ଵ| ≤  ‖𝑥 − 𝑎‖ଶ < 𝛿 

 Choosing 𝜖 = 𝛿, 𝑤𝑒 𝑔𝑒𝑡  

   |𝑓(𝑥) − 𝑎ଵ| = |𝑥ଵ − 𝑎ଵ| < 𝜖 = 𝛿  

                              lim௫→௔ 𝑓(𝑥) = 𝑎ଵ   proved  

         

Definition -: let 〈𝑴, 𝝆〉 be matric space and let {𝒔𝒏}𝒏ୀ𝟏
ஶ  be a sequence of points in 𝑴  then 

{𝒔𝒏}𝒏ୀ𝟏
ஶ   is said to be convergent if 𝝆(𝒔𝒏, 𝑳) < 𝝐, 𝒏 ≥ 𝑵 or   𝐥𝐢𝐦𝒙→𝒂𝑺𝒏 = 𝑳      , 𝒏 ≥ 𝑵  𝒊𝒏 𝑴 

Definition -: let 〈𝑴, 𝝆〉 be matric space and let {𝒔𝒏}𝒏ୀ𝟏
ஶ  be a sequence of points of 𝑴  then 

{𝒔𝒏}𝒏ୀ𝟏
ஶ   is said to be Cauchy sequence if 𝝐 > 𝟎, ∃ 𝑵 ∈ 𝑰 such that 𝝆(𝒔𝒎, 𝒔𝒏) < 𝝐 𝒏, 𝒎 ≥ 𝑵 
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Theorem-: let 〈𝑹, 𝝆〉 be a metric space {𝒔𝒏}𝒏ୀ𝟏
ஶ  is a sequence of points in 𝑴 then {𝒔𝒏}𝒏ୀ𝟏

ஶ  is 
Cauchy sequence (for some 𝝐 > 𝟎) there is a number 𝒍 such that   𝐥𝐢𝐦𝒙→𝒂𝒔𝒏 = 𝒍   𝒏 ≥ 𝑵 

Proof -: Given 〈𝑅, 𝜌〉 is a metric space. 

          {𝑠௡}௡ୀଵ
ஶ  is sequence of points in 𝑀 {𝑠௡}௡ୀଵ

ஶ  is convergent 

          For some 𝜖 > 0 there is number 𝑙  such that  

  lim௫→௔𝑠௡ = 𝑙   𝑛 ≥ 𝑁 

                                      i.e. 𝜌(𝑠௡ , 𝑙) <
ఢ

ଶ
  𝑛 ≥ 𝑁    

          |𝑠௡ − 𝐿| <
ఢ

ଶ
   𝑛 ≥ 𝑁     

 We can also write 𝜌(𝑠௠ , 𝑙) <
ఢ

ଶ
    𝑓𝑜𝑟 𝑚 ≥ 𝑁 

     𝜌(𝑠௡ , 𝑠௠) = |𝑠௡ − 𝑠௠| 

                       = |𝑠௡ − 𝐿 + 𝐿 − 𝑠௠| 

                        ≤ |𝑠௡ − 𝐿| + |𝐿 − 𝑠௠| 

         = |𝑠௡ − 𝐿| + |𝑠௠ − 𝐿| 

   
ఢ

ଶ
+

ఢ

ଶ
= 𝜖   , 𝑓𝑜𝑟  𝑛, 𝑚 ≥ 𝑁 

  ⇒ 𝜌(𝑠௡ , 𝑠௠) ≤ 𝜖   𝑤ℎ𝑒𝑟𝑒 𝑛, 𝑚 ≥ 𝑁 

Q-: show that the sequence of points in any metric space cannot converges to the distinct 
limit.  

  

                                       CHAPTER -2 

              CONTINUOUS FUNCTION ON A METRIC SPACE  

Continuous-: A function 𝑓  is said to be continuous if 𝑎 ∈ 𝑅ᇱ if           
                                    lim

௫→௔
𝑓(𝑥) = 𝑓(𝑎)          

 Q-: check the function is continuous or not at the point 𝑥 = 0 

         Solution -:𝑓(𝑥) =
ୱ୧୬

௫
 



  ADVANCE ANALYSIS  
 

ADVANCE ANALYSIS  
 
 

                      𝑓(𝑎) =
ୱ୧୬ ௔

௔
     , 𝑓(0) =

ୱ୧୬ ଴

଴
=

଴

଴
 

                       lim
௫→଴

𝑓(𝑥) =  lim
௫→଴

ୱ୧୬ ௫

௫
= 1 

  ∴ Limiting value ≠ functional value  

  Hence the given function is not continuous  

Q-:𝒇(𝒙) = ቊ
𝐬𝐢𝐧 𝒙

𝒙
  𝒊𝒇 𝒙 ≠ 𝟎

𝟏  𝒊𝒇 𝒙 = 𝟎  
 is continuous  

Q-: 𝑓(𝑥) = 𝑥ଶ + 2𝑥    𝑎𝑡 𝑥 = 3 

  Ans -:𝑓(𝑥) = (3)ଶ + 2(3) = 9 + 6 = 15 

            lim
௫→ଷ

𝑓(𝑥) =   lim
௫→ଷ

 𝑥ଶ + 2𝑥 = 15     

 ∵ Limiting value ≠ functional value  

  Hence the given function is not continuous  

 

 

Theorem -: if the real valued function 𝒇 and 𝒈 are continuous at 𝒂 = 𝑹𝟏  then so are 

𝒇 + 𝒈, 𝒇 − 𝒈, 𝒇𝒈,
𝒇

𝒈ൗ    (∵ 𝒈(𝒂) ≠ 𝟎) 

 

 

 

Theorem -: if the 𝒇 and 𝒈 real valued function are 𝒇 is continuous at 𝒂, if 𝒈 is continuous at 
𝒇(𝒂) then 𝒈𝒐𝒇  (composite function of 𝒈 and  𝒇 ) is continuous  at  𝒂 . 

Proof -: Given 𝑓  is continuous  

    i.e.  lim
௫→௔

𝑓(𝑥) = 𝑓(𝑎)          

for  𝜖 > 0 , ∃ 𝛿 > 0 such that  

 |𝑓(𝑥) − 𝑓(𝑎)| < 𝜖 𝑤ℎ𝑒𝑛 |𝑥 − 𝑎| < 𝛿    ⟶ (1) 
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Again given 𝑔 is continuous at 𝑓(𝑎) 

            lim
௙(௫)→௙(௔)

𝑔൫𝑓(𝑥)൯ = 𝑔൫𝑓(𝑎)൯              

  Or  lim
௬→௔

𝑔(𝑦) = 𝑔(𝑏)          

   𝑓𝑜𝑟 𝑛 > 0 , ∃ 𝛿 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

  |𝑔(𝑦) − 𝑔(𝑏)| < 𝑛  𝑤ℎ𝑒𝑛 |𝑦 − 𝑏| < 𝜖  ⟶ (2) 

Or ห𝑔(𝑓(𝑥)) − 𝑔𝑓൫(𝑎)൯ห < 𝑛, 𝑤ℎ𝑒𝑛  |𝑦 − 𝑏| < 𝜖  

gof is continuous at 𝑎 𝜖𝑅ଵ       (𝑢𝑠𝑖𝑛𝑔 1)  

 

 

 

 

 

 

Q-: prove that 𝒄𝒇 is continuous at ′𝒂′ if 𝒇 is continuous at 𝒂 and 𝒄 ∈ 𝑹  

 Proof -: Given 𝑓 is continuous at 𝑎 

       i.e.  lim
௫→௔

𝑓(𝑥) = 𝑓(𝑎)        ⟶ (1) 

 and we have to proof that 𝑐𝑓 is continuous at 𝑎  

   𝑐lim
௫→௔

𝑓(𝑥) = 𝑐𝑓(𝑎)      ൫𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑐 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (1)൯        

  𝑜𝑟  lim
௫→௔

𝑐𝑓(𝑥) = 𝑐𝑓(𝑎)         

 Hence 𝑐𝑓 is continuous at 𝑎   

Q-: the real valued function 𝒇 is continuous at 𝒂 ∈ 𝑹𝟏 if is continuous at 𝒂 ∈ 𝑹𝟏 if and only 
if given 𝝐 > 𝟎 , ∃ 𝜹 > 𝟎 such that |𝒇(𝒙) − 𝒇(𝒂)| < 𝝐 when |𝒙 − 𝒂| < 𝜹   

Proof -: necessary part -:  

            Given 𝑓  is continuous at 𝑎 ∈ 𝑅  
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        Lim
௫→௔

𝑓(𝑥) = 𝑓(𝑎)        𝑓𝑜𝑟  𝜖 > 0, ∃ 𝛿 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

        |𝑓(𝑥) − 𝑓(𝑎)| < 𝜖 𝑤ℎ𝑒𝑛 |𝑥 − 𝑎| < 𝛿 

Sufficient part -:  

     Given |𝑓(𝑥) − 𝑓(𝑎)| < 𝜖 when |𝑥 − 𝑎| < 𝛿 

 We have to prove that 𝑓(𝑥) is continuous at 𝑎 

  ∴ 𝑙𝑖𝑚𝑖𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓(𝑥) 𝑒𝑥𝑠𝑖𝑡𝑠 𝑎𝑡 𝑎 𝑎𝑛𝑑 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑓(𝑎) 

    So,  lim
௫→௔

𝑓(𝑥) = 𝑓(𝑎)       f is continuous at 𝑎 𝜖 𝑅ଵ 

 

Open ball -: if 𝒂 𝝐 𝑹𝟏 and 𝒓 > 𝟎 then the set of all 𝒙 ∈ 𝑹𝟏 whose distance to 𝒂  is less then 𝑹. 
The set is said to be the open ball i.e.𝑩[𝒂, 𝒓] = {𝒙 ∈ 𝑹||𝒙 − 𝒂| < 𝒓} that the bounded open 
interval (𝒂 − 𝒓, 𝒂 + 𝒓) 

Definition -: (continuous)  -: A function 𝒇  is said to be continouse at  𝒂 if and only if for 
given 𝝐 > 𝟎 , ∃ 𝜹 > 𝟎  such that  

𝒇(𝒙) ∈ 𝑩[𝒇(𝒂), 𝝐],when 𝒙 ∈ 𝑩[𝒂, 𝒃] 

Theorem-: The real valued function 𝑓 is (said to be) continuous at 𝑎 ∈ 𝑅ଵ if and only if the 
inverse image under 𝑓 of any open ball 𝐵[𝑓(𝑎), 𝜖] about (𝑎) . Conations an open ball 𝐵[𝑎, 𝑏] 

about 𝑎.that for given 𝜖 > 0 , ∃ 𝛿 > 0 such that 𝑓ିଵൣ𝐵[𝑓(𝑎), 𝜖] ⊃ 𝐵[𝑎, 𝛿]൧ 

Proof -: necessary part -:  

     Let us assume 𝑓 is continuouse at 𝑎 ∈ 𝑅ଵ  

For given 𝜖 > 0, 𝛿 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑥) ∈ 𝐵[𝑓(𝑎), 𝜖] when 𝑥 ∈ 𝐵[𝑎, 𝛿] 

Let 𝑈 = 𝐵[𝑓(𝑎), 𝜖]  

  𝑓(𝑥) ∈ 𝑈, when 𝑥 ∈ 𝐵[𝑎, 𝛿] 

  𝑓ିଵ൫𝑓(𝑥) ∈ 𝑓ିଵ(𝑢)൯,       ∀ 𝑥 ∈ 𝐵[𝑎, 𝛿] 

 Or 𝑥 ∈ 𝑓ିଵ(𝑢)   ∀ 𝑥 ∈ 𝐵[𝑎, 𝛿]   

 𝐵[𝑎, 𝛿] ⊂ 𝑓ିଵ(𝑢) 

  𝐵[𝑎, 𝛿] ⊂ 𝑓ିଵൣ𝐵[𝑓(𝑎), 𝜖]൧ 
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Sufficient part -: Conversely suppose 𝐵[𝑎, 𝑏] ⊂ 𝑓ିଵൣ𝐵[𝑓(𝑎), 𝜖]൧ and we have proof that 𝑓 is 

continuous at 𝑎 ∈ 𝑅ଵ.let  us assume 𝑓 is not continuous at  𝑎 ∈ 𝑅ଵ. 

