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Lecture-1: BASIC CONCEPT

SET-: A set is a collection of distinct objects considered as an object in it’s over right. Example
- S={a,b,c}

A set is a well-defined collection of object some typical sets are-:
N:The set of natural numbers
I:The set of integers
Q:The set of rational numbers

R:The set of real numbers

NEIGHBOUREHOOD OF A POINT-: A set N € R is called the neighbourhood of a point a,
if there exists an open interval I containing a and contained in N, that,

a€l] SN.

OPEN SETS-: A sets S is said to be open if it is a nbd of each of its points, that, for each x € S
there exits an open interval I, such that

m,€l,CS
Example-: The set R of real number is an open set.

CLOSED SET-: A set is said to be closed if each of its limit points is a member of the set. Thus
Sisclosediff "€ S orS=S§.

Example-: The set R of real number is a closed set

Note: The set of real number is an example of both open and closed set.

DIVERGENT SEQUENCES -: A sequences is said to be divergent if it does not have finite
limit.

INTERIOR POINTS -: A point x is an interior point of a set Sif S is a nbd of x. In other
words, x is an interior point of S if 3 an open interval ]a, b[ containing x and contained in , that
X €E€lab[SS

Thus a set is nbd of each of its interior points.

LIMIT POINTS OF A SET-:A real number ¢ is a limit point of a set S(c R) if every nbd of &
contains an infinite number of member of S . Or contains at least one member of S.
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SEQUENCES -: A function whose domain is the set N of natural numbers and range a set of
real numbers denoted symbolically as S: N — R.

Example -:{S,,} = {(-1)"},n €N

CONVERGENCE OF SEQUENCE -: A sequences {S,,} is said to be converges to real
number if for each € > 0, there exists a positive integer m such that |S,, — | < e , for all
n=2m.

Sp.=21l as n-ooor limS§, =1

n—-oo
Example -: f(x) = x?

lim x? = a? (Limiting value)
xX—-a

f(a) = a? (Functional value)
% If functional value = limiting value then continuity.
BOUNDS OF A SEQUENCE -: A sequences {S,} is said to be bonded if 3 k, K such that,
k<S,<K NneN

MONOTONIC SEQUENCE -: if a sequences is either increasing or decreasing then we call it
monotonic.
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MODUEL -1
Lecture-2: LIMTITS AND METRIC SPACES

LIMITS-: A function f(x) is said to be has limit [ERatx=a, if §>0,3€¢>0
corresponding to & such that |f(x) —1Il|<e , when |[x—a|<d . Or we may write

lim,_, f(x) =1.
Example -: Show that lim x> +2x=15
Ans- Given f(x) =x*+2x , =15, a=3
X approaches to 3
iex—3|<§ (for some § > 0)
orlx—3|<d6<1 or |x—3|<1
=> —-1<|x-3|<$6
=> 2<x<4 or 7<x+5<9 i.e. x€[2,4]
Now ,|x2 + 2x — 15| = [(x — 3)(x + 5)|
=|x—3||lx+ 5| <96
As we can write (x +5) <9 as(x+5) €[7,9]

o |x? + 2x — 15| < 96

Let us choose 96 = €

= |x?+2x—15|<e (for choosing 6 = g)

Example -: show that linll vx+3 =2
x—

Proof -: given f(x) =vx+3 ,l=2,a=1
x approaches to 1
lx =11 <&  (for some d > 0)
Or|lx—1|<éd <1
Oor—-1<|x—-1| <1

Or 0<x<?2 V3+2<Vx+34+2<V5+2

ADVANCE ANALYSIS



ADVANCE ANALYSIS

ie. x€]0,2]
ol _ Wxr3-2||[Vx+3+2]
now,|\/x+3 2| = Ner3+2]
_ |(x+3)—4]
T [Wx+3+2]
|x—1] S5

- |[Vx+3+2] < V5+2 <€

For § = min(1,V/5 + 2)e

Example-: show that lim x? + 3x = —2

x—-2
Proof-: given f(x) = x*+3x,l=-2,a=-2
x approaches to — 2
Ix +2| <8  (forsomed > 0)
Orjlx+2|<d<1
Or—-1<|x+2|<1
Or -3<x<—-1
ie. xe]-3,—1[
Now, |x? +3x + 2| = |(x + D(x + 2)]
=|x+1llx+2|<é
Aswecanwrite (x +1) <1 ( as (x + 1)e]-3,—1])
Sxt4+3x+2] <68
Let us choose § = min(1, €)

> x2+3x+2|< € ( for choosing § = €).

x2-1

=2

Example -: show that lim
x-1 x—1

Proof -: given f(x) =vx+3 ,l=2,a=1

x approaches to 1
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ie. |x—1|<é (for some § > 0)
Orlx—1]<d6<1

Or—-1<|x—-1|<lorl<|x+1|<3
Or0<x<2

ie.x € [0,2]

Now

2

x2—1|
x-1

(x— 1))(x+1)| _ |

We can write (x + 3) < 3 [as (x+1) € (1,3)]

=|lx+1| <6

.x—l

—2| x+1-2|=|x+1] <8

Consider € = § and choosing § = min(1, €)

x?-1

—2|<6 when |x —1| < § .

xX—

Example -: show that lin& Vé—x=2.
x—

Proof -: Given f(x) =vx+3 ,l=2,a=0
x approaches to 0
|x =0l <&  (for somed > 0)
Orlx|]<d<1

Or-1<|x—-1|<1

ie. xe]-1,1]
|[vVa—x-2||vVa—x+2|
|\/4 +x— | W=7%]
_ 1(a—x)-4]|
T |[Va—x+2]
_ __I=x s
T [Va—x+2| <Gz S¢
VE+2<Vi—x+2<+3+2
Choosing § = min(1, (V3 + 2)¢)
Or |\/4+x—2| <e€
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For 6 = (\/§ + 2)6.

THEORM-: IF lim f(x) =L and limg(x) = M then
xX—a xX—a

1. limf(x)+gx)=L+M
2. limfx)—gx) =L-M
3. liljl}il f(x)glx) =LM

4. lim2 =1

x—a g(x) M (PTO‘Uied M + 0)

Proof -: Given lim f(x) =L and limg(x) =M
x—a x—a
Forsome §; >0 ,3 € > 0such that |f(x) — L| <§
(When |x — al<6;)
Similarly for 8, >0, 3 € > 0 such that |g(x) — M| <§

(When |x — al<éd,)

1. Now |f(x) + g(x) — (L + M)|
=|f(x) - L+ g(x)— M)
< |f(x) =Ll +|g(x) — M| (asweknow [x +y| < [x]| +[y])

Choosing § = min(6;, §,) ,we get
If (x) + g(x) — (L + M)|< §+§ ,when [x —a|] <6
Sf)+gx)—L+M)|<e |, |lx—al<$é

Or limf(x)+gx)=L+M
x—a

2. Now|f(x) —g(x) — (L —M)|
=f(x) =L —-gx) + M)
<IfG) =L+ IM—g()l (asweknow |x +y| < |x| + |yl)

Choosing § = min(6;, §,) ,we get
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f@) —g(x) = (L= M) < S+, when |x —al <&

Sf)+gx)—-L+M)|<e , |x—al<§

Or limf(x) —g(x)=L-M

3. ki_l}l{}f(x) =L and &1_1}1‘} gx)=M
Le.for6§ >0, 3 €>0 |f(x) —L| < K;e O<|x—al <68y
Similarly |g(x) — M| < K,€ 0 <|x—al <8,)
Where Klzm , K, = !
Or|glx)—M| <1
Now , [g(x)| = |g(x) =M + M| < |g(x) — M| + [M| <1+ |M]|
For 6 = min(§;,5,)
Again |f(x)g(x) — LM|
= [f(x)g(x) —Lg(x) + Lg(x) — LM|
=[g()(f(x) — L) + L(g(x) — M)|
< |g@)(f(x) — DI + |L(g(x) — M)|