       𝑓(𝑥) ∉ 𝐵[𝑓(𝑎), 𝜖] 𝑤ℎ𝑒𝑛 , 𝑥 ∈ 𝐵[𝑎, 𝛿] 

     𝑓ିଵ൫𝑓(𝑥)൯ ∉ 𝑓ିଵൣ𝐵[𝑓(𝑎), 𝜖]൧  𝑤ℎ𝑒𝑛 , 𝑥 ∈ 𝐵[𝑎, 𝛿] 

           ∴  𝐵[𝑎, 𝛿] ⊄ 𝑓ିଵൣ𝐵[𝑓(𝑎), 𝜖]൧ 

Therefore it is contradiction hence our assumption is wrong. 

  ∴   𝑓 is continuous at 𝑎 ∈ 𝑅ଵ. 

Theorem -: The real valued function 𝒇 is said continuouse at 𝑹𝟏 if and only if whenever 
{𝒙𝒏}𝒏ୀ𝟏

ஶ  is a sequence of real number converging to 𝒂 then the sequence 

൛𝒇(𝒙𝒏)ൟ
𝒏ୀ𝟏

ஶ
converging to𝒇(𝒂) that 𝒇 is continouse at 𝒂 if and only if  𝐥𝐢𝐦

𝒙→𝒂
𝒙𝒏 = 𝒂         

                             lim
௫→௔

𝑓( 𝑥௡) = 𝑓(𝑎)         

Proof -: Necessary part -: let us assume that 𝑓 is continuous at 𝑎 ∈ 𝑅ଵ again, let {𝑥௡}௡ୀଵ
ஶ  be any 

sequence of real number converging to 𝑎          lim
௫→௔

𝑥௡ = 𝑎        for 𝛿 > 0 , ∃ 𝑁 ∈ 𝐼ା such that  

             |𝑥௡ − 𝑎| < 𝛿   , 𝑛 ≥ 𝑁  

        For 𝜖 > 0  ∃   𝛿 > 0    such that  

  |𝑓(𝑥௡) − 𝑓(𝑎)| <∈    𝑤ℎ𝑒𝑛 |𝑥௡ − 𝑎| < 𝛿 (as 𝑓 is continuous) 

 𝑓(𝑥௡) ∈ ൣ𝐵[𝑓(𝑎), 𝜖]൧ 𝑤ℎ𝑒𝑛 |𝑥௡ − 𝑎| < 𝛿 

When       lim
௫→௔

𝑥௡ = 𝑎        𝑛 ≥ 𝑁    ⇒       lim
௫→௔

𝑓(𝑥௡) = (𝑎)         

Sufficient part -:  suppose  lim
௫→௔

𝑓( 𝑥௡) = 𝑓(𝑎)  𝑛 ≥ 𝑁       

And we have to proof that 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠𝑒  at  . 

Let us consider the contradicted statement that 𝑓 is not continuous at 𝑎 ∈ 𝑅ଵ . 

The inverse image  under 𝑓 of the open ball  𝐵[𝑓(𝑎), 𝜖]  doesnot contain the open ball𝐵[𝑎, 𝛿]. 

Let us consider 𝑠 =
ଵ

௡
 , ∀ 𝑛 ∈ 𝐼ା 
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For each 𝑛 ∈ 𝐼ା there is a point 𝑥௡ ∈ 𝐵 ቂ𝑎,
ଵ

௡
ቃ. 

Such that 𝑓(𝑥௡) ∉ 𝐵[𝑓(𝑎), 𝜖] when |𝑥௡ − 𝑎| <
ଵ

௡
. 

 ⇒ |𝑓(𝑥௡) − 𝑓(𝑎)| ≯ 𝜖  

Or |𝑓(𝑥௡) − 𝑓(𝑎)| ≥ 𝜖 

       lim
௫→௔

𝑓(𝑥௡) ≠ 𝑓(𝑎)   𝑛 ≥ 𝑁        

Which is a contradiction  

              FUNCTIONS CONTINUOUS ON METRIC SPACE  

Definition-: let 〈𝑀, 𝜌〉 be matric space. If 𝑎 ∈ 𝑀 and 𝑟 > 0 then 𝐵[𝑎, 𝑟] is defined as the set of 
all points in  𝑀 whose distance to 𝑀 is less than 𝑟 or 𝜌(𝑎, 𝑥) < 𝑟. 
𝐵[𝑎, 𝑟] = {𝑥 ∈ 𝑅 |𝜌(𝑎, 𝑥) < 𝑟} Then 𝐵[𝑎, 𝑟] is said to be an open ball radius 𝑟 about 𝑎 . 

Definition -: The function 𝑓 is said to be continuous 𝑎 ∈ 𝑀ଵ if                                lim
௫→௔

𝑓( 𝑥) =

𝑓(𝑎)         

 

Theorem -: The function 𝒇 𝒊𝒔 continuous at 𝒂 ∈ 𝑴𝟏if and only if any one of the following 
condition holds. 

 Given 𝝐 > 𝟎 , ∃ 𝜹 > 𝟎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝝆𝟐൫𝒇(𝒙), 𝒇(𝒂)൯ <∈ , when 𝝆𝟏, (𝒙, 𝒂) < 𝜹 

 The inverse image under 𝒇 𝒐𝒇 𝒂𝒏𝒚 𝑩[𝒇(𝒂), 𝝐] about 𝒇(𝒂) contains an open ball  
[𝒂, 𝜹] about 𝒂 . 

 Whenever the sequence {𝒙𝒏}𝒏ୀ𝟏
ஶ  of points in𝑴𝟏 converging to 𝒂 then the sequence 

𝒇{𝒙𝒏}𝒏ୀ𝟏
ஶ   if in 𝑴𝟐 convergent to 𝒇(𝑎). 

 

Theorem -: let 〈𝑴𝟏, 𝝆𝟏〉, 〈𝑴𝟐, 𝝆𝟐〉 and 〈𝑴𝟑, 𝝆𝟑〉 be metric space and let : 𝑴𝟏 → 𝑴𝟐 , 𝒈: 𝑴𝟐 →

𝑴𝟑 if 𝒇 is continuous at 𝒂 ∈ 𝑴𝟏 and g is continuous at 𝒇(𝒂) ∈  𝑴𝟐  then 𝒈𝒐𝒇 is continuous 
at 𝒂. 

Proof-: Given 𝑓 is continuous at 𝑎 ∈ 𝑀  

            lim
௫→௔

𝑓(𝑥௡) = 𝑓(𝑎)          

 Let {𝑥௡}௡ୀଵ
ஶ be a sequence of points in 𝑀ଵ 

For 𝑛 > 0 , ∃   , 𝜌 > 0  such that  
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 𝜌ଵ|𝑓(𝑥௡) − 𝑓(𝑎)| < 𝑛  𝑤ℎ𝑒𝑛 |𝑥௡ − 𝑎| < 𝛿 

Or 𝜌ଶ|𝑓(𝑥௡), 𝑓(𝑎)| < 𝑛  𝑤ℎ𝑒𝑛 𝜌ଵ[𝑥௡, 𝑎] 

Let 𝑓{𝑥௡}௡ୀଵ
ஶ = 𝑦  𝑤ℎ𝑒𝑛 |𝑥௡ − 𝑎| < 𝛿 

Again,𝑔 is continuous at 𝑓(𝑎) = 𝑏 ∈ 𝑀ଶ 

 |𝑔(𝑦௡) − 𝑔(𝑏)| < 𝜖   𝑤ℎ𝑒𝑛 |𝑦௡ − 𝑏| < 𝑛  

Or  ห𝑔൫𝑓(𝑥௡)൯ − 𝑔൫𝑓(𝑎)൯ห < 𝜖   𝑤ℎ𝑒𝑛 |𝑦௡ − 𝑏| < 𝑛  

 

       lim
௬೙→௙(௔)

𝑔( 𝑓(𝑥௡)) = 𝑔൫𝑓(𝑎)൯          

Or       lim
௫→௔

𝑔( 𝑓(𝑥௡)) = 𝑔൫𝑓(𝑎)൯          

Hence 𝑔𝑜𝑓  is continuous at. 

Definition -: let 𝑀ଵ 𝑎𝑛𝑑 𝑀ଶ be metric space and let 𝑓 is a function ,𝑓: 𝑀ଵ → 𝑀ଶ then 𝑓 is said to 
be continuous form 𝑀ଵ𝑖𝑛𝑡𝑜 𝑀ଶ  if 𝑖𝑠 𝑜𝑓 𝑀ଵ 

OPEN SET -: let 𝑀 be metric space .consider 𝐺 be the open subset that ∀ 𝑥 ∈ 𝐺 , ∃ 𝑎  is  𝑟 > 0 
such that the entire open ball  𝐵[𝑥, 𝑟] contained in 𝐺.  

Q-: show that 𝑩[𝒂, 𝟏] = {𝒂} 𝒊𝒔  𝒊𝒏 𝑹𝒅  

  Proof -: 𝐵[𝑎, 1] = {𝑥 ∈ 𝑅ௗ| 𝑑(𝑎, 𝑥) < 1}  

             𝑥 ∈ 𝑅ௗ  , 𝑑(𝑎, 𝑥) = ൜
1  𝑖𝑓 𝑎 ≠ 𝑥 
0 𝑖𝑓 𝑎 = 𝑥

 

  0 < 1, Hence a is the only one element in 𝐵[𝑎, 1] 

Q-: Single term set{𝒂} is open in the metric space 𝑹𝒅 whereas it is not open in 𝑹. 

1. Proof -:    we know 𝐵[𝑎, 1] = {𝑎} 𝑖𝑛 𝑅ௗ   

                       or 𝐵[𝑎, 1] ⊂ {𝑎}𝑖𝑛 𝑅ௗ 

     Hence {𝑎} is open set in 𝑅ௗ 

2. 𝐵[𝑎, 1] = [1, −1] or the elements in the open interval [1 − 1] 
Hence ,𝐵[𝑎, 1] is not subset of {𝑎} in 𝑅 
                𝐵[𝑎, 1] ⊄ {𝑎} 
Hence {𝑎} is not open set in 𝑅 
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Theorem -: for any metric space 𝑴 both 𝑴 𝒂𝒏𝒅 ∅ are open. 

  Proof -: for any 𝑥 ∈ 𝑀 we can construct an open ball 𝐵[𝑥, 𝑟], which is subset of 𝑀  

Hence 𝑀  is an open set  

We know ∅ does not contain any element. 

Hence it automatically satisfies the condition of open ball . 

 ∴ ∅ is open  

Theorem -; let 𝑭 be any nonempty family of open subsets of a metric space 𝑴. Then ⋃ 𝑮𝑮∈𝑭  
is also open subset of 𝑴. 

Proof -: let 𝐻 = ⋃ 𝐺ீ∈ி  

    Case-1-: let = ∅  , as ∅ has no element then automatically it satisfies all the condition of open 
set. 

 ∴  It is open  

Case-2-:     𝐻 = ∅ 

   At least one element belongs to 𝐻  

     i.e.   𝑥 ∈ 𝐻 

   ⇒ 𝑥 ∈ 𝐺 (𝑎𝑛𝑦) 

 We know 𝐺 ∈ 𝐹 that 𝐺 is open  

 ⇒ 𝑓𝑜𝑟 𝑟 > 0 , ∃ an open ball 𝐵[𝑥, 𝑟] ⊆ 𝐺  

  ⇒ 𝐵[𝑥, 𝑟] ⊆ 𝐺 ⊆ 𝐻 

  ∴ 𝐵[𝑥, 𝑟] ⊆ 𝐻   ℎ𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑜𝑝𝑒𝑛  

Theorem -: Every subset of 𝑹𝒅 is open  

Proof -: let any 𝐺 ⊆ 𝑅ௗ  

 Case-1 if 𝐺 is empty that 𝐺 = ∅  

    then automatically it satisfies all the condition of open set . 

      Hence 𝐺 = ∅ is open  

Case-2      if ≠ ∅ , let 𝑥 ∈ 𝐺  
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We know that the single term set in 𝑅ௗ is open  

Therefore any non-empty set in 𝐺 is also open   

Theorem -: if 𝑮𝟏and 𝑮𝟐 are open subsets of the metric space 𝑴𝟏then 

𝑮𝟏 ∩ 𝑮𝟐 is also open. 

Proof -:  case-1-: if 𝐺ଵ ∩ 𝐺ଶ = ∅ then there is nothing to proof  

              Case-2 -: if 𝐺ଵ ∩ 𝐺ଶ = ∅ 

                      Let 𝑥 ∈ 𝐺ଵ ∩ 𝐺ଶ 

                ⇒ 𝑥 ∈ 𝐺ଵ 𝑎𝑛𝑑  𝑥 ∈ 𝐺ଶ  

                 Given 𝐺ଵ and 𝐺ଶare open  

               i.e.∃ 𝐵[𝑥, 𝑟ଵ] ⊆ 𝐺ଵand 𝐵[𝑥, 𝑟ଶ] ⊆ 𝐺ଶ 

                let 𝑟 = min( 𝑟ଵ, 𝑟ଶ) such that  

                     𝐵[𝑥, 𝑟ଵ] ⊆ 𝐺ଵ ∩ 𝐺ଶ 

                      𝐺ଵ ∩ 𝐺ଶ is open  

    

    Theorem -:  Prove that ⋂ 𝐺௡
ஶ
௡ିଵ  is not open if all 𝐺௡ are open  

Theorem -: Every open subset 𝐺 𝑜𝑓 𝑅ᇱ  can be written as 𝐺 = ⋃ 𝐼௡  where 𝐼 = 𝐼ଵ, 𝐼ଶ, … … … 𝐼௡ 
(finite number of intervals) which are mutually disjoint. 

 Proof -: if  𝑥 ∈ 𝐺 ⊂ 𝑅ଵ 

 Given 𝐺is open set  

 ∴ ∃ an open ball 𝐵[𝑥, 𝑟] ⊆ 𝐺 

Hence,𝐵[𝑥, 𝑟] is open interval in 𝐺 ⊂ 𝑅ଵ 

Let 𝐼௫ represents the largest open interval in 𝐺 containing 𝑥 

i.e. 𝐼௫ ⊆ 𝐺 

if 𝑥 ∈ 𝐺 and 𝑦 ∈ 𝐺 then  

  𝐼௫ = 𝐼௬    𝑜𝑟 𝐼௫ ≠ 𝐼௬    
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 𝐼௫ ≠ 𝐼௬   , 𝐼௫ ∩ 𝐼௬   = ∅ 

Then 𝐼௫ ∩ 𝐼௬   is another open interval contained in 𝐺  and larger then 𝐼௫ Which contradictions the 

assumptions 𝐼௫ is the largest open interval in 𝐺 containing 𝑥 .since disjoint intervals cannot 
contain the same rational number and there are only countable many rational numbers. Hence 
there cannot be uncountable many disjoint open intervals. Therefore ,𝐺 =∪ 𝐼௡ where 𝑛 is finite 
and countable . 

  

 

 

 

Theorem-: let  〈𝑀ଵ, 𝜌ଵ〉 and 〈𝑀ଶ, 𝜌ଵ〉 be matric spaces and 𝑓: 𝑀ଵ → 𝑀ଶ. Then 𝑓 is continuous 
on 𝑀ଵ if and only if 𝑓ିଵ(𝐺)  is open in 𝑀ଵ whenever 𝐺 is open in 𝑀ଶ 

Proof -: necessary part -: given 𝑓  is continuous 𝑀ଵto 𝑀ଶ and 𝐺 is open in 𝑀ଶ . our claim is to 
proof 𝑓ିଵ(𝐺)  is open in 𝑀ଵ  

Let 𝑥 ∈ 𝑓ିଵ(𝐺)   

Then we should prove that 𝐵[𝑥, 𝑟] is an open ball contained in 𝑓ିଵ(𝐺)   

  Since 𝑥 ∈ 𝑓ିଵ(𝐺) 

      ⇒ 𝑦 = 𝑓(𝑥) ∈ 𝐺 

 Given 𝐺 is open  

Hence there must be an open ball 𝐵[𝑦, 𝑠] about y contained in 𝐺  

Given 𝑦 is continuous 

Hence 𝑓ିଵൣ𝐵[𝑦, 𝑠]൧  contains the open interval 𝐵[𝑥, 𝑟]  

             𝑓ିଵൣ𝐵[𝑦, 𝑠]൧ ⊇ 𝐵[𝑥, 𝑟] 

             𝑓ିଵ(𝐺) ⊇ 𝐵[𝑥, 𝑟] 

Hence 𝑓ିଵ(𝐺) is open in 𝑀ଵ 

Sufficient part -:  

Given 𝐺  is open in 𝑀ଶ and𝑓ିଵ(𝐺) is open in 𝑀ଵ 

We have to proof that 𝑓  is continuous  
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Let = 𝐵[𝑓(𝑎), 𝜖] ,𝐵 be any ball about 𝑓(𝑎) 

  𝐵 is open in 𝑀ଶ 
Hence by assumption 𝑓ିଵ(𝐵) is open in𝑀ଵ  
Since 𝑎 ∈ 𝑓ିଵ(𝐵) and 𝑓ିଵ(𝐵) is open in 𝑀ଵ 
Hence there must be an open ball about 𝑎 
 

i.e.,   𝐵[𝑎, 𝛿]  ⊆ 𝑓ିଵ(𝐵) 

i.e.,   𝐵[𝑎, 𝛿]  ⊆ 𝑓ିଵൣ𝐵[𝑓(𝑎), 𝜖]൧ 

 hence 𝑓 is continuous  

LIMIT POINT -: let 𝐸 be the subset of metric space 𝑀.A point 𝑥 ∈ 𝑀 is said to be a limit 𝐸 if  
there is {𝑥௡}௡ୀଵ

ஶ  of points of 𝐸 which converges to 𝑥 . 

CLOSED SET -: let 𝐸 be the subset of metric space 𝑀. 𝐸 is said to be closed if 𝐸 = 𝐸ത where 𝐸ത 
is the subset containing all the limits points of 𝐸  

Theorem -: let 𝐸 be a subset of the metric space 𝑀. Then the point 𝑥 ∈ 𝑀 is a limit point of 𝐸 if 
and only if every open ball 𝐵[𝑥, 𝑟] about 𝑥 contains at least one point of 𝐸 

Proof -: necessary part-: let us suppose  𝑥 is a limit point of 𝐸  

  There is a sequence {𝑥௡}௡ୀଵ
ஶ  of points of 𝐸 such that 𝜌(𝑥௡, 𝑥) < 𝑟 

  ⇒ {𝑥௡}௡ୀଵ
ஶ ∈ 𝐵[𝑥, 𝑟] 

 Sufficient part -: conversely suppose every 𝐵[𝑥, 𝑟]contains a point of 𝐸 and we have of to proof 
that 𝑥 is a limit point 𝐸. 

For 𝑛 ∈ 𝐼 the open ball 𝐵 ቂ𝑥,
ଵ

௡
ቃ contains a point of {𝑥௡}௡ୀଵ

ஶ   

Then {𝑥௡}௡ୀଵ
ஶ  is convergent to 𝑥 because 𝜌(𝑥௡, 𝑥) <

ଵ

௡
  

        lim
௫→௔

(𝑥௡) = 𝑥   (𝑎𝑠 𝑛 → ∞  
ଵ

௡
→ 0)          

Hence 𝑥 is limit point of 𝐸 

 

 

 

Theorem -: for any metric space 𝑀ଵ both 𝑀and ∅ are closed. 

Q-: prove that for any metric space 𝑀 the set {𝑥} ⊂ 𝑀 is closed  
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  Proof -: let us consider {𝑥௡}௡ୀଵ
ஶ  be the sequence of points the single term set {𝑥} ⊂ 𝑀  . 

Now , {𝑥௡}௡ୀଵ
ஶ  can be written as {𝑥, 𝑥, … . } 

 ∴       lim
௫→௔

(𝑥௡) = 𝑥    𝑥 ∈ {𝑥}          

 {𝑥} contains all its limit points . 

Hence {𝑥} is closed  

Theorem -: if 𝐸 is any subset of a metric space 𝑀 then 𝐸ത is closed i.e.𝐸ധ = 𝐸ത 

Proof -: let 𝑥 ∈ 𝐸ധ  

    𝑥 is a limit point of 𝐸ത therefore the open ball, About 𝑥 having radius 𝑟 contains at least one 
element of 𝐸ത  

at least one element of 𝐸ത 

let that one element be 𝑦. i.e. 𝜌(𝑥, 𝑦) < 𝑟 

𝑦 ∈ 𝐸ത 

⇒ 𝑦 is a limit point of 𝐸  

 ∃ an element 𝑍 of 𝐸 ∈ 𝐵[𝑦, 𝑡] 

Let 𝜌(𝑥, 𝑦) = 𝑠 such that 𝑡 < 𝑟 − 𝑠 

Now ,𝜌(𝑥, 𝑧) ≤ 𝜌(𝑥, 𝑦) + 𝜌(𝑦, 𝑧) 

              = 𝑠 + 𝑟 − 𝑠 

         = 𝑟                   ⇒ 𝜌(𝑥, 𝑧) < 𝑟 

∴ 𝑧 ∈ 𝐸ത   

Hence 𝑧 ∈ 𝐵[𝑥, 𝑟] 

Thus 𝐵[𝑥, 𝑟] contains a points of 𝐸 

Hence 𝑥 is a limit point of  𝐸  

 ∴ 𝑥 ∈ 𝐸ത 

Theorem -: let 𝑀 be a metric space then both 𝑀and ∅ are closed  

 Proof -: we know any single term set in any metric space 𝑀 is closed and 𝑀 can be written as 
𝑀 = ⋃ 𝑠௜

ஶ
௜ୀଵ  where 𝑠௜ are single term set . 

 Hence 𝑀  is closed  

                                         
         z  

                           

                                 

                             
 
 

s 

X 

y 
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 ∅ doesn’t  contain any element  

Hence ∅ is closed  

Theorem -: if 𝑓ଵ and 𝑓ଶ are closed subsets of the metric space 𝑀 then 𝑓ଵ ∪ 𝑓ଶ is also closed  

Proof -: Given  𝑓ଵ and 𝑓ଶ are closed subsets of the metric space 𝑀. 

Let  𝑥 ∈ 𝑓ଵ ∪ 𝑓ଶ
തതതതതതതതത . 

I.e. 𝑥 is a limit point of 𝑓ଵ ∪ 𝑓ଶ 

Let {𝑥௡}௡ୀଵ
ஶ  is be a sequence of points of 𝑓ଵ ∪ 𝑓ଶ converging to 𝑥 . 

Let us consider subsequence of {𝑥௡}௡ୀଵ
ஶ  

We know that subsequence of {𝑥௡}௡ୀଵ
ஶ  consisting the points of 𝑓ଵor 𝑓ଶ also convergent to the 

same limit points 𝑥. 

Given 𝑓ଵand  𝑓ଶ are closed. 

 𝑥 is a limit point of 𝑓ଵor 𝑓ଶ also  

 ∴ 𝑥 ∈ 𝑓ଵ  or  𝑥 ∈ 𝑓ଶ  

 ⇒ 𝑥 ∈ 𝑓ଵ ∪ 𝑓ଶ     ∴ 𝑓ଵ ∪ 𝑓ଶ
തതതതതതതതത ⊂ 𝑓ଵ ∪ 𝑓ଶ  Hence 𝑓ଵ ∪ 𝑓ଶ is closed . 

Prove that union of infinite number of closed sets is not closed. 

                                           Or  

Give examples of closed set whose infinite union is not closed. 

Theorem -: if 𝑓is the family of closed sets in any metric space then⋂ 𝐹ி∈௙  is closed. 

Proof -: let 𝐺 = ⋂ 𝐹ி∈௙  

              Let 𝑥 ∈ 𝐺̅  

 i.e. 𝑥is a limit point of 𝐺  

 ⇒ Then there is a open ball 𝐵[𝑥. 𝑟] about 𝑥 containing at least one element of  . 