<|gINF ) = LI+ [LI[(g(x) — M)|

<1+ |M|K;e +1+ |L|K,e

2(1+ILD)

N o

+

N m

= €

i.e. for |[f(x)g(x) —LM| < e when (0 < |x —a| < §)

4. Before proving this we shall prove that

1 .. . _
Q-: prove that ll_I)I;E =5 LI_I)I; gx)=M
Proof —: Given lim g(x) = M
xX—a
for6 >0, 3 € >0 such that
lg(x) — M| < Ke
Or |glx) —M| <1
Now, [M| = |M — g(x) + g(x)|
<M =g+ gl
or M| <1+ |g(x)|
Ig(x)l > M| -1
1) [Hose)
Mg(x)

N
ow g(x)
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< M9
— IMllg(x)]
< Ke
— IMI(IM]-1)
Now choosing K = [M|(|M]| — 1)
1 1
We get |ﬁ_ﬁ| =€ for(0<|x—al<9)

Again given lim f(x) =L and limg(x) =M
x—a x—-a

We know lim f(x)h(x) = LN (for limh(x) =N
x—-a x—a

And lim— = —
x-agx) M
) 1
Taking h(x) = o We get
: _ e f@ L _1
Jlcl_r)rtllf(x)g(x) = chl_r%g(x) - where N o M # 0)

REAL VALUED FUNCTION -: Any function of the form f: A — R is said to be a real valued
function .

NON INCRESING FUNCTION-: If f is real valued function on any interval /] € R, ‘f’ is said
to be non-increasing function onJ if f(x) = f(y) whenx <y, x,y €]

NON DECRESING FUNCTION-: If f is real valued function on any interval /] c R, ‘f’ is said
to be non-decreasing function onJ if f(x) < f(y) whenx <y, x,y €]

MONOTONE FUNCTION -: A function f is said to be monotone if it is either non—increasing
or non-decreasing.

Theorem -: Let f be a non-decreasing function on the bounded interval(a, b), if f is
bounded above on (a, b), then lim,_,- f(x) exist. Also iff is bounded below on (a,b)
then lim,_  + f(x) exists.

Proof -: let us considered the function f is bounded above and

Non-decreasing in the interval (a,b),therefore 3 a suprimum , let it be M ,ie M =
least upper bound f(x) , x € (a,b) ,for € > 0, the number M — € is not an upper bound of
f(x) forx € (a,b)

let y € (a, b) suc that

f(y)>M —€ where,y=b—3§
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f(b—6)>M—¢
“f(x)>M—€  forb—6<x<b
lim,_,- f(x) exists

Similarly it f is bounded above and the function is non-decreasing on (a, b) then we can show

that lim,_,,- f(x) exists.

Theorem-: let f be a non-increasing function on the bounded open interval (a, b) . then
If lim,_,,- f(x) f is exists while , if f is bounded below on (a, b) then lim,_,,+ f(x) exists .

COROLLARY -: if f is monotonic function on the open interval (a, b) and if c € (a, b) then
lim,_, .+ f(x) and lim,_,.- f(x) both exists .

Proof -:let us consider f is non-decreasing for § > 0 , 3 an bounded open interval (¢ — §, ¢ +
&) c (a,b) then the function f is bonded above in (¢ — &,c) by the upper bound f(c) and
hence lim,._,.~ f(x) exists .

Similarly it is called bounded below in (c, ¢ + &) by the lower bound f(c) .

Hence lim,,_, .~ f(x) exits .

MODULOUS -:|0|
x| >0 (~x=#0)
|x| = |—x|

lx +y| < |x| + |yl

METRIC SPACE

Metric space -: let M be any set , a metric for M is a function p with the domain M X M and
range contained in [0, o) such that
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i pl,x)=0 ,(xeM)

i. pl,y)>0 , (x#y, x,y €M)

iii.  plxy)= p(y,x) (x,y €M)

iv. pxy)< pz)+ p(y,2) (x,y,z€M)

Q-: show that the set of real numbers is a metric space with the metric 'p’ defined by
p(x,y) =[x —y|

Or (R, p) is a matric space f(x,y) = |x —y| (absolute matric)

i pl,x)=|x—x|0,(x €M)
i. py)=|lx—y|>0 , (x#y, x,y €M)
iii. ply)= Ix—yl=ly—x| =p(y,x) (Vx,y €R)
iv. forx,y,z €R
plx,y)=lx—yl=lx—z+z-y|

<|lx—z|+|x—2z|

= plx,2) + p(y,2)
Q-: show that set of real numbers be the discrete metric is a matric space.

i. dl,x)=0,(xeM)

ii. d,y)=1>0 , (x#y, x,y €R)
iii. dkx,y)= 1=d(y,x) (x,y €ER)
iv. forx,y,z €R

plx,y)=1<2=1+1 =d(x,2z)+ d(zy)

NOTE-: DISCRETE METRIC -:

d(x,x) =0

d(x,y) =1

d(x,y) =0if x=y
=1lifx#y

Q -: show that if p is a matric for set M then so is 2p
Ans -: Given p is a matric for the set .
e p(x,x)=0 ,(x M)

= 2p(x,x) =0
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e plx,y)>0 , (x#y, x,y EM)
= 2p(x,y) >0

e px,y)= ply,x) (x,y €M)
= 2p(x,y) = 2p(y,x)

e px,y)< px,2)+ p(y,2) (x,y,z€M)
= 2p(x,y) < 2p(x,2)+ 2p(y,2)

Q-: show that if p and o are both metrics for a set M then p + o is also a metric for the
set M.

Ans -: Given both p and o are both metrics for set M
. p(x,x) =0,0 (x,x) (x €M)
= pl,x)+0(x,x)=0

e p(x,y)>0 o(x,y)>0, (x,y €M)
=plx,y)+o(x,y)>0
e px,y)= prx),0(x,y) =0, x) (x,y €M)

= p(x,y)+2p(,x) =0(x,y)+ 0y, x)
Forx,y,z €R

e ply)= pxz)+ p(y,2)
o(x,y) <ad(x,z) +0(z,y)

= p(x,y) +0(xy) < (px,2) + o(x,2)) + (p(z,y) + 0(2,9))

Theorem -: let f be non-increasing function on the bounded (a, b).if f is bounded above on
(a, b) then lim,_,,- f(x) exists, while of f is bounded below then lim,_,,+ f(x) exists.

Proof -: consider f is non-increasing and bonded above on (a, b
LetM =g.l.b f(x) , x € (a,b)
Fore > 0 ,M + € is not a bound
Lety =b — 3§ suchthat f(y) <M +¢€
Or f(x) >m ,VxE€(ab)
iem<f(x)<m+e , b—6§<x<b

Or|f(x) —m|<e ,Whenb -8 <x<b

ADVANCE ANALYSIS



ADVANCE ANALYSIS

lim,_,,- f(x) exists.

THE CLASS [? -: The class [? is the class of all sequences

(S)2, =S5 such that Y1 S5 <

NOTE -: (SCWARZ’S INQUALITY) -: if S = {S,,}%_, and

t ={t, )=, are in [? then Y5, S,t, is also absolutely convergent and |Yo=;S,t,| <
|Xr=1 SullXnzs tal -

(MINKOWSKI INEQUALITY)-: if S ={S,}%, and ¢t = {t,}_, are in [? then such that
t = {t, + Sp}o-, isin [* and

1 1 1
® 2 ® 2 ® 2
[Z<sn+tn)z s[z&z ; zt,g]
n=1 n=1 n=1

Q--Fornelifx = (xq,xp " xp) and y = (yq, Yz y.) are two ordered n tuples of

real numbers define p(x,y) = [Y,-1(x — yk)z]% then show that (R", p) is a metric space .
Ans =+ p(o,x) = By (v — 1) = 0

P06, y) = By (o = y)Tz > 0

P, y) =[S (e — )12

(2, (e — 207 = p(3,%)

for x,y,z € R™,where x = (xq,xp " Xp)andy = (yq,yg Yn)

1
Let p(x,2) = [Zpea (X — 21) ]2
Taking ay = x, — 2z , by =z} — Yx

p(0,2) = B2, a2 plzy) = [52, b2

() =[5 4(ax + b2
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< [Z51(a)? + [S5, bETe
(Using minkowskis’s inequality)
=p(x,2) +p(zy)
“p(ay) < p(x,z) +p(z,y)

PROVE THAT (1%, p) IS A MATRICE SPACE, WHERE p IS DEFINED AS p(x,y)
defined as p(x,y) = ||lx — yll,.