 Let it be 𝑦  

 ⇒ 𝑦 ∈ 𝐺 𝑜𝑟 𝑦 ∈ ⋂ 𝐹ி∈௙  

 𝑦  is an element of all closed sets 𝑓 ∈ 𝐹 

i.e. 𝑦 ∈  ∀ 𝑓 = 𝐹ത 

 𝑥 is a limit point of every 𝑓 ∈ 𝐹  
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 ⇒ 𝑥 ∈ 𝐹 = 𝑓̅ ∈ 𝐹 

 ⇒ 𝑥 ∈ ⋂ 𝐹ி∈௙  

 ⇒ 𝑥 ∈ 𝐹 ⇒ 𝐺̅ ⊂ 𝐺 

 Hence 𝐺 is closed . 

 

 

 

 

Theorem -: if 𝐺 is open subset of the metric space 𝑀 then 𝐺ᇱ = 𝑀 − 𝐺 is closed and vice-versa . 

Proof -: let us suppose  𝐺 is open subset of the metric space  . 

     Let 𝑥 ∈ 𝐺 

 ⇒ There is an open ball 𝐵[𝑥, 𝑟] about 𝑥 containing 𝐺. 

 ⇒ The open 𝐵[𝑥, 𝑟] doesn’t contain any point of 𝐺ᇱ 

 Hence 𝑥 cannot be a limit point of 𝐺ᇱ 

 ∴   𝐺 doesn’t contain any limit point of 𝐺ᇱ. 

Hence 𝐺ᇱ contains all its limit point ,so 𝐺ᇱ is closed . 

Let us suppose 𝐻 is closed subset of the metric space 𝑀 .and we have to prove that the open ball 
𝐵[𝑦, 𝛿] doesn’t contain any element of  𝐻 . 

Then 𝑦 ∈ 𝐻 which is a contradiction that 𝑦 ∈ 𝐻ᇱ 

Hence, there is an open ball  𝐵[𝑦, 𝛿] entirely lying inside 𝐻ᇱ. 

Hence 𝐻 is open. 

Q-: using above then prove that 𝐹ଵ ∪ 𝐹ଶ is closed, when 𝐹ଵ, 𝐹ଶclosed subsets of the metric space 
are 𝑀. 

 Proof -: it is given 𝐹ଵ𝑎𝑛𝑑 𝐹ଶ are closed  

   ⇒   𝐹ଵ
ᇱ𝑎𝑛𝑑 𝐹ଶ

ᇱ  are open subsets of 𝑀 

  ⇒   𝐹ଵ
ᇱ ∩ 𝐹ଶ

ᇱ  are open in of 𝑀. 

  ⇒   𝐹ଵ
ᇱ ∩ 𝐹ଶ

ᇱ = (𝐹ଵ ∪ 𝐹ଶ) Which is open in 𝑀 

  ⇒ 𝐹ଵ ∪ 𝐹ଶ is closed  (∵ 𝑖𝑡𝑠 𝑐𝑜𝑚𝑝𝑙𝑖𝑚𝑒𝑛𝑡 𝑖𝑠 𝑜𝑝𝑒𝑛 )  
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  Theorem-:      let 〈𝑀ଵ, 𝜌ଵ〉 and  〈𝑀ଶ, 𝜌ଶ〉 be metric spaces and let    𝑓: 𝑀ଵ → 𝑀ଶ then 𝑓 is 
continuous on 𝑀ଵ if and only if 𝑓ିଵ(𝐺) is closed subset of 𝑀ଵ whenever 𝐺 is closed subset of 
𝑀ଶ. 

Proof -: necessary part -:  

   Let us suppose 𝑓 is continuous on 𝑀ଵ 

 Given 𝐺  is subset of 𝑀ଶ , which is closed  

 ⇒ 𝐺ᇱ is open in 𝑀ଶ 

 ⇒ 𝑓ିଵ(𝐺ᇱ )  is open subset of 𝑀ଵ 

       𝐺 ∪ 𝐺ᇱ = 𝑀ଶ  

We know, 𝑓ିଵ(𝐺ᇱ ) ∪ 𝑓ିଵ(𝐺) = 𝑀ଵ 

 ⇒ 𝑓ିଵ(𝐺ᇱ ) is closed subset of 𝑀ଵ 

Sufficient part -: Given 𝑓ିଵ(𝐺ᇱ ) is closed subset of 𝑀ଵ and  

             𝐺 is closed in 𝑀ଶ 

 We have to proof that 𝑓 is continuous on 𝑀ଵ 

   𝐺 is closed in 𝑀ଶ 

  ⇒ 𝐺ᇱ is open in 𝑀ଶ 

Given 𝑓ିଵ(𝐺ᇱ ) is closed in 𝑀ଵ 

 ∴ 𝑓ିଵ(𝐺ᇱ ) is open in 𝑀ଵ 

∴ 𝑓ିଵ(𝐺ᇱ ) is open in 𝑀ଵwhenever 𝐺ᇱ is open 𝑀ଶ 

 ∴ 𝑓  is continuous  

Cluster point and dense set  

 

NOTE -: if 〈𝑀, 𝜌〉 is any metric space and 𝐴 ⊂ 𝑀 then 𝐴 is always open in the metric space 
〈𝐴, 𝜌〉 even through 𝐴 is not open in 𝑀. 

NOTATIONS -: let 𝐴 ⊂ 𝑀 (where 𝑀 is a metric space) and it 𝑎 ∈ 𝐴, 
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  𝐵஺[𝑎, 𝑟] = {𝑥 ∈ 𝐴 | 𝜌(𝑎, 𝑥) < 𝑟}  

  𝐵ெ[𝑎, 𝑟] = {𝑥 ∈ 𝑀 | 𝜌(𝑎, 𝑥) < 𝑟} 

 Examples -:(1)  𝐴 = [0,1] ⊂ 𝑅  

    𝐵஺[0, 𝑟] = {𝑥 ∈ 𝐴 | 𝜌(0, 𝑥) < 𝑟} 

    𝐵ெ[0, 𝑟] = {𝑥 ∈ 𝑀 | 𝜌(0, 𝑥) < 𝑟}  

(2) Let 〈𝑀, 𝜌〉 = 𝑅 𝑎𝑛𝑑 〈𝐴, 𝜌〉 = [0,1]  

       Then 𝐵ൣ0, భ

మ
൧ in 𝑅 = ൫భ

మ
, భ

మ
൯ 

     𝐵ൣ0, భ

మ
൧ in  𝐴 = ቂ0,

ଵ

ଶ
ቁ 

Theorem -: let 〈𝑀, 𝜌〉 be a metric space and 𝐴 be proper subset of 𝑀(𝐴 ⊂ 𝑀). Then the subset 
𝐺஺ of 𝐴 is an open sub set of 〈𝐴, 𝜌〉 if and only if there exits an open subset 𝐺ெ of 〈𝑀, 𝜌〉such that 
𝐺஺ = 𝐴 ∩ 𝐺ெ  

Proof -: necessary part -: let us consider 𝐺஺ be an open subset of 𝐺஺ 

   Given 𝐴 is a proper subset of 〈𝑀, 𝜌〉 

   Let 𝑎 ∈ 𝐺஺ 

   ⇒ For  𝑟௔ > 0 , ∃ an open ball 𝐵஺[𝑎, 𝑟]  contained in 𝐺஺.  

 Define 𝐺ெ = ⋃ 𝐵ெ[𝑎, 𝑟௔]௔∈ீಲ
 

 ⇒ 𝐺ெ is an open subset of the metric space 𝑀. 

Now ,𝐺ெ ∩ 𝐴 = 𝐺஺ 

 We have to proof that𝐺஺ is open in 〈𝐴, 𝜌〉 

Given 𝐺ெ is open . 

 ⇒ There must be an open ball 𝐵ெ[𝑎, 𝑟] ⊂ 𝐺ெ  

 ⇒ 𝐵ெ[𝑎, 𝑟] ∩ 𝐴 ⊂ 𝐺ெ ∩ 𝐴 

  ⇒ 𝐵ெ[𝑎, 𝑟] ⊂ 𝐺஺ 

Hence 𝐺஺ is open . 

 

Connected -: let 〈𝑀, 𝜌〉 be metric space and let 𝐴 be the subset of 𝑀 .if 𝐴 has either of the 
properties  
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 It is impossible to find non-empty subset 𝐴ଵ, 𝐴ଶ of 𝑀 such that 𝐴 = 𝐴ଵ ∪ 𝐴ଶ   ,𝐴ଵ
തതത ∩ 𝐴ଶ =

∅ ,𝐴ଵ ∩ 𝐴ଶ
തതത = ∅ 

 When 〈𝐴, 𝜌〉 is itself  regarded as a metric space then there is no set except 𝐴 and ∅ which 
is both open and closed in 〈𝐴, 𝜌〉 ,then 𝐴 is said to be connected . 

Theorem-: let  〈𝑀, 𝜌〉 be a metric space and let 𝐴 be a subset of 𝑀  then if 𝐴 has either one of the 
following properties it has the other (above (a) and (b) properties ) . 

Proof -: let us consider (𝑎) holds and we have to proof that (𝑏) also holds .i.e 𝑎 ⇒ 𝑏 

i.e. if not let us suppose (𝑏) does not  hold  

i.e. there would be a nonempty proper subset of 𝐴, i.e. 𝐴ଵ which is both open and close in 𝐴  

let 𝐴ଶ = 𝐴 − 𝐴ଵ  

 ⇒ 𝐴ଶ would also be both open and close in 𝐴 . 

 If 𝑥 ∈ 𝑀 is a limit point of 𝐴ଶ 

  i.e.  .𝑥 ∈ 𝐴ଶ  

 ⇒  𝑥 ∈ 𝐴ଵ ( if 𝑥 is in 𝐴ଵ then 𝑥 would be in 𝐴 − 𝐴ଶ. So 𝐴ଶ is not a closed set ) 

 ∴ 𝐴ଵ ∩ 𝐴ଶ
തതത = ∅   

Which is a contradiction  

Similarly we can show that 𝐴ଵ
തതത ∩ 𝐴ଶ = ∅which contradictions are. 

Considering (b)  holds we will prove (a) holds  

 i.e. (𝑏) ⇒ (𝑎) 

let us suppose consider(𝑎) doesn’t hold  

i.e. there would exist non-empty proper subsets 𝐴ଵ𝑎𝑛𝑑 𝐴ଶ of 𝑀 such that 𝐴 = 𝐴ଵ ∪ 𝐴ଶ    

         𝐴ଵ
തതത ∩ 𝐴ଶ = ∅  

       𝐴ଵ ∩ 𝐴ଶ
തതത = ∅ 

Let 𝐺 = 𝑀 − 𝐴ଶ
തതത (we know if 𝐸 is any subsets of a metric space 𝑀 then 𝐸ത is closed )  

  𝐴ଶ
തതത is closed 𝐺 = 𝑀 − 𝐴ଶ

തതത is complement of 𝐴ଶ
തതത  

 Hence 𝐺 is open  

 Given 𝐴ଵ ∩ 𝐴ଶ
തതത = ∅  

 ⇒ 𝐴ଵ ⊂ 𝐺  (∵ 𝐺 = 𝑀 − 𝐴ଶ
തതത ) 
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 ∴ 𝐺 ∩ 𝐴 = 𝐴ଵ 

Hence 𝐴ଵ is an open subset of 〈𝐴, 𝜌〉 --------- (1)  

Similarly we can show that  𝐴ଶ is open subset of 〈𝐴, 𝜌〉 

   𝐴ଵ = 𝐴 − 𝐴ଶ    

Thus 𝐴ଵ is closed ----------- (2)  

Combining (1) and (2) , we get  

 𝐴ଵ is both open and close in 〈𝐴, 𝜌〉 

Which is contradiction to our assumption that (b) holds . 

 ∴ if (b) is true then (a) is true  

 

 

Theorem -: The subset of 𝐴 of 𝑅ᇱ is connected if and only if whenever 𝑎 ∈ 𝐴 , 𝑏 ∈ 𝐴 be 𝐴 with 
the condition 𝑎 < 𝑏 𝑏𝑒 𝐴 with the condition 𝑎 < 𝑏 then 𝑐 ∈ 𝐴 for any 𝑐 such that 𝑎 < 𝑐 < 𝑏 . 

Proof -: necessary part -: let us   𝐴 ⊂ 𝑅ᇱ is connected and 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐴 with  𝑎 < 𝑏  

Let us assume a number 𝑐 ∈ 𝑅 − 𝐴 with the condition 𝑎 < 𝑐 < 𝑏 

Let 𝐴ଵ = 𝐴 ∩ (−∞, 𝑐) and 𝐴ଶ = 𝐴 ∩ (𝑐, −∞)  

 Then 𝐴 = 𝐴ଵ ∪ 𝐴ଶ  

  If 𝑥 ∈ 𝐴ଵ
തതത  

  i.e. 𝑥 is a limit point of a sequence of number of (−∞, 𝑐) 

  ⇒ 𝑥 ≤ 𝑐 

  ⇒ 𝑥 ∉ 𝐴ଶ 

 Hence 𝐴ଵ
തതത ∩ 𝐴ଶ = ∅  

 Similarly we can show that 𝐴ଵ ∩ 𝐴ଶ
തതത = ∅ 

 ∃ 𝐴ଵ, 𝐴ଶ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐴 = 𝐴ଵ ∪ 𝐴ଶ , 𝐴ଵ
തതത ∩ 𝐴ଶ = ∅ , 𝐴ଵ ∩ 𝐴ଶ

തതത = ∅ 

Hence 𝐴 is not connected which is a  contradiction to our assumption  

 ∴ our assumption is wrong  

 i.e. 𝑐 ∈ 𝐴 whenever 𝑎 < 𝑐 < 𝑏 
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sufficient part -: let us suppose consider 𝐴 is not connected  

 ⇒ ∃  nonempty set 𝐴ଵ𝑎𝑛𝑑 𝐴ଶ such that 𝐴 = 𝐴ଵ ∪ 𝐴ଶ , 𝐴ଵ
തതത ∩ 𝐴ଶ = ∅ , 𝐴ଵ ∩ 𝐴ଶ

തതത = ∅  

Let us consider 𝑎ଵ ∈ 𝐴ଵ , 𝑎ଶ ∈ 𝐴ଶ 

    ⇒ 𝑎ଵ ≠ 𝑎ଶ 

 Let us assume 𝑎ଵ < 𝑎ଶ 

 Now we shall prove that (𝑎ଵ, 𝑎ଶ)  ⊄ A  

 Let 𝐵 be the set of all 𝑥 ∈ 𝐴ଵ  such that  

             𝑎ଵ ≤ 𝑥 ≤ 𝑎ଶ  

 i.e. 𝐵 = 𝐴ଵ ∩ [𝑎ଵ𝑎ଶ] 
hence 𝐵 is nonempty bounded set of real numbers . Hence 𝐵 has the least upper bound i.e. 𝑎ത  

Hence  𝑎ത ∈ 𝐵ത  

 ⇒ 𝐵 ⊂ 𝐴ଵ 

  ⇒ 𝐵ത ⊂ 𝐴ଵ
തതത 

 ⇒ 𝑎ത ∈ 𝐴ଵ
തതത 

  ⇒ 𝑎ത ∉ 𝐴ଶ
തതത   ∴ 𝐴ଵ

തതത ∩ 𝐴ଶ = ∅ 

 But 𝑎ത ∈ [𝑎ଵ, 𝑎ଶ] 

 ∴  𝑎ଵ < 𝑎ത < 𝑎ଶ 

But either 𝑎ത ∈ 𝐴 𝑜𝑟 𝑎ത ∉ 𝐴ଶ
തതത 

If 𝑎ത ∉ 𝐴ଶ
തതത then 𝑎ത ≠ 𝑎ଵ 

 ⇒ 𝑎ଵ > 𝑎ത 

   ∴  𝑎ଵ < 𝑎ത < 𝑎ଶ 𝑎𝑛𝑑  𝑎ത ∉ 𝐴 

 

 ⇒ (𝑎ଵ, 𝑎ଶ) ⊄ 𝐴 -------- (1) 

 If 𝑎ത ∈ 𝐴 then 𝑎ത ∈ 𝐴ଵ
തതത (𝑎ത ∉ 𝐴ଶ

തതത ) 

 ∴ 𝑎ത is not there is a number 𝑐 ∉ 𝐴 with the condition 𝑎ത < 𝑐 < 𝑎ଶ 

  ⇒ (𝑎ଵ, 𝑎ଶ) ⊄ 𝐴 ----------- (2)  
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Combining (1) and (2) we conclude that  

 (𝑎ଵ, 𝑎ଶ) ⊄ 𝐴  whenever 𝑎ଵ ∈ 𝐴ଵ , 𝑎ଶ ∈ 𝐴ଶ  with 𝑎ଵ < 𝑎ଶ . 

Theorem -: let 𝑓 be continuous function from  , metric space 𝑀ଵ(domain of the function ) is 
connected then the range of 𝑓 is also connected . 

 Proof -: Given 𝑓: 𝑀ଵ → 𝑀ଶ is continuous  

  We have to prove that range of 𝑓 etc  

 𝐴 = 𝑓(𝑥), ∀ 𝑥 ∈ 𝑀ଵ is also connected  

 Let us consider of not that 𝐴 is not connected. 

 Let 𝐴 ⊂ 𝑀ଶ which is not connected  

 ⇒ ∃ a non-empty proper subset of 𝐴 which is both open and close in 𝐴. 

  ∴  it is contradiction to our assumption that 𝐴 is not connected . 

  ∴ for a continuous function 𝑓 from a metric space 𝑀ଵ into another metric space 𝑀ଶ ,if 𝑀ଵ is 
connected then the range of the function is also connected . 

 

 

Definition -: (characteristics function )-:  

A function defined as 𝜓(𝑥) = ൜
0 𝑖𝑓 𝑥 ∈ 𝑀 − 𝐴

1 𝑖𝑓 𝑥 ∈ 𝐴
  where 𝐴 ⊂ 𝑀 and 𝑀 is metric space is known 

as characteristics function of 𝐴. 

Theorem -: let 𝑀 be a metric space .then 𝑀 is connected if and only if every continuous 
characteristics function on 𝑀 is constant . 

  Proof -: necessary part-: Let 𝑀 be any metric space and 𝜓 be the characteristics function of 
𝐴 ⊂ 𝑀. 

 i.e. 𝜓(𝑥) = ൜
0 𝑖𝑓 𝑥 ∈ 𝑀 − 𝐴   

1 𝑖𝑓 𝑥 ∈ 𝐴
  𝑜𝑟 (𝑥 ∉ 𝐴)   

 We know {1} is closed in the metric space 𝑀. 

 𝜓ିଵ(1) = 𝐴  -----(1) is also a closed set in the metric space 𝑀 

  ∴ 𝑀 − 𝐴 is open in the metric space 𝑀 

  𝜓ିଵ(0) = 𝑀 − 𝐴 

Which is also closed in the metric space 𝑀 
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 ∴ 𝑀 − (𝑀 − 𝐴) = 𝐴  -------(2) is open in the metric space 𝑀 

 Combining (1) and (2) we conclude that ∃ a set 𝐴 ⊂ 𝑀 which is both open and closed . 

Hence 𝑀 is not connected  

Which contradictions to our assumption that ∃ a characteristics function  

  𝜓(𝑥) = ൜
0 𝑖𝑓 𝑥 ∈ 𝑀 − 𝐴   

1 𝑖𝑓 𝑥 ∈ 𝐴
 

 Sufficient part -: conversely suppose every continuous characteristics function in the metric 
space is constant. 

 Let 𝐴 ⊂ 𝑀 

𝜓(𝑥) = 0 𝑜𝑟 𝜓(𝑥) = 1 ∀ 𝑥 ∈ 𝐴  

And we have to prove that 𝑀 is connected , 

If not , 

 i.e. let 𝑀 is connected  

 ∃ 𝐴 ⊂ 𝑀 such that ,𝐴 is both open and closed  

   Let 𝜓(𝐴) = 1 𝑜𝑟 𝜓(𝐴)ିଵ = 𝐴  

Now  ,{1} is both open and closed in 𝑀  

Which is not always true . 

 i.e. a contradiction  

Hence 𝑀 is connected. 

Theorem -: if 𝐴ଵ and 𝐴ଶ are connected subsets of metric space 𝑀 and if ∩ 𝐴ଶ = ∅ , then 
𝐴ଵ ∪ 𝐴ଶ is also connected 

 Proof -: let 𝜓 be continuous characteristics function on  𝐴ଵ ∪ 𝐴ଶ 

      Let 𝑥 ∈ 𝐴ଵ ∪ 𝐴ଶ 

   i.e. 𝑥 ∈ 𝐴ଵ 𝑜𝑟   𝑥 ∈ 𝐴ଶ   (as 𝐴ଵ ∩ 𝐴ଶ = ∅ )  

    𝑥 ∈ 𝐴ଵ   ⇒ 𝜓(𝑥) = 𝑥଴ 

 As 𝐴ଵ is connected  

 Similarly 𝜓(𝑥) = 𝑥଴ for 𝑥 ∈ 𝐴ଶ (as 𝐴ଶ is connected )  

  𝜓(𝑥) = 𝑥଴ for 𝑥 ∈ 𝐴ଵ ∪ 𝐴ଶ 
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 Hence 𝐴ଵ ∪ 𝐴ଶ is connected . 

Such that  

 

 

Definition -: (bounded ) -: (1) let 〈𝑀, 𝜌〉 be the metric space then the subset 𝐴 of 𝑀 is said to be 
bounded if there exist a positive number 𝐾 such that the distance between 𝜌(𝑥, 𝑦) < 𝐾 , ∀ 𝑥, 𝑦 ∈
𝐴 . 

(2) if 𝐴  is bounded then there is a diameter of 𝐴  is denoted by . 

    𝑑𝑖𝑎𝑚 𝐴 = 𝑙. 𝑢. 𝑏 𝜌(𝑥, 𝑦)𝑓𝑜𝑟 𝑥 ∈ 𝐴 , 𝑦 ∈ 𝐴 

 (3) if 𝐴 is bounded then distance of 𝐴 is 𝑑𝑖𝑎𝑚 𝐴 = ∞ 

 (4) let 〈𝑀, 𝜌〉 be a metric space . the subset 𝐴 of 𝑀 is said to be totally bounded if given 𝜖 > 0 ∃ 
finite number of subsets 𝐴ଵ ,𝐴ଶ , … … … . 𝐴௡ of 𝑀 such that 𝑑𝑖𝑎𝑚 𝐴௞ < 𝜖 (for 𝐾 = 1,2, … … . 𝑛) 
and 𝐴 = ⋃ 𝐴௞ .

௡
௞ୀଵ  

Theorem-: if the subset 𝐴 of the metric space 〈𝑀, 𝜌〉 is totally bounded then 𝐴 is bounded . 

  Proof -: Given 𝐴 is totally bounded. 

  ⇒ ∃ Non-empty subsets 𝐴ଵ ,𝐴ଶ , … … … . 𝐴௡ od 𝑀  

 Such that  𝑑𝑖𝑎𝑚 𝐴௞ < 1 (for 𝑘 = 1,2,3 … . . 𝑛)  

  And 𝐴 = ⋃ 𝐴௞ .
௡
௞ୀଵ  

Let 𝑎௞ be any point in 𝐴௞ . 

Let 𝐷 = 𝜌൫𝑎ଵ,𝑎ଶ൯ + 𝜌൫𝑎ଶ,𝑎ଷ൯ + 𝜌(𝑎ଷ, 𝑎ସ) + ⋯ … … . +𝜌(𝑎௡ିଵ𝑎௡) 

 Let 𝑥, 𝑦 ∈ 𝐴 , where ∈ 𝐴௜ , 𝑦 ∈ 𝐴௜ for some 𝑖 𝑎𝑛𝑑 𝑗 

 Assume 𝑖 ≤ 𝑗 

 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑎௜) + 𝜌൫𝑎௜,𝑎௜ାଵ൯ + 𝜌(𝑎௜ାଵ, 𝑎௜ାଶ) + ⋯ … . +𝜌൫𝑎௝ିଵ𝑎௝൯ + 𝜌(𝑎௝ , 𝑦) 

Since 𝑑𝑖𝑎𝑚 𝐴௞ < 1 

Hence 𝜌(𝑥, 𝑎௜) < 1 and 𝜌൫𝑎௝ , 𝑦൯ < 1 

 ⇒ 𝜌(𝑥, 𝑦) ≤ 1 + 𝐷 = 1 ∴  𝜌(𝑥, 𝑦) ≤ 𝐷 + 2      Hence 𝐴 is bounded . 