Proof -:for x,y,z € 2

o plx,x)=|lx—xl;=0
e px,y)=llx—=yll,>00fx+#y)
e p(,y)=llx—=yl,=N1DQ —xll,
[=1llly = xllz = lly = x|l = p(y,x)
e px,y)=llx=yl,=llx—z+z-yll,
<llx —zll; + llz—yll,

=p(x,z) +p(z,y)

~p(,y) < p(x,2) + p(z,y)

NOTE-: The NORM for a sequence in 12 has following properties -:

Isll, =0 sel?

Isll, =0 iffs=0 €l?

llesll, = Icllisll, for s € 12, ¢ € R where ¢ is constant
Is +tll, < Ollsll; + lltll, (fors,t € 1?)

(THE CLASSI®)-: The class [* denote a set of all bounded sequence of real numbers.
Q-: show that(l, p) is a metric space wherep is defined as p(x,y) = { u.blx, —y,|
=nsoo
Proof-: forx,y,z €1®

e plxy) = fs‘#sobolxn —xp| =0
e plxy) = %-s‘#éobolxn_ynl >0
s P(x:}’): %szrfsobolxn_ynl = fslrfsé’ob’n_xﬂ :P(y'x)
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e plxy) = f-;lrf;obolxn —Yul = f!ﬁ‘;?olxn Zn + Zn = Yl
< Lu.b|x, —z,|+ Lublz, — yl
1=nsoo 1sn<oo

=p(x,z) +p(z,y)

Q-: For P(xy,y,) and Q(x3,y2) defined p(P,Q) = |x; — x| + |y1 — ¥2| show that p is
metric for the set of ordered pair of real numbers further if T(P,Q) = max (|x; —
X3!, |¥1 — ¥21) show that T is a metric for the same of ordered pairs of real number.

Proof -: for P,Q,R € M (M is the set of real number)

e p(P,P)=I|x;—x1|+|y; =1l =0
e p(P,Q)=Ix;— x| +|y1 =¥, >0
e p(P,Q) = |x; — x| + [y1 — ¥2l = |x2 — 24| + [y2 — 1l
= |y = y1l + [x2 — x1| = p(Q, P)
e p(P,Q) = |x; — x| + [y1 — ¥l
= |xy —x3 + x3 — x3| + [y1 —y2 + ¥3 — ysl

< |x; —x3| + x5 — x| + |y1 — 3] + lys — ¥2]
= (lxg = x3| + [y1 —y31) + (x3 — x| + [y3 — ¥21)
=p(P,R) +p(R,P)

p(P,Q) < p(P,R) + p(R,P)

Again for P,Q,R € M

e 7(P,Q) =max (|x; — x|, [ys —y21) =0
e 7(P,Q) = max (|x; — x|, [y1 = ¥21) > 0%y # x5, 51 # ¥>
e 7(P,Q) = max (|x; — x2|, [y1 — ¥2)

=max (|x; — x4, [y, — ¥10)

=max (|y; — y1l, |xz — x10)
=17(P,Q)
e ©(P,Q) = max(|x; — x;|, |y1 — ¥21)
= max|x; — x3 + x3—%3 .|y, — y3 + y3 — y2l
< max(|x; — x3l, [y1 — y3|) + max(|xz — x;|, [y5 — y2|

=17(P,R) +t(R,Q)
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Definition -: suppose (M,p) are matrices spaces wherea € M, p € M,. Consider the
function f whose domain is M and the range is contained in M, , then we say f(x)
approaches to L when x approaches a that if for given €¢ >036 >0 such that

p2(f(x),l) < e when p;(x,a) < &
lim,_, f(x) =1

Q-: let f: 12 > R be defined as follows if x = {x,}r°_, € I?, f(x) = x4

(i.e. image under f

of any sequence in [? is the first term of the sequence).let a = {a,};_, be fixed element in

I? prove that lim,_,f(x)=a, .

Proof -: for € > 0 we have to find § > 0 so that p,(f(x),a,) < €
must show that

|f(x) —ay| < e Where ||[x —all, <6

I — all; = [521(e — an)?]?

=[x, — a1]% 2 [x1 — aq]
Now, |x; —a;| < |lx—all, <&
Choosing € = §,we get
lf&) —al =l —ayl <e=6

lim,_, f(x) = a, proved

p1(x,a) <5 we

Definition -: let (M, p) be matric space and let {s,},—; be a sequence of points in M then

{Sn}n=1 is said to be convergent if p(s,, L) < €,n > Nor lim,_,S, =L

,n=>NinM

Definition -: let (M, p) be matric space and let {s,},—; be a sequence of points of M then
{Sn}n=1 is said to be Cauchy sequence if € > 0,3 N € I such that p(s,,,s,) <en,m=>N
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Theorem-: let (R, p) be a metric space {s,},-, is a sequence of points in M then {s,,},-; is
Cauchy sequence (for some € > 0) there is a number [ such that lim,_ s, =1 n>N

Proof -: Given (R, p) is a metric space.
{sp}n=1 is sequence of points in M {s,}n-; is convergent
For some € > 0 there is number [ such that
lim,_,,;s, =1l n>=N
ie. p(sp, 1) <§ n=>N
s, — L| < g n>N
We can also write p(s,, ,1) < § form>=N
p(sn,Sm) = Isp — sml
=|s, —L+L—syl
<|s, —L|+|L— syl
= |sp — Ll + sy — L

S+
2

N m

=€ ,fornm=>=N

= p(Sy,Sm) < € wheren,m =N

Q-: show that the sequence of points in any metric space cannot converges to the distinct
limit.

CHAPTER -2
CONTINUOUS FUNCTION ON A METRIC SPACE

Continuous-: A function f is said to be continuous if a€R' if
lim f(x) = f(a)
xX—a

Q-: check the function is continuous or not at the point x = 0

sin

Solution -:f (x) =

X
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sina ,f(O)ZSinOZ%

a 0

fla) =

sinx

=N =t

~ Limiting value # functional value

Hence the given function is not continuous

MY jfx#0
Q-:f(x) = { x is continuous
1ifx=0

Q- f(x) =x*>+2x atx=3
Ans-f(x) =(3)2+2(3)=9+6=15
}Ciir?l)f(x) = }Clzg x?+2x =15
 Limiting value # functional value

Hence the given function is not continuous

Theorem -: if the real valued function f and g are continuous at a = R! then so are

f+af-9r97y 9@ =0

Theorem -: if the f and g real valued function are f is continuous at a, if g is continuous at
f(a) then gof (composite function of g and f ) is continuous at a.