Corollary -: A subset 𝐴  of the metric space 𝑅ௗ is totally bounded if and only of 𝐴 contains only 
a finite number of points. 

Proof-: necessary part -: (A contains  only a finite number of points )  
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 Let 𝐴 is a subsets of the metric space 𝑅ௗ is totally bounded . 

    𝑑𝑖𝑎𝑚 𝐴௞ < 1 and 𝐴 = ⋃ 𝐴௞ .
௡
௞ୀଵ  

To proof ,𝐴 contains only a finite number of points  

 Let 𝑎௞ be a points in 𝐴௞ 

 Let 𝐴௞ = 𝐵[𝑎௞ , 𝜖] 

 As ,𝜌(𝑥, 𝑦) = ൜
1 𝑖𝑓 𝑥 ≠ 𝑦
0 𝑖𝑓 𝑥 = 𝑦 

 in 𝑅ௗ 

And we know in 𝑅ௗ every open ball contains only one element  

As there are only finite numbers of sets 𝐴ଵ ,𝐴ଶ , … … … . 𝐴௡ 

 There are only finite number of points also . 

Sufficient part -: Given 𝐴 is subsets of 𝑅ௗ which contains only a finite number of points . 

 To prove that 𝐴 is totally bounded . 

Let there be only finite number of sets𝐴ଵ ,𝐴ଶ , … … … . 𝐴௡  

Then in 𝑅ௗ every open ball contains only one element  

 𝐴௞ = {𝑎௞} = 𝐵[𝑎௞ , 𝜖] 

  ⇒ 𝑑𝑖𝑎𝑚 𝐴௞ < 𝜖  And 𝐴 = ⋃ 𝐴௞ .
௡
௞ୀଵ  

Hence 𝐴 is totally bounded  

 

 

Definition -: let 𝐴 be subsets of the metric space the subsets 𝐵 of 𝐴 is said to be 𝜖 − 𝑑𝑒𝑛𝑐𝑒  
where 𝜖 > 0 if for every 𝑥 ∈ 𝐴 , ∃ 𝑦 ∈ 𝐵  such that (𝑥, 𝑦) <  𝜖 . 

 

                                      A 

                                        B 

 

                              

                                        M 
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 i.e. 𝐵 is 𝜖 − 𝑑𝑒𝑛𝑐𝑒  in 𝐴 of each point of 𝐴 withen 𝜖 distance from some point of 𝐵 

Theorem-: the subsets 𝐴 of the  metric space 〈𝑀, 𝜌〉 is totally bounded if and only if for every 
𝜖 > 0 , A contains a finite subset ൛𝑥ଵ,𝑥ଶ … … . 𝑥௡ൟ which is 𝜖 − 𝑑𝑒𝑛𝑐𝑒 in 𝐴 

Proof -: Necessary part -:  

 Given a subset 𝐴 of 𝑀 is totally bounded  

fix𝜖 > 0 

𝑑𝑖𝑎𝑚 𝐴௞ < 𝜖  And 𝐴 = ⋃ 𝐴௞ .
௡
௞ୀଵ  

Let us assume  𝐴௞ ≠ 0   𝑓𝑜𝑟 (𝑘 = 1,2, … 𝑛)  

If 𝑎௞𝜖𝐴௜ (𝑘 = 1,2, … 𝑛) 

 ⇒ the subset ൛𝑎ଵ,𝑎ଶ … … . 𝑎௡ൟ is 𝜖 − 𝑑𝑒𝑛𝑐𝑒 in 𝐴 

 ⇒ if 𝐴 is totally bounded then 𝐴 has finite number of 𝜖 − 𝑑𝑒𝑛𝑐𝑒 set. 

 

Sufficient part -:  

Conversely suppose 𝐴 has finite subset which are 𝜖 − 𝑑𝑒𝑛𝑐𝑒 in 𝐴 

And we have to prove that 𝐴 is totally bounded  

Let 𝑥௜𝜖𝐴௜ 

Let 𝐴௜ = 𝐵[ 𝑥௜ ,
𝜖

𝑛⁄ ] covers totally 𝐴  

𝑑𝑖𝑎𝑚 𝐴௜ < 𝜖 and 𝐴 = ⋃ 𝐴௜
௡
௜ୀଵ  

Hence it is totally bounded. 

Theorem-: let 〈𝑀, 𝜌〉  be metric space , the subset  𝐴  of 𝑀 is totally bounded , if and only if 
every sequence of points of 𝐴 contains Cauchy  sub-sequence . 

Necessary part-: Give 𝐴 ⊂ 𝑀 is totally bounded. 

We have to prove that every sequence of points 𝐴 contains Cauchy 

 Sub-sequence. 

  Let {𝑥௡}௡ୀଵ
ஶ  be a sequence of points of 𝐴  

  𝐴 is totally bounded . 

i.e. 𝐴 is covered   by finite number of sub-cover  whose 𝑑𝑖𝑎𝑚 < 1 

One of the set is 𝐴ଵcontains {𝑥௡}  
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For initially many values of 𝑛ଵ  

Choose any 𝑛ଵ ∈ 𝐼  such that 𝑥௡భ
∈ 𝐴ଵ 

 We know  𝐴ଵ is totally bounded. 

 Hence 𝐴ଵ can be covered by finite number subsets  

Whose 𝑑𝑖𝑎𝑚 <
ଵ

ଶ
  

Let 𝐴ଶ be one of sub covers of 𝐴ଵ most contain {𝑥௡} 

For infinity many values of 𝑛 

Let 𝑛ଶ  be any integers >  𝑛ଵ    such that 𝑥௡మ
∈ 𝐴ଵ 

 Continuing in this way for  𝑛ଶ ∈ 𝐼 subsets 𝐴௞ 𝑜𝑓𝐴௞ିଵ   

    With 𝑑𝑖𝑎𝑚𝐴௞ <
ଵ

௞
 and the sub sequence 𝑥௡ೖ

∈ 𝐴௞     of the sequence {𝑥௡}௡ୀଵ
ஶ . 

Since  𝑥௡ೖ
,  𝑥௡ೖశభ

 ,  𝑥௡ೖశమ
… ….  all are in 𝐴௞  

 And since 𝑑𝑖𝑎𝑚𝐴௞ <
ଵ

௞
  

 ⇒ {𝑥௡ೖ
}௞ୀଵ

ஶ  is a Cauchy sequence of {𝑥௡}௡ୀଵ
ஶ  

Sufficient part -: Given every sequence of points of a contains a Cauchy sequence. 

 We have to prove that 𝐴 is totally bounded  

Let us assume  𝐴 is not totally bounded. 

  ∃ 𝜖 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐴  Contains no finite 𝜖 − 𝑑𝑒𝑛𝑠𝑒 𝑠𝑒𝑡 . 

 If 𝑥ଵ ∈ 𝐴  

 {𝑥ଵ} is not 𝜖 − 𝑑𝑒𝑛𝑠𝑒 𝐴. 

 ∴ ∃ 𝑥ଵ ∈ 𝐴 such that 𝜌( 𝑥ଵ,  𝑥ଶ)  ≥ 𝜖 

  ⇒ 𝜌( 𝑥ଵ,  𝑥ଶ)  ≥ 𝜖 

Continuing in this way we get  

 {𝑥௡}௡ୀଵ
ஶ  of points of 𝐴 such that 𝜌( 𝑥ଵ,  𝑥ଶ)  ≥ 𝜖 

The sequence  {𝑥௡}௡ୀଵ
ஶ  no Cauchy sub- sequence  

 So which is a contradiction. Hence our assumption is wrong  

 ∴  Hence  𝐴 is totally bounded . 
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Complete metric space → 

            A metric space < 𝑀, 𝜌 > is said to be complete.  If every Cauchy sequence of points in 
𝑀 converges a point in 𝑀. 

Example- In metric 𝑅ᇱ every Cauchy sequence of points in 𝑅ᇱ converges to a point in 𝑅ᇱ. Hence 
the metric space 𝑅′ is complete. 

Or show that 𝒍𝟐 is complete. 

Proof – let 𝑠(ଵ), 𝑠(ଶ), … … …. be Cauchy sequence of point in 𝑙ଶ  

We must show that 𝑠 ∈ 𝑙ଶ such that 𝑠௡ → 𝑠   𝑎𝑠   𝑛 → 𝑏  

 ∴ 𝑠(௡) Itself is a sequence, thus let the , 𝐾௧௛ term of the sequence 𝑠(௡) will be 𝑠௞
(௡)  

 i.e. 𝑠(௡) =  ቄ𝑠௞
(௡)

ቅ
௞ୀଵ

ஶ

 

    ฮ𝑠(௡)ฮ
ଶ
 =  ቂ∑ 𝑠௞

(௡)ଶ
௡
௞ୀଵ ቃ

భ

మ
 

 ⇒ ฮ𝑠(௡)ฮ
ଶ

     ଶ
 = ∑ 𝑠௞

(௡)ଶ
ஶ
௞ୀଵ  

 ∴  𝑠ଵ, 𝑠ଶ, 𝑠ଷ, … … … … . . 𝑖𝑠 𝑎 𝑐𝑎𝑢𝑐ℎ𝑦 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑖𝑛 𝑙ଶ 

   For ∈> 0,       ∃      𝑁 ∈ 𝐼 

Such that 𝜌ൣ𝑠(௡), 𝑠(௠)൧ <∈ (𝑛, 𝑚 ≥ 𝑁). 

 ⇒ ฮ𝑠(௡), 𝑠(௠)ฮ
ଶ

<∈ (𝑛, 𝑚 ≥ 𝑁)…………(1) 

For 𝑚 ≥ 𝑁 

 ฮ𝑠(௡), 𝑠(௠)ฮ
ଶ

<∈  

For 𝑛 ≥ 𝑁 

 ฮ𝑠(௡)ฮ
ଶ

= ฮ𝑠(௡) − 𝑠(ே) + 𝑠(ே)ฮ
ଶ

<∈ +ฮ𝑆(௡)ฮ
ଶ
 

I.e. for some 𝐴 > 0 

 ฮ𝑆(ே)ฮ
ଶ

≤ 𝐴  

Hence, for some fixed 𝐾 ∈ 𝐼 we have  

   ቚ𝑠௞
(௡)

− 𝑠௞
(௠)

ቚ < ቛ𝑠௞
(௡)

− 𝑠௞
(௠)

ቛ
ଶ

<∈ 

 ⇒ For, some fixed ∈ 𝑖 , 
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A sequence, ቄ𝑠௞
(௡)

ቅ
௞ୀଵ

ஶ

 is a Cauchy sequence in 𝑅ᇱ. 

Let 𝑠 denotes a sequence  ,  ቄ𝑠௞
(௡)

ቅ
௞ୀଵ

ஶ

  

We have to show that , 𝑠 ∈ 𝑙ଶ 

Now , from equation (2) we get , 

 ቛ𝑠௞
(௡)

ቛ
ଶ

    ଶ

= ∑ 𝑠௞
(௡)ଶ

௡
௞ୀଵ ≤ 𝐴ଶ 

Hence any integer  i.e. 1 ∈ 𝐼 

 ∑ 𝑠௞
(௡)ଶ

≤ 𝐴ଶூ
௞ୀଵ  

 ⇒ 𝑠 =  {𝑠௞}௞ୀଵ
௡     is  in 𝑙ଶ 

From equation (1) we get , 

 ∑ ቀ𝑠௞
(௡)

− 𝑠௞
(௠)

ቁ
ଶ

< 𝑡ଶஶ
௞ୀଵ  

For 𝑙 ∈ 𝐼 

 ∑ (𝑆௞
௡ − 𝑆௞

௠)ଶ <∈ଶ௅
௄ୀଵ  

Again, using  

 lim௡→ஶ 𝑠௞
(௡)

= 𝑠௞  we have  

  ∑ ቀ𝑠௞
(௡)

− 𝑠௞
(௠)

ቁ
ଶ

< 𝑙ଶஶ
௞ୀଵ  

There for  

 ∴ 𝜌(𝑠௡, 𝑠) = ‖𝑠௡ − 𝑠‖ଶ <∈ 
 

Hence 𝑠ᇱ, 𝑠ଶ converges to 𝑠 𝑖𝑛 𝑙ଶ 

Hence 𝑙ଶ is complete. 

Theorem -: if < 𝑀, 𝜌 > is a complete metric space and 𝐻  is closed subset of 𝑚 then < 𝐴, 𝜌 >   
is also complete. 

Proof-: let [𝑥௡]௡ୀଵ
ஶ  is a Cauchy sequence of a point in < 𝐴, 𝜌 > since A is a subset of M is 

closed. 

Hence,[𝑥௡]௡ୀଵ
ஶ   is a Cauchy sequence of points converges to a point in A. 
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I.e. lim௡→ஶ{𝑥௡}௡ୀଵ
ஶ = 𝑥 and 𝑥 ∈ 𝐴 

Hence < 𝐴, 𝜌 > is a complete metric space. 

Example -: [0,1] is closed subset of 𝑅ᇱ(𝑅ᇱ is complete) hence [0,1] is also a complete metric 
space.  

Theorem – : let < 𝑀, 𝜌 > be a complete metric space for each 𝑛 ∈ 𝐼  , let 𝐹௡ be closed bounded 
subset of M such that 

(i) 𝐹ଵ ⊃ 𝐹ଶ ⊃ 𝐹ଷ … … … … . ⊃ 𝐹௡ ⊃ 𝐹௡ାଵ         and  
(ii) Diameter of 𝑓௡ → 0 as 𝑛 → ∞ then ⋂ 𝐹௡

ஶ
௡ୀଵ   contains precisely one point  

Proof -: For each 𝑛 ∈ 𝐼 

Let can be any point in 𝐹௡  

By condition (i) 

 𝑎௡, 𝑎௡ାଵ, 𝑎௔ାଶ … … … … … . ∈ 𝐹௡ 

Given ∈> 0 ∃  𝑁 ∈ 𝐼  such that diam𝐹௡ <∈ 

 ∴ {𝑎௡}௡ୀଵ
ஶ   is a Cauchy sequence  

Given M is a complete, i.e. there exist 𝑎 ∈ 𝑀 S.T. 

 lim௡→ஶ𝑎௡  = 𝑎 

As 𝑓௡ is closed and bounded, then the limit point 𝑎 ∈ 𝑓௡ 

 𝑎 ∈ ⋂ 𝐹௡
ஶ
௡ୀଵ    

If 𝑏 ∈ 𝑀 and 𝑏 ≠ 𝑎 

Then 𝜌(𝑎, 𝑏) diam 𝑓௡ 

If n is sufficiently large 

Therefore   𝑏 ∉ ⋂ 𝐹௡
ஶ
௡ୀଵ    . 

i.e. ⋂ 𝐹௡
ஶ
௡ୀଵ  contain precisely one. 

Contraction –: 

If < 𝑚, 𝜌 > be a metric space if T is a mapping from N→ 𝑀 , T is said to be contradiction on 
𝑀 if 𝛼 ∈ 𝑅 st 

  𝜌൫𝑇௫ , 𝑇௬൯ ≤ 𝛼𝜌(𝑥, 𝑦) 

Notation -:  
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 𝑇௫ = 𝑇(𝑥) 

  𝑇ଶ = 𝑇𝑜𝑇 

 𝑇ଷ = 𝑇𝑜𝑇ଶ 

 𝑇௠ = 𝑇𝑜𝑇௠ିଵ 

Example -: if 𝑢 = {𝑢௡}௡ୀଵ
ஶ  ∈ 𝑙ଶ 

       𝑢 = ቄ
௨೙

ଶ
ቅ

௡ୀଵ

ஶ

 

If 𝑣 = {𝑣௡}௡ୀଵ
ஶ ∈ 𝑙ଶ is any other point in 𝑙ଶ 

   𝜌(𝑇௨, 𝑇௩) = ‖𝑇௨ + 𝑇௩‖ଶ 

 =  ൤∑ ቀ
௨೙

ଶ
+

௩೙

ଶ
ቁ

ଶ
ஶ
௡ୀଵ ൨

భ

మ

  

   = ቀቀ
ଵ

ଶ
ቁ

௡

ቁ

భ

మ
[∑ (𝑢௡ + 𝑣௡)ଶஶ

௡ୀଵ ]
భ

మ  

   =
ଵ

ଶ
‖𝑢௡ + 𝑣௡‖ଶ 

    =
ଵ

ଶ
𝜌(𝑢௡ + 𝑣௡) 

        Hence it is a contraction.  

 

Theorem -:  

Let < 𝑀, 𝜌 > be complete metric space if p is a contraction on 𝑚, then there is one and only 
one point x in M , such that 𝑇௫ = 𝑥 . 

Proof -:   let 𝑥, 𝑦 ∈ 𝑀 

Given T is a contraction on M  

Here 𝜌൫𝑇௫
ଶ, 𝑇௬

ଶ൯ ≤ ∝ 𝜌൫𝑇௫ , 𝑇௬൯ ≤∝ଶ 𝜌(𝑥, 𝑦) 

For 𝑛 ∈ 𝐼 

 𝜌൫𝑇௫
௡, 𝑇௬

௡൯ ≤∝ 𝜌(𝑇௫
௡ିଵ, 𝑇௫

௡ିଵ) ≤ 𝛼ଶ𝜌൫𝑇௫
௡ିଶ, 𝑇௬

௡ିଶ൯ ≤ 𝛼௡𝜌(𝑥, 𝑦) 

Now choose any point 𝑥଴ ∈ 𝑀 , such that 𝑇௫భ
, 𝑇௫బ

 

 ∴ 𝑥ଵ = 𝑇௫బ
     𝑥ଶ = 𝑇௫

ଶ …………… 𝑥௡ = 𝑇௫బ
௡ାଵ 

We shall 1st show that {𝑥௡}௡ୀଵ
ஶ  is a Cauchy sequence  
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For m, n ∈ 𝐼 (and𝑚 > 𝑛) let 𝑚 =  𝑛 +  𝑝 

We have 𝜌(𝑥௡, 𝑥௠) = 𝜌൫𝑥௡, 𝑥௡ା௣൯ ≤ 𝜌(𝑥௡, 𝑥௡ାଵ) + ⋯ … . . +𝜌൫𝑥௡ାଵ, 𝑥௡ା௣൯ 

 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑦, 𝑧) 

 ≤∝௡ 𝜌(𝑥଴, 𝑥ଵ) + 𝛼௡ାଵ𝜌(𝑥଴, 𝑥ଵ) + ⋯ … … … . . +𝛼௡ା௣ିଵ𝜌(𝑥଴, 𝑥ଵ) 

 = ∝௡ 𝜌(𝑥଴, 𝑥ଵ) ∑ 𝛼௡ஶ
௛ୀ଴  

 = 𝛼௡𝜌(𝑥଴, 𝑥ଵ)(1 − 𝛼)ିଵ 

We known lim௡→ஶ 𝛼௡ = 0 

 ∴  𝜌(𝑥௡, 𝑥௠) ≤∈ (small +ve value taking n, m sufficient large) 

Hence {𝑥௡}௡ୀଵ
ஶ  is a Cauchy sequence  

Given n is complete and every Cauchy sequence is converges , ∃ 𝑥 ∈ 𝑀 

Such that lim௡→ஶ 𝑥௡  

 lim௡→ஶ 𝑇௫೙
= 𝑇௫ …………… (2) 

 ൛𝑇௫೙
ൟ

௡ୀଵ

ஶ
  is sub-sequence of {𝑥௡}௡ୀ଴

ஶ  

 Hence it must converge the same limit point to 𝑥௡ converges 

  𝑖. 𝑒.  lim௡→ஶ 𝑇௫೙
 = x 

Combining (2) and (3) we get  

   𝑇௫ = 𝑥 

 Let y∈ 𝑀  such that 𝑦 ≠ 𝑥 

That we have to show that y is cant a fixed point  

Let us assume that y is a fixed point  

 ⟹ 𝑇௫ = 𝑦 

 ⇒ 𝜌(𝑥, 𝑦) = 𝜌൫𝑇௫ , 𝑇௬൯ ≤ 𝛼𝜌(𝑥, 𝑦) 

 ∴ 𝜌(𝑥, 𝑦) ≠ 0 𝑓𝑖𝑛𝑎𝑙𝑙𝑦 𝑤𝑒 𝑔𝑒𝑡 𝜌(𝑥, 𝑦) ≤ 𝛼𝜌(𝑥, 𝑦) 

 1 ≤ 𝛼 

Hence it is a contradiction  

 ∴ 𝑜𝑢𝑟 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑖𝑠 𝑤𝑟𝑜𝑛𝑔  
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 ∴ 𝑦 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 
Hence only precious fixed in 𝑀  

 

Compact metric space:- 

 The metric space < 𝑀, 𝜌 > is said to be compact, if < 𝑀, 𝜌 > is totally bounded and complete 
and complete metric space then we say it is compact metric space.  

1: 𝑅′ is not a compact metric space because it is not totally bounded, where it is a complete 
metric space. 

2:  [1,2] is any closed sub set in 𝑅′. we known 𝑅′ is complete  

Hence [1,2] is also a complete metric space  

Again:  [1,2] set is totally bounded hence it is compact. 

Any open interval is not compact as it doesn’t contain all its limit points i.e. open interval is not a 
complete metric space , hence it is a totally bounded set . 

Theorem  

The metric space < 𝑀, 𝜌 >  is compact iff every sequence of points in M . as sub sequence 
converging a point in M. 

 Necessary part 

Suppose that M is compact  

We have to show that every sequence of point in M  

As sub sequence converges a point in M . 

Let {𝑥௡}௡ୀଵ
ஶ  be sequence of point in M  

Since M is totally bounded  

  {𝑥௡}௡ୀଵ
ஶ  has a cauchy sub sequence  {𝑥௞}௞ୀଵ

ஶ  

Again as M is complete it is convergent to a point in M  

Hence every sequence of M is subsequence convergence to point in M  

Sufficient part-: Conversely every sequence in M is sub sequence converges a point in M  

We have to show that M is compact  

Since every sequence of point in has subsequence M is totally bounded  

Again it is given that every sub sequence is convergent in M i.e.  
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 lim௞→ஶ 𝑥௡ೖ
= 𝑥 

 ⇒ {𝑥௡} is convergent to same limit point x  

 i.e. lim௫→ஶ 𝑥௡ = 𝑥 

 ∴ 𝑀 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒  

So M is both totally bounded and complete  

Hence M is bounded  

Heine-Bonel property-: The metric space𝑀 , is said to have heine-bonel property, if whenever 
F is open covering of  , then there exist, finite number of sub sets 𝐺ଵ, 𝐺ଶ, … … … … . , 𝐺௡ is still a 
covering of M . 

 

Theorem -: If 𝑀is compact metrics then 𝑀 as the Heine-Bores property  

Proof -:  Let us suppose the contradict, i.e. for some open covering no finite number sets in 𝐹  

From a covering of 𝑀 

Given 𝑀 is totally bounded  

 ⟹ 𝑀 𝑐𝑎𝑛 be written as U finite number of bounded sub set each of which diameter less than 1 . 

One of these subset let it be  𝐴ଵ , it is covered by finite number set F  

Otherwise M could be covered by finite number of sets in F  

We know diameter of 𝐴ଵ
തതത = diameter 𝐴ଵ 

 𝐴ଵ
തതത Closer is closed subset of M 

Whose diameter less than 1 

Which can’t be covered by finite number of sets in F 

Since it is totally bounded  

By same assumption, there exist 𝐴ଶ of 𝐴ଵ
തതത with diameter less than 

ଵ

ଶ
 

 𝐴ଶ Can’t be covered by finite number sub sets in F 

Continuing in this way for 𝑛 ∈ 𝐼  

 The existence 𝐴௡
തതതത ⊂ 𝑀  

 ⇒ 𝐴ଵ
തതത ⊃  𝐴ଶ

തതത ⊃  𝐴ଷ
തതത … … … . . 𝐴௡ିଵ

തതതതതത ⊃  𝐴௡ାଵ
തതതതതത 
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Where 𝑑𝑖𝑎𝑚𝐴௡
തതതത <

ଵ

ଶ
 

 𝑥 ∈ ⋂  𝐴௡
തതതതஶ

௡ୀଵ  Contains precisely a one point  

    Let it be 𝑥 i.e. 𝑥 ∈ ⋂  𝐴௡
തതതതஶ

௡ୀଵ  

Since 𝑓 is covering of 𝑀  ther is a set 𝑐ଵ in 𝑓 

There is a set 𝐺  in 𝑓 such that 𝐺 ∈ 𝑓  
  𝐺 is open 𝐶 

 ∵ 𝐹 is open covers  

 ∃ 𝑟 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐵(𝑥, 𝑟)𝑖𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝐺 

But 𝐿 ∈ 𝐼 satisfies 
ଵ

௡
< 𝑟 then diameter of 𝐴̅ே <

ଵ

ே
< 𝑟 

Since 𝑥 ∈ 𝐴̅ே = ⋂ 𝐴̅ே௡ୀଵ  

We have 𝐴̅ே ⊂ 𝐵[𝑥, 𝑟] ⊂ 𝐺 

Hence  𝐺 alone covers 𝑛 closure which is contradiction.  