Proof -: Given f is continuous
ie. lim f(x) = f(a)
xX—a
for € > 0,3 6 > 0 such that

lf(x) — f(a)]| < ewhen|x—a|l <6 —(1)
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Again given g is continuous at f(a)
colim g(f) = 9(f (@)
Or lim g(y) = g(b)
forn>0,36 > 0such that
lg(y) —g(b)| <n when |y —b| <e — (2)
Or |g(f(x)) — gf((@))| <n, when |y —b| <€

gof is continuous at a eR?  (using 1)

Q-: prove that cf is continuous at 'a’ if f is continuous at @ and ¢ € R

Proof -: Given f is continuous at a
ie. lim f(x) = f(a) — (1)
xX—a
and we have to proof that cf is continuous at a

Cglcll’fcll f(x) =cf(a) (multiply c both sides of (1))

or limcf(x) = cf(a)
xX—a
Hence cf is continuous at a

Q-: the real valued function f is continuous at a € R! if is continuous at a € R if and only
if given € > 0,3 6 > 0 such that |f(x) — f(a)| < € when |x — a| < &

Proof -: necessary part -:

Given f is continuous at a € R
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Lim f(x) = f(a) for € > 0,368 > 0 such that
x—a

lf(x) — f(a)]| < ewhen|x —a| <6
Sufficient part -:
Given |f(x) — f(a)| < e when |[x —a| < §
We have to prove that f(x) is continuous at a
~ limits of the function f(x) exsits at a and is equal to f(a)

So, lim f(x) = f(a) fis continuous at a € R?
x—a

Open ball -: if a € R! and r > 0 then the set of all x € R! whose distance to a is less then R.
The set is said to be the open ball i.e.B[a,r] = {x € R||x — a| < r} that the bounded open
interval (a —r,a + 1)

Definition -: (continuous) -: A function f is said to be continouse at a if and only if for
given € > 0,3 § > 0 such that

f(x) € B[f(a), €],when x € B|a, b]

Theorem-: The real valued function f is (said to be) continuous at a € R! if and only if the
inverse image under f of any open ball B[f(a), €] about (a) . Conations an open ball B[a, b]
about a.that for given € > 0,3 § > 0 such thatf‘l[B [f(a), €] D Bla, 6]]

Proof -: necessary part -:
Let us assume f is continuouse at a € R?
For given € > 0, § > 0 such that f(x) € B[f(a), €] when x € Bla, J]
Let U = B[f(a), €]
f(x) € U, when x € B|a, §]
f(f(x) e f7'(w), Vxe€Bla,d]

Or x € f~Y(u) Vx€Bla,d]
Bla, 8] < f~'(u)

Bla, 8] < f7![BIf (@), €]
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Sufficient part -: Conversely suppose B[a, b] € f~1[B[f(a), €]] and we have proof that f is
continuous at a € R.let us assume f is not continuous at a € R®.

f(x) ¢ B[f(a),e] when,x € Bla, §]
A (f(x)) & f*[Blf(a),€]l] when,x € Bla,d]
» Bla,8] & f7'[BIf(a), €]]
Therefore it is contradiction hence our assumption is wrong.
~ f is continuous at a € R?.

Theorem -: The real valued function f is said continuouse at R! if and only if whenever
{xp}n=1 is a sequence of real number converging to a then the sequence

{f (xn)}: 1converging tof(a) that f is continouse at a if and only if limx, = a
- x—-a

lim/ (x,) = f(@)

Proof -: Necessary part -: let us assume that f is continuous at a € R? again, let {x,, };-; be any

sequence of real number converging to a limx, =a for§>0,3N €I* such that
xX—a

|x, —al <6 ,n=N
Fore >0 3 6 >0 such that
|f (x,) — f(a)] <€ when |x, —al| < § (as f is continuous)
fx,) € [B[f(a),e]] when |x, —al <&

When limx, =a n=>=N = limf(x,) = (a)
xX—a xX—-a

Sufficient part -: suppose limf(x,) =f(a) n=>N
xX—a

And we have to proof that f is continouse at .
Let us consider the contradicted statement that f is not continuous at a € R? .

The inverse image under f of the open ball B[f(a), €] doesnot contain the open ballB[a, §].

. 1
Let us consider s = ~,¥ne It
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For each n € I* there is a point x,, € B [a, %]
Such that f(x,) € B[f(a), €] when |x,, —a| < %

= fGxn) = fla)] # €
Or |f(xn) — fl@)| = €
lim f(x,) # f(@) n2N
Which is a contradiction
FUNCTIONS CONTINUOUS ON METRIC SPACE

Definition-: let (M, p) be matric space. If a € M and r > 0 then BJa,r] is defined as the set of
all points in M whose distance to M is less than r or p(ax)<r.
Bla,r] = {x € R |p(a,x) < r} Then B[a, ] is said to be an open ball radius r about a .

Definition -: The function f is said to be continuous a € M; if limf(x) =
xX—a

f(a)

Theorem -: The function f is continuous at a € M;if and only if any one of the following
condition holds.

e Given € > 0,38 > 0 such that p,(f(x), f(a)) <€,when p;,(x,a) < &

e The inverse image under f of any B[f(a), €] about f(a) contains an open ball
[a, 8] about a .

e  Whenever the sequence {x,},—; of points inM; converging to a then the sequence
f{xn}n=q if in M, convergent to f(a).

Theorem -: let (M4, p1), (M5, p2) and (M3, p3) be metric space and let: M; - M, ,g: M, —
M3 if f is continuous at a € M, and g is continuous at f(a) € M, then gof is continuous
at a.

Proof-: Given f is continuous at a € M
lim f (x,) = f(a)
x—a

Let {x, };=,be a sequence of points in M,

Forn > 0,3 ,p > 0 such that
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palf ) — f(@)| <n when |x, —al <8
Or pa|f (xn), f(@)| <n when ps[xy, a]
Let f{x,}n=1 =y When|x, —a| <&
Again, g is continuous at f(a) = b € M,
lg(yn) —g(b)| <€ whenly, —b|<n

or [g(f () — 9(f(@)| < € when |y, —b| <n

lim g(f(x)) = g(f(@)

yn—f(a)
Or  limg(f(xy) = g(f (@)
Hence gof is continuous at.

Definition -: let M; and M, be metric space and let f is a function ,f: M; = M, then f is said to
be continuous form M, into M, ifis of M,

OPEN SET -: let M be metric space .consider G be the open subset that Vx € G,3a is r >0
such that the entire open ball B[x,r] contained in G.

Q-: show that B[a,1] = {a} is in R,
Proof -: Bla,1] = {x € R;| d(a,x) < 1}

lifa#x
Oifa=x

X €Ry,d(a,x) = {
0 < 1, Hence a is the only one element in B[a, 1]
Q-: Single term set{a} is open in the metric space R; whereas it is not open in R.
1. Proof -:  we know Bla, 1] = {a} in Ry
or Bla,1] c {a}in Ry

Hence {a} is open set in Ry

2. Bla, 1] = [1, —1] or the elements in the open interval [1 — 1]
Hence ,B|a, 1] is not subset of {a} in R
Bla, 1] ¢ {a}
Hence {a} is not open set in R
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Theorem -: for any metric space M both M and @ are open.
Proof -: for any x € M we can construct an open ball B[x, r], which is subset of M
Hence M is an open set
We know @ does not contain any element.
Hence it automatically satisfies the condition of open ball .
- @ is open

Theorem -; let F be any nonempty family of open subsets of a metric space M. Then Uger G
is also open subset of M.

Proof -: let H = Uger G

Case-1-: let = @ , as @ has no element then automatically it satisfies all the condition of open
set.

~ Itis open
Case-2-: H=90
At least one element belongs to H
ie. x€H
= x € G (any)
We know G € F that G is open
= forr > 0,3 an open ball B[x,r] € G
= Blx,r] € G<S H
~ Blx,r] € H hence H is open
Theorem -: Every subset of R is open
Proof -: letany G € Ry
Case-1if G is empty that G = @
then automatically it satisfies all the condition of open set .
Hence G = @ is open

Case-2 if#0Q,letx€eG
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We know that the single term set in R, is open
Therefore any non-empty set in G is also open
Theorem -: if Giand G, are open subsets of the metric space Mthen
G1 N G, is also open.
Proof -: case-1-: if Gy N G, = @ then there is nothing to proof
Case-2-:if G NG, =0
Letx € G; NG,
=>x€G,and x € G,
Given G, and G,are open
i.e.3 B[x,11] € Giand B[x,1,] € G,
let r = min( ry, ry) such that
Blx,1] € G; N G,

G, N G, is open

Theorem -: Prove that N;_; G, is not open if all G,, are open

Theorem -: Every open subset G of R’ can be written as G = U I, where I = 13,1,
(finite number of intervals) which are mutually disjoint.

Proof -: if x € G c R?

Given Gis open set

~ Janopenball B[x,r] € G

Hence,B[x,r] is open interval in G c R?

Let I, represents the largest open interval in G containing x
ie. [, € G

if x € G and y € G then

Ly=1, orl, #1,
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L#1L, LN, =@

Then I, N I,, is another open interval contained in G and larger then I, Which contradictions the

assumptions I, is the largest open interval in G containing x .since disjoint intervals cannot
contain the same rational number and there are only countable many rational numbers. Hence
there cannot be uncountable many disjoint open intervals. Therefore ,G =U I,, where n is finite
and countable .

Theorem-: let (M, p;) and (M, p;) be matric spaces and f: M; - M,. Then f is continuous
on M; if and only if f71(G) is open in M; whenever G is open in M,

Proof -: necessary part -: given f is continuous M;to M, and G is open in M, . our claim is to
proof f~1(G) is openin M,

Letx € f71(G)
Then we should prove that B[x, ] is an open ball contained in f~1(G)
Since x € f71(G)
>y=f(x)EG

Given G is open

Hence there must be an open ball B[y, s] about y contained in G

Given y is continuous

Hence f~1[B[y,s]] contains the open interval B[x, 7]
By, sl] 2 Bx,7]
f~Y(G) 2 B[x,7]

Hence f~1(G) is open in M,

Sufficient part -:

Given G is open in M, andf ~1(G) is open in M,

We have to proof that f is continuous
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Let = B[f(a), €] ,B be any ball about f(a)
B is open in M,
Hence by assumption f~1(B) is open inM;
Since a € f~1(B) and f~1(B) is open in M,
Hence there must be an open ball about a
ie., Bla, 8] € f1(B)
ie, Bla,&] € f'[Blf(a) €l
hence f is continuous

LIMIT POINT -: let E be the subset of metric space M.A point x € M is said to be a limit E if
there is {x;, }n=, of points of E which converges to x .

CLOSED SET -: let E be the subset of metric space M. E is said to be closed if E = E where E
is the subset containing all the limits points of E

Theorem -: let E be a subset of the metric space M. Then the point x € M is a limit point of E if
and only if every open ball B[x, r] about x contains at least one point of E

Proof -: necessary part-: let us suppose x is a limit point of E
There is a sequence {x, };-, of points of E such that p(x,,x) <r
= {xn};o=1 € B[x, r]

Sufficient part -: conversely suppose every B[x,r]contains a point of E and we have of to proof
that x is a limit point E.

For n € I the open ball B [x, %] contains a point of {x;, }yp=1
Then {x,,},—, is convergent to x because p(x,, x) < %
lim(x,) =x (asn—> o i 0)
x—-a n

Hence x is limit point of E

Theorem -: for any metric space M; both Mand @ are closed.

Q-: prove that for any metric space M the set {x} c M is closed
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Proof -: let us consider {x,},-; be the sequence of points the single term set {x} c M .
Now , {x;, };= can be written as {x, x, .... }

lim(x,) =x x € {x}
xX—a

{x} contains all its limit points .

Hence {x} is closed
Theorem -: if E is any subset of a metric space M then E is closed ie.E =E
Proof -: letx € E

x is a limit point of E therefore the open ball, About x having radius r contains at least one
element of E

at least one element of E

let that one element be y. i.e. p(x,y) <r
y€EE

= y is a limit point of E

J an element Z of E € By, t]

Let p(x,y) = ssuchthatt <r —s
Now ,p(x,2) < p(x,y) + p(y,2)

=S+r—s=s
=r =>pxz)<r

~zZ€E

Hence z € B|x, r]

Thus B[x, r] contains a points of E

Hence x is a limit point of E

~x€E

Theorem -: let M be a metric space then both Mand @ are closed

Proof -: we know any single term set in any metric space M is closed and M can be written as
M = U2, s; where s; are single term set .

Hence M is closed
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@ doesn’t contain any element

Hence @ is closed

Theorem -: if f; and f, are closed subsets of the metric space M then f; U f, is also closed
Proof -: Given f; and f, are closed subsets of the metric space M.

Let xEfLUS,.

L.e. x is a limit point of f; U f,

Let {x, }n=1 is be a sequence of points of f; U f, converging to x .

Let us consider subsequence of {x;, }o-1

We know that subsequence of {x,}n-; consisting the points of fjor f, also convergent to the
same limit points x.

Given fjand f, are closed.
x is a limit point of f;or f, also
“XEfior x €Sy
Sx€EfUf, ~fiufobcfiUf, Hence f; U f, isclosed.
Prove that union of infinite number of closed sets is not closed.
Or

Give examples of closed set whose infinite union is not closed.
Theorem -: if fis the family of closed sets in any metric space thenges F is closed.
Proof -:let G = Npef F

Letx €G
1.e. xis a limit point of G
= Then there is a open ball B[x.r] about x containing at least one element of .
Letitbe y
>y€Gory€NpegF
y is an element of all closed sets f € F
ie.yeEVf=F

x is a limit point of every f € F
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>x€F=f€F
:>x€ﬂFEfF
>xEF =26GcG

Hence G is closed .

Theorem -: if G is open subset of the metric space M then G' = M — G is closed and vice-versa .
Proof -: let us suppose G is open subset of the metric space .

Letx € G
= There is an open ball B[x, r] about x containing G.
= The open B[x, r] doesn’t contain any point of G’
Hence x cannot be a limit point of G’

G doesn’t contain any limit point of G'.

Hence G' contains all its limit point ,so G' is closed .

Let us suppose H is closed subset of the metric space M .and we have to prove that the open ball
B[y, 6] doesn’t contain any element of H .

Then y € H which is a contradiction that y € H'
Hence, there is an open ball B[y, §] entirely lying inside H'.
Hence H is open.

Q-: using above then prove that F; U F, is closed, when F;, F,closed subsets of the metric space
are M.

Proof -: it is given F;and F, are closed
= Fjand F, are open subsets of M
= F| N F; are open in of M.
= F/ N F, = (F; UF,) Which is open in M

= F;, UF, is closed (- its compliment is open )
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Theorem-: let (My, p1) and (M,, p,) be metric spaces and let  f: M; - M, then f is
continuous on M, if and only if f~1(G) is closed subset of M; whenever G is closed subset of
M,.

Proof -: necessary part -:

Let us suppose f is continuous on M,
Given G 1is subset of M, , which is closed
= G'is openin M,
= f~1(G") is open subset of M;

GUG =M,
We know, f~1(G') U f1(G) = M,
= f1(G") is closed subset of M,
Sufficient part -: Given f~1(G") is closed subset of M, and
G is closed in M,

We have to proof that f is continuous on M,

G is closed in M,

= G' is open in M,
Given f~1(G") is closed in M,
o f7Y(G") is open in M,
~ f71(G") is open in M;whenever G’ is open M,
~ f is continuous

Cluster point and dense set

NOTE -: if (M, p) is any metric space and A € M then A is always open in the metric space
(A, p) even through A is not open in M.

NOTATIONS -: let A € M (where M is a metric space) and it a € A,
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Byla,r] ={x € A|p(a,x) <r}
Byla,r] ={x e M| p(a,x) <r}
Examples -:(1) A =[0,1] € R
B,[0,r] ={x € A| p(0,x) <1}
Byl0,r] ={x e M| p(0,x) < r}
(2) Let (M, p) = R and (A, p) = [0,1]
Then B[0,%] inR = (32)
B[0,2] in 4 = |0,7)
Theorem -: let (M, p) be a metric space and A be proper subset of M(A c M). Then the subset

G4 of A is an open sub set of (4, p) if and only if there exits an open subset G, of (M, p)such that
GA = A ] GM

Proof -: necessary part -: let us consider G4 be an open subset of G4
Given A is a proper subset of (M, p)
Leta € Gy
= For 1, > 0,3 an open ball B4[a, ] contained in G,4.
Define Gy = Ugeq, Bula, 14l
= G 1s an open subset of the metric space M.
Now ,Gy NA =Gy
We have to proof thatGy, is open in (4, p)
Given Gy, 1s open .
= There must be an open ball By [a,r] € Gy
= Byla,r]nAcGynA
= Byla,r] € G4

Hence G4 is open .

Connected -: let (M, p) be metric space and let A be the subset of M .if A has either of the
properties
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e Itis impossible to find non-empty subset A;, A, of M suchthat A = A, U4, ,A  NA, =
®A NA, =0

e  When (4, p) is itself regarded as a metric space then there is no set except A and @ which
is both open and closed in (4, p) ,then A is said to be connected .

Theorem-: let (M, p) be a metric space and let A be a subset of M then if A has either one of the
following properties it has the other (above (a) and (b) properties ) .

Proof -: let us consider (a) holds and we have to proof that (b) also holds .i.e a = b

i.e. if not let us suppose (b) does not hold

i.e. there would be a nonempty proper subset of A4, i.e. A; which is both open and close in A

letA, = A— A,

= A, would also be both open and close in A4 .

If x € M is a limit point of 4,

ie. x EA,

= x € A; (ifx is in A; then x would be in A — A,. So A, is not a closed set )

~ANA, =0

Which is a contradiction

Similarly we can show that A; N A, = @which contradictions are.

Considering (b) holds we will prove (a) holds

ie. (b)) = (a)

let us suppose consider(a) doesn’t hold

i.e. there would exist non-empty proper subsets A;and A, of M such that A = A; U A,
AlNA, =0
ANA, =0

Let G = M — A, (we know if E is any subsets of a metric space M then E is closed )

A, is closed G = M — A, is complement of A,
Hence G is open
Given A, N4, = @

54,cG (~G=M-A4,)
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~GNA=A

Hence A; is an open subset of (4, p) --------- (1)

Similarly we can show that A, is open subset of (4, p)
A =A—-A,

Thus A, is closed ----------- (2)

Combining (1) and (2) , we get

A, is both open and close in (4, p)

Which is contradiction to our assumption that (b) holds .

=~ 1f (b) is true then (a) is true

Theorem -: The subset of A of R’ is connected if and only if whenever a € A,b € A be A with
the condition a < b be A with the condition a < b then ¢ € A for any c such thata < c <b.

Proof -: necessary part -: letus A € R’ is connectedand a € A,b € Awith a < b
Let us assume a number ¢ € R — A with the conditiona < ¢ < b
LetA; = AN (—oo,c)and A, = AN (¢, —0)

Then A = A; U A,

Ifx €A,

i.e. x is a limit point of a sequence of number of (—oo, ¢)

>x=<c

>x & A,

Hence A, N4, = @

Similarly we can show that A, N 4, = @

JA;,A, suchthat A=A, UA,,A,NA,=0,A,NA, =0
Hence A is not connected which is a contradiction to our assumption
- our assumption is wrong

i.e. c € Awhenevera<c<b
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sufficient part -: let us suppose consider A4 is not connected
= 3 nonempty set A;and A, suchthat A=A, UA, , A ,NA, =0, A NA, =0
Let us consider a; € A; ,a, € A,

=>a, #a,
Let us assume a4 < a,
Now we shall prove that (a;,a,) ¢ A
Let B be the set of all x € A; such that

a, <x<ap

i.e. B = Al N [alaz]
hence B is nonempty bounded set of real numbers . Hence B has the least upper bound i.e. a

Hence a € B

= B c A,

=>BcA;

>a€ei

sa¢d, ~A,NA, =0
Buta € [aq, a,]

A< a<ag

But eithera € Aora & A,
Ifa ¢ A, thena # a,

>a >a

sy <a<azand ag A

IfacecAthena € A, (@ ¢ A,)

~ a is not there is a number ¢ € A with the condition a < ¢ < a,
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Combining (1) and (2) we conclude that
(ai,a;) € A whenever a, € A, ,a, € A, witha, < a, .

Theorem -: let f be continuous function from , metric space M;(domain of the function ) is
connected then the range of f is also connected .

Proof -: Given f: M; — M, is continuous

We have to prove that range of f etc

A = f(x),V x € M, is also connected

Let us consider of not that A4 is not connected.

Let A € M, which is not connected

= 3 a non-empty proper subset of A which is both open and close in A.
~ it is contradiction to our assumption that A is not connected .

-~ for a continuous function f from a metric space M; into another metric space M, ,if M; is
connected then the range of the function is also connected .

Definition -: (characteristics function )-:

0OifxeM—A

A function defined as Y (x) = { lifx€A

where A € M and M is metric space is known

as characteristics function of A.

Theorem -: let M be a metric space .then M is connected if and only if every continuous
characteristics function on M is constant .

Proof -: necessary part-: Let M be any metric space and 1) be the characteristics function of
Ac M.

ie. Y(x) = {0 ifl);fexMe;A or (x ¢ A)

We know {1} is closed in the metric space M.

P =4 - (1) is also a closed set in the metric space M
~ M — A is open in the metric space M

v l0)=M-A

Which is also closed in the metric space M
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sM-(M—-A)=A - (2) is open in the metric space M
Combining (1) and (2) we conclude that 3 a set A € M which is both open and closed .
Hence M is not connected

Which contradictions to our assumption that 3 a characteristics function

_(0ifxeM—-A
l/’(x)_{ lifx€A

Sufficient part -: conversely suppose every continuous characteristics function in the metric
space is constant.

LetAc M

Yx)=0o0oryY(x) =1VxeA

And we have to prove that M is connected ,

If not ,

i.e. let M is connected

3 A c M such that ,A is both open and closed
Lety(A) =1oryY(A) 1 =4

Now ,{1} is both open and closed in M

Which is not always true .

i.e. a contradiction

Hence M is connected.

Theorem -: if A; and A, are connected subsets of metric space M and if N A, = @ , then
A; U A, is also connected

Proof -: let 1 be continuous characteristics function on 4; U 4,
Letx € A, UA,
ie.x EAjor x€A, (asA1NA, =0)
x €A =2Yx)=x
As A is connected
Similarly ¥ (x) = x, for x € A, (as A, is connected )

l/)(x) = xO fOI‘x S Al UAZ
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Hence A; U A, is connected .

Such that

Definition -: (bounded ) -: (1) let (M, p) be the metric space then the subset A of M is said to be
bounded if there exist a positive number K such that the distance between p(x,y) < K,V x,y €
A.

(2) if A is bounded then there is a diameter of A is denoted by .
diam A =L u.b p(x,y)forx e A,y €A
(3) if A is bounded then distance of A is diam A =

(4) let (M, p) be a metric space . the subset A of M is said to be totally bounded if given € > 0 3
finite number of subsets A; A, ..........A, of M such that diam A, <€ (for K = 1,2,.......n)

and A = Uj-, Ak
Theorem-: if the subset A of the metric space (M, p) is totally bounded then A is bounded .
Proof -: Given A is totally bounded.
= 3 Non-empty subsets A; A, .........A, od M
Such that diam A, < 1 (fork =1,2,3.....n)
And A = Uj-, Ay
Let a; be any point in Aj
LetD = p(al,az) + p(az,a3) +p(az, a,) + o o... +p(a,_1ay)
Letx,y € A, where € A; ,y € A; for some i and j
Assume i < j
p(x,y) < pCr,a) + p(a;aic1) + p(Qir1, Aivz) + - oo +p(aj-105) + p(a;,y)
Since diam A, < 1
Hence p(x,a;) < 1 and p(aj,y) <1
=>pxy)<1+D=1.- p(x,y) <D+ 2 Hence A is bounded .

Corollary -: A subset A of the metric space R, is totally bounded if and only of A contains only
a finite number of points.

Proof-: necessary part -: (A contains only a finite number of points )
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Let A is a subsets of the metric space R is totally bounded .
diam Ay < 1and A = U}, Ay .

To proof ,A contains only a finite number of points

Let a; be a points in Ay,

Let A, = Blay, €]

Asap(xly):{oifx: ian

And we know in R; every open ball contains only one element
As there are only finite numbers of sets Ay A, .......... A,
There are only finite number of points also .
Sufficient part -: Given A is subsets of R; which contains only a finite number of points .
To prove that A is totally bounded .
Let there be only finite number of sets4; A, ..........A,
Then in R; every open ball contains only one element
Ay = {ar} = Blay, €]
= diam A, <€ And A = U}, Ax.

Hence A is totally bounded

Definition -: let A be subsets of the metric space the subsets B of A is said to be € — dence
where € > 0 if forevery x € A,3y € B such that (x,y) < €.
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1.e. B is € — dence in A of each point of A withen € distance from some point of B

Theorem-: the subsets A of the metric space (M, p) is totally bounded if and only if for every
€ > 0, A contains a finite subset {xl,xz e e xn} which is € — dence in A

Proof -: Necessary part -

Given a subset A of M is totally bounded

fixe > 0

diam Ay < € And A = Uj-, Ay

Letus assume A, #0 for (k=1,2,..n)

If aed; (k =1,2,..n)

= the subset {al,a2 s an} is€ —dencein A

= if A is totally bounded then A has finite number of € — dence set.

Sufficient part -:

Conversely suppose A has finite subset which are € — dence in A
And we have to prove that 4 is totally bounded

Let x;€A4;

Let A; = B[ x;,€/n] covers totally A

diam A; < e and A = UL, 4;

Hence it is totally bounded.

Theorem-: let (M, p) be metric space , the subset A of M is totally bounded , if and only if
every sequence of points of A contains Cauchy sub-sequence .

Necessary part-: Give A € M is totally bounded.

We have to prove that every sequence of points A contains Cauchy
Sub-sequence.
Let {x, };=1 be a sequence of points of A
A is totally bounded .

i.e. Ais covered by finite number of sub-cover whose diam < 1

One of the set is A, contains {x,, }
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For initially many values of n,
Choose any n; € I such that x, € A,
We know A; is totally bounded.

Hence A; can be covered by finite number subsets
Whose diam < %

Let A, be one of sub covers of A; most contain {x,, }
For infinity many values of n
Letn, be any integers > n; such that x,,, € 4,

Continuing in this way for n, € I subsets A, of Ay_1

With diamA,, < % and the sub sequence x,, € Ay of the sequence {x,};-;.

Since Xy, Xny,y s Xngy, o oo all are in Ay

And since diamA4;, < %

= {Xn, Jr=1 is a Cauchy sequence of {x,,};-,
Sufficient part -: Given every sequence of points of a contains a Cauchy sequence.
We have to prove that A is totally bounded
Let us assume A is not totally bounded.

3 € > 0 such that A Contains no finite € — dense set .

Ifx, €A

{x,} is not € — dense A.

~ 3 x; € Asuchthat p(xq, x3) =€

= p(xy, x3) =€
Continuing in this way we get

{x,}m=1 of points of A such that p(xq, x;) =€
The sequence {x,}y=; no Cauchy sub- sequence

So which is a contradiction. Hence our assumption is wrong

~ Hence A is totally bounded .
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Complete metric space —

A metric space < M, p > is said to be complete. If every Cauchy sequence of points in
M converges a point in M.

Example- In metric R’ every Cauchy sequence of points in R’ converges to a point in R’. Hence
the metric space R’ is complete.

Or show that I? is complete.
Proof —let s, s®@), ... ... be Cauchy sequence of point in 2

We must show that s € [2 such thats® s as n— b

= s Ttself is a sequence, thus let the , K™ term of the sequence s™ will be s

[oe)

ie. s = {S,E")}kzl

1

ls®l, = [Spos T

= s, * = 2z

2 81,52, 53) et vee v v+ IS @ cauchy sequence in 1>
For e> 0, 3 NE€I

Such that p[s™,sM] <€ (n,m = N).

> [|s™, s, <e mm = N)......... (1)

Form =N

s, s <e

Forn >N

s, = s = s™ +5®| <€ +[|s®],

ILe. forsome A >0

Is®]], < 4

Hence, for some fixed K € I we have

s = 5] < s - 5| <€
2

= For, some fixed € i ,
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A sequence, {S,En)}k is a Cauchy sequence in R’.
=1

Let s denotes a sequence { (n)}
k=1

We have to show that , s € [?

Now , from equation (2) we get ,
2
B, =zt <
Hence any integer i.e. 1 € [

I OLISY
Yk=15, <A
= s = {sg}pey is inl?

From equation (1) we get,

k= 1( ) Slgm))z <t
Forl el

Yk-1(St — Si1)? <€?
Again, using

(n)

lim,,_,, 5, © = s, we have

2
TE(s - s <
There for

~p(sts) = |Is™ —sll; <€

Hence s’, s2 converges to s in [2
Hence [? is complete.

Theorem -: if < M, p > is a complete metric space and H is closed subset of m then < 4,p >
is also complete.

Proof-: let [x,]y=, is a Cauchy sequence of a point in < A4,p > since A is a subset of M is
closed.

Hence,[x,]n=; is a Cauchy sequence of points converges to a point in A.
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Le. lim,o{x }ne; =xandx € A
Hence < A, p > is a complete metric space.

Example -: [0,1] is closed subset of R'(R’ is complete) hence [0,1] is also a complete metric
space.

Theorem — : let < M, p > be a complete metric space for each n € [ , let F,, be closed bounded
subset of M such that

(1) FioF,DF ... ..o DF and
(i1) Diameter of f,, = 0 as n = oo then N;—; F, contains precisely one point

Proof -: For eachn € |

Let can be any point in F,

By condition (i)

Apy A1y Agag won wee een e een s € Fy

Given €> 03 N €] such that diamF, <€

s {an}n=1 is a Cauchy sequence

Given M is a complete, i.e. there exista € M S.T.
lim,,.a, =a

As f,, is closed and bounded, then the limit point a € f,
a€Npi by

IfbeEMandb # a

Then p(a, b) diam f,

If n is sufficiently large

Therefore b & N1 F,

i.e. Ny=; F, contain precisely one.

Contraction —:

If < m, p > be a metric space if T is a mapping from N— M , T is said to be contradiction on
M if a € R st

p(T. Ty) < ap(x,y)

Notation -:
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T, = T(x)
T? =ToT
T3 =ToT?
T™ = ToT™ 1!

Example -: if u = {u,}5-, € [
up)®
u={3},_,
If v = {v,}5, € [? is any other point in [?

p(TyTp) = ITy + Tl
= [Z%Zl (uz—” + "7")2]5
= ((1)71)5 (55 (n + 2)2 ]

2

1
= 3 ”un + Un”Z

= %p(un + vn)

Hence it is a contraction.

Theorem -:

Let < M, p > be complete metric space if p is a contraction on m, then there is one and only
one point x in M, such that T, = x .

Proof-: letx,y € M

Given T is a contraction on M

Here p(T2,T2) < « p(Ty, Ty) <<? p(x,y)

Fornel

p(T2,T)) < p(TP LT < a?p(TP2, T %) < a™p(x,y)
Now choose any point x, € M , such that T, , Ty,

fcxy =Ty X =Tg X = Tt

We shall 1% show that {x,,}%_, is a Cauchy sequence
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Form,n€ /[ (andm >n)letm=n + p

We have p(xn:xm) = p(xn; xn+p) = p(xn; xn+1) T +p(xn+1;xn+p)
p(x,y) < px,2)+p(y,2)
<™ p(xg,%x1) + @™ p(xg, %) + e cev e+ P (0, x1)

= ™ p(xg,x1) Xp=oa™
= a"p(x,x)(1 —a)™t

We known lim,,_,,, a™ =0
& p(xy, X)) <€ (small +ve value taking n, m sufficient large)
Hence {x,,};=; is a Cauchy sequence
Given n is complete and every Cauchy sequence is converges , 3 x € M
Such that lim,,_,, x,
limy oo Ty = Ty v, 2)
{Txn}:lozl is sub-sequence of {x;,; }y=o
Hence it must converge the same limit point to x,, converges
Le lim, T, =X
Combining (2) and (3) we get
T, =x
Let y¢ M suchthaty # x
That we have to show that y is cant a fixed point
Let us assume that y is a fixed point
=T,=y
= p(x,y) = p(T, Ty) < ap(x,y)
~p(x,y) # 0 finally we get p(x,y) < ap(x,y)
1<a
Hence it is a contradiction

s our assumption is wrong
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~ yisnota fixed point
Hence only precious fixed in M

Compact metric space:-

The metric space < M, p > is said to be compact, if < M, p > is totally bounded and complete
and complete metric space then we say it is compact metric space.

1: R" is not a compact metric space because it is not totally bounded, where it is a complete
metric space.

2: [1,2] is any closed sub set in R'. we known R’ is complete
Hence [1,2] is also a complete metric space
Again: [1,2] set is totally bounded hence it is compact.

Any open interval is not compact as it doesn’t contain all its limit points i.e. open interval is not a
complete metric space , hence it is a totally bounded set .

Theorem

The metric space < M,p > is compact iff every sequence of points in M . as sub sequence
converging a point in M.

Necessary part
Suppose that M is compact
We have to show that every sequence of point in M
As sub sequence converges a point in M .
Let {x,, };=1 be sequence of point in M
Since M is totally bounded
{xn}n=1 has a cauchy sub sequence {xj}r=1
Again as M is complete it is convergent to a point in M
Hence every sequence of M is subsequence convergence to point in M
Sufficient part-: Conversely every sequence in M is sub sequence converges a point in M
We have to show that M is compact
Since every sequence of point in has subsequence M is totally bounded

Again it is given that every sub sequence is convergent in M i.e.
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limy 0 Xp, = X

= {x,} is convergent to same limit point x
re. limy_ o, x, =x

= M is complete

So M is both totally bounded and complete

Hence M is bounded

Heine-Bonel property-: The metric spaceM , is said to have heine-bonel property, if whenever
F is open covering of , then there exist, finite number of sub sets Gy, Gy, ... ... ... ...., G, 1s still a
covering of M .

Theorem -: If Mis compact metrics then M as the Heine-Bores property

Proof -: Let us suppose the contradict, i.e. for some open covering no finite number sets in F
From a covering of M

Given M is totally bounded

= M can be written as U finite number of bounded sub set each of which diameter less than 1 .
One of these subset let it be A , it is covered by finite number set F

Otherwise M could be covered by finite number of sets in F

We know diameter of A; = diameter A,

A; Closer is closed subset of M

Whose diameter less than 1

Which can’t be covered by finite number of sets in F

Since it is totally bounded

By same assumption, there exist A, of A; with diameter less than %

A, Can’t be covered by finite number sub sets in F
Continuing in this way forn € [

The existence 4,, € M

>A;0 A, D Ag e Ay D Apiq
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Where diamA4,, < %

x € N, A, Contains precisely a one point
Letitbe xi.e. x € No=y 4,

Since f is covering of M therisasetc in f

There 1S a set G in
G is open C

+ F is open covers

3 r > 0 such that B(x,r)is contained in G

But L € [ satisfies % < r then diameter of Ay < % <r

Since x € Ay = Np=1 Ay

We have Ay € B[x,r] € G

Hence G alone covers n closure which is contradiction.

Hence our assumption is wrong

f such

If m is compact , therefore it has finite no of subset which covers m

i.e. m satisfies Heine-Bonel property

~ M is covered M has Heine-Bonel property

that

Theorem -: if the metric space M has the Heine-Bonel property then M is compact.

Proof -: let M be the metric space with Heine-Bonel property

Let {x, };=, be a sequence of point of M.
Let us suppose each point x in .
There were an open ball B,
For only finitely many values of n
The family of open ball B, which contained {x,,}

For finitely many values of M.

The family of such open ball B, be an open covering M is open covering of M.

By hypothesis M could be cover by finite number of these open ballB,

Since which is impossible.
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~ Each B, containing x,, for only finite number of values of M
Hence there must be some points x in

Such that for every open ball about x contained {x,,} for infinitely many values of M.

3 n, € I such that {xnl € B[x, 1]}
Similarly n, > n,such that {xnz €EB [x, %]}
In the singularny ,n,_, € I such that x,, € B [x, %]

~ The sub-sequence {xnk}:_l is Cauchy sub-sequence {x,}n-; which converges to x in M

Hence M is complete.

Definition -: let A be family of f a sub sets of these M is said to have infinite intersection
property, if the intersection of any finite number set in F is never empty, l.e. F}, F, .......F, €
F NE_, E, # ® we can say n has finite intersection property

Theorem-: let F be continues function from the compact metric space M; , into a metric space
M, , then the range of F(M;) in M, is also compact.

Proof- let G be any open covering of F(M;) for each GE G , the set F~1G is also open subset of
M

The family of all (G) F~1G is an open covering of M,

Hence every open covering M; admits the finite sub-covering i.e. finite number of sub sets
F~1(G)),F~1(G,) ... ... ... ...F~Y(G,) for a covering for M.

But G4, G, ... ... ..... Gy from covering for (M;) .
The family of open set G covering F (M;) is finite,
Hence F(M;) is compact.

Continuous function on compact metric space

Theorem -: let f be a continuous function from the compact metric space M into the metric
space M,,then range of f(M;) is also compact.

Proof-: Let G be any open covering of f(n) for each G the set f1(G) is an open subset of N
The family of all such f(G) such for GEG is an open covering of N

Given N; is compact
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Every open covering of N admits finite sub covers

- finite number of sets f~1G,............... (G,

From a covering of M

But G,G5 ... ... ...... .... G, from a covering of f(m) .......... 1e.

The set G1 G, ... ... ... ... .... G, of finite set covering f (m).

Here ,f (m,) is compact.

Continuity of the inverse function -:

Theorem -: If F is a one-one continues function from the compact metric space M ,

Onto the metric space M, then F' is continues on M, and hence F is a homomorphism of m onto
M,

Proof -:To show that F~1 is continues we must show that
If f is any closed subset of m

Then the inverse image of funder f~1 is f(f)

We have to show that if f is closed in H

Then F(f) is closed in M,

F itself is a compact metric space

The range F(f) is also a compact metric space.

Example f(x) =v2

We will prove that f is continues on [0, o]

For any N€ I the function f defined by I(x) = x? is a one-one continues function from the
compact space [0, N] into [0, N?] .

Hence f~1 is continues

Definition -: let F be a function from set A into a metric space M. F is said to be bounded if its
range F(A) is bounded subset of M.

Note -: f be a continuous function form the compact metric space M, then the range of F(M;) of
is a bounded subset of M,

Note -: if the real valued function f is continuous in a closed bounded interval in R’ , the f must
be bounded .

ADVANCE ANALYSIS



ADVANCE ANALYSIS

Definition -: f is real valued function on set ,f attains a maximum value at a € A4 if f(a) =

f(x) (x € A)
Example -: f(x) = x? (—1 < x < 1) then attains maximum atx = 1 ,and x = —1
g(x) = x? (= < x < ) g Clearly doesn’t attains maximum value.

Note -: Real valued function on set A is not bounded above then f cannot attain a maximum at
any point of A

Theorem; - prove that, if A is a set of M in metric space (M, p) then diamA = diamA
Proof —letr > 0

Letx,y€ A
:>B(x,§)nA¢(Z), B(y,g)nAi(Z)

Choose x', y' such that x" € B (x, g) NA,y €B (y, g) NnA

Now d(x,y) < d(x,x") +d(x',y)
<d(x,x")+dly,y)+d,y)
< §+ g + diam(A) = r + diam(A)

= diam(A4) < diam(4) +r

ie. diam(4) < diam(4) ..........(1)

but we know A c A

diam(A) < diam(A) c. v e veecev .. (2)

From (1) and (2)

diam(A4) = diam(A4)

Uniform continuity

Definition -: let < M, p; > an < M,, p, > be a metric spaces if F: M; - M, we say that f is
uniformly continues on m , if given €>0 36 >0 such that p,[f(x), f(a)] <€
theorem

Let < m