Hence our assumption is wrong  

If m is compact , therefore it has finite no of subset which covers m  

i.e. m satisfies Heine-Bonel property 

 ∴ M is covered M has Heine-Bonel property 

Theorem -: if the metric space 𝑀 has the Heine-Bonel property then 𝑀 is compact. 

Proof -: let 𝑀 be the metric space with Heine-Bonel property 

   Let {𝑥௡}௡ୀଵ
ஶ  be a sequence of point of 𝑀. 

Let us suppose each point 𝑥 in  . 

There were an open ball 𝐵௫ 

For only finitely many values of 𝑛 

The family of open ball 𝐵௫ which contained {𝑥௡} 

For finitely many values of 𝑀. 

The family of such open ball  𝐵௫  be an open covering 𝑀 is open covering of 𝑀. 

By hypothesis 𝑀 could be cover by finite number of these open ball𝐵௫  

Since which is impossible. 
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 ∵  Each  𝐵௫  containing 𝑥௡ for only finite number of values of 𝑀  

Hence there must be some points 𝑥 in  , 

Such that for every open ball about 𝑥 contained {𝑥௡} for infinitely  many values of 𝑀.  

 ∃  𝑛ଵ ∈ 𝐼 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ൛𝑥௡ଵ
∈ 𝐵[𝑥, 1]ൟ 

 Similarly 𝑛ଶ > 𝑛ଵ𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ቄ𝑥௡ଶ
∈ 𝐵 ቂ𝑥,

ଵ

ଶ
ቃቅ 

In the singular𝑛௞ , 𝑛௞ିଵ ∈ 𝐼 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑥௡௞
∈ 𝐵 ቂ𝑥,

ଵ

௞
ቃ 

 ∴ The sub-sequence  ൛𝑥௡௞
ൟ

௡ୀଵ

ஶ
 is Cauchy sub-sequence   {𝑥௡}௡ୀଵ

ஶ  which converges to 𝑥 𝑖𝑛 𝑀 

Hence 𝑀 is complete. 

Definition -: let 𝐴 be family of 𝑓 a sub sets of these 𝑀 𝑖𝑠 𝑠𝑎𝑖𝑑  to have infinite intersection 
property, if the intersection of any finite number set in 𝐹 is never empty, I.e. 𝐹ଵ, 𝐹ଶ … … . 𝐹௡ ∈
𝐹    ⋂ 𝐹௡ ≠ ∅ி

௡ୀଵ  we can say 𝑛 has finite intersection property  

 

Theorem-: let 𝐹 be continues function from the compact metric space 𝑀ଵ , into a metric space 
𝑀ଶ , then the range of 𝐹(𝑀ଵ) in 𝑀ଶ is also compact. 

Proof- let G be any open covering of 𝐹(𝑀ଵ) for each G∈ 𝐺 , the set 𝐹ିଵ𝐺 is also open subset of 
𝑀  

The family of all (𝐺) 𝐹ିଵ𝐺 is an open covering of 𝑀ଵ  

Hence every open covering 𝑀ଵ admits the finite sub-covering i.e. finite number of sub sets 
𝐹ିଵ(𝐺ଵ), 𝐹ିଵ(𝐺ଶ) … … … … 𝐹ିଵ(𝐺௡) for a covering for 𝑀. 

But 𝐺ଵ, 𝐺ଶ … … … . . 𝐺ே from covering for (𝑀ଵ) . 

The family of open set 𝐺 covering 𝐹(𝑀ଵ) is finite, 

Hence 𝐹(𝑀ଵ) is compact. 

Continuous function on compact metric space 

Theorem -: let f be a continuous function from the compact metric space 𝑀 into the metric 
space 𝑀ଶ,then range of f(𝑀ଵ) is also compact. 

Proof-: Let G be any open covering of 𝑓(𝑛) for each G the set 𝑓ଵ(𝐺) is an open subset of N 

 The family of all such f(G) such for G∈G is an open covering of N 

Given 𝑁ଵ is compact 
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Every open covering of N admits finite sub covers  

 ∴ finite number of sets  𝑓ିଵ𝐺 ,……………𝑓ିଵ(𝐺௡) 

From a covering of M 

But 𝐺ଵ𝐺ଶ … … … … … . 𝐺௡ from a covering of f(m) ………. i.e. 

The set 𝐺ଵ𝐺ଶ … … … … … . 𝐺௡ of finite set covering 𝑓(𝑚). 

Here ,𝑓(𝑚ଵ) is compact. 

Continuity of the inverse function -: 

Theorem -: If F is a one-one continues function from the compact metric space M , 

Onto the metric space 𝑀ଶ then 𝐹′ is continues on 𝑀ଶ and hence F is a homomorphism of m onto 
𝑀ଶ  

Proof -:To show that 𝐹ିଵ is continues we must show that  

If f is any closed subset of m  

Then the inverse image of f under 𝑓ିଵ is f(f) 

We have to show that if f  is closed in 𝐻 

Then 𝐹(𝑓) is closed in 𝑀ଶ 

F itself is a compact metric space 

The range 𝐹(𝑓) is also a compact metric space.  

Example f(x) =√2 

We will prove that f is continues on ⌈0, ∞⌉ 

For any N∈ 𝐼 the function f defined by 𝐼(𝑥) = 𝑥ଶ is a one-one continues function from the 
compact space ⌈0, 𝑁⌉ into ⌈0, 𝑁ଶ⌉ . 

Hence 𝑓ିଵ is continues 

 

Definition -: let 𝐹  be a function from set 𝐴 into a metric space 𝑀. 𝐹 is said to be bounded if its 
range 𝐹(𝐴) is bounded subset of 𝑀. 

Note -: 𝑓 be a continuous function form the compact metric space 𝑀ଶ then the range of 𝐹(𝑀ଵ) of 
is a bounded subset of 𝑀ଶ 

Note -: if the real valued function 𝑓 is continuous in a closed bounded interval in 𝑅ᇱ  , the 𝑓 must 
be  bounded . 



  ADVANCE ANALYSIS  
 

ADVANCE ANALYSIS  
 
 

Definition -: 𝑓 is real valued function on set  ,𝑓  attains a maximum value at 𝑎 ∈ 𝐴 if 𝑓(𝑎) ≥
𝑓(𝑥) (𝑥 ∈ 𝐴) 

Example -: 𝑓(𝑥) =  𝑥ଶ   (−1 < 𝑥 < 1) then attains maximum at 𝑥 = 1  , 𝑎𝑛𝑑 𝑥 = −1  

 𝑔(𝑥) =  𝑥ଶ   (−∞ < 𝑥 < ∞) 𝑔 Clearly doesn’t attains maximum value. 

Note -: Real valued function on set 𝐴 is not bounded above then 𝑓 cannot attain   a maximum at 
any point of 𝐴  

 

Theorem; - prove that, if A is a set of M in metric space 〈𝑀, 𝜌〉 then 𝑑𝑖𝑎𝑚𝐴 = 𝑑𝑖𝑎𝑚𝐴̅  

Proof – let 𝑟 > 0 

Let 𝑥, 𝑦 ∈ 𝐴 

 ⇒ 𝐵 ቀ𝑥,
௥

ଶ
ቁ ∩ 𝐴 ≠ ∅,   𝐵 ቀ𝑦,

௥

ଶ
ቁ ∩ 𝐴 ≠ ∅ 

Choose 𝑥ᇱ, 𝑦ᇱ such that 𝑥ᇱ ∈ 𝐵 ቀ𝑥,
௥

ଶ
ቁ ∩ 𝐴, 𝑦ᇱ ∈ 𝐵 ቀ𝑦,

௥

ଶ
ቁ ∩ 𝐴 

Now 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑥ᇱ) + 𝑑(𝑥ᇱ, 𝑦) 

                        ≤ 𝑑(𝑥, 𝑥ᇱ) + 𝑑(𝑦, 𝑦ᇱ) + 𝑑(𝑥ᇱ, 𝑦) 

                     ≤
௥

ଶ
+

௥

ଶ
+ 𝑑𝑖𝑎𝑚(𝐴) = 𝑟 + 𝑑𝑖𝑎𝑚(𝐴) 

 ⇒ 𝑑𝑖𝑎𝑚(𝐴̅ ) < 𝑑𝑖𝑎𝑚(𝐴) + 𝑟 

 i.e.   𝑑𝑖𝑎𝑚(𝐴̅ ) ≤ 𝑑𝑖𝑎𝑚(𝐴) … … … . (1) 

but we know 𝐴 ⊂ 𝐴̅  

 𝑑𝑖𝑎𝑚(𝐴) < 𝑑𝑖𝑎𝑚(𝐴̅ ) … … … … … … . . (2) 

 From (1) and (2)  

 𝑑𝑖𝑎𝑚(𝐴) = 𝑑𝑖𝑎𝑚(𝐴̅ ) 

 

Uniform continuity  

Definition -: let < 𝑀ଵ, 𝜌ଵ > an < 𝑀ଶ, 𝜌ଶ > be a metric spaces if F: 𝑀ଵ → 𝑀ଶ we say that f is 
uniformly continues on m , if given ∈> 0 ∃ 𝛿 > 0 such that 𝜌ଶ[𝑓(𝑥), 𝑓(𝑎)] <∈ . 
theorem  

Let < 𝑚, 𝜌ଵ > be compact metric space if f is a continues function from m,  into metric space 
< 𝑚ଶ, 𝜌ଶ > then f is uniformly continues on M. 
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Proof 

F is continues at each 𝑎 ∈ 𝑁 given ∈> 0, ∃ 𝑟 > 0 s.t 

 𝜌ଶ[𝑓(𝑥), 𝑓(𝑎)]
∈

ଶ
  

Let the family of open ball , 𝑅 ቂ𝑎,
௥

ଶ
ቃ ∀   𝑎 ∈ 𝑚, 𝐺 an open covering of 𝑀ଵ. 

Here are finite no of such open ball i.e. 𝐵 ቂ𝑎ଵ,
௥భ

ଶ
ቃ … … … 𝐵 which from x covering of M. 

Now let 𝛿 = min(
௥భ

ଶ
… … . .

௥೙

ଶ
) 

For any 𝑎 ∈ 𝑁 

We have for some j=1 …n 𝑎 ∈ 𝐵  

So 𝜌(𝑎, 𝑎𝑗) <
௥

ଶ
 

Now, if 𝜌ଵ(𝑥, 𝑎) < 𝛿, 

Then 𝜌(𝑥, 𝑎) <
௥௝

ଶ
 

 ⟹ 𝜌(𝑥, 𝑎𝑗) < 𝑟𝑗 

We have  

 𝜌ଶ(𝑓(𝑥), 𝑓(𝑎𝑗)) <
∈

ଶ
 

And 𝜌ଶ(𝑓(𝑥), 𝑓(𝑎)) <∈ 

 ⇒ 𝜌(𝑓(𝑥), 𝑓(𝑎)) <∈ for 𝛿 = min(𝑟భ

మ

, … … … . , 𝑟௡) 

We have ∀ 𝑎𝑡 𝑀 

 𝜌ଶ(𝑓(𝑥), 𝑓(𝑎)) <∈          (𝜌, (𝑥, 𝑎) < 𝛿) 

 ∴ 𝑓 𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒𝑠 
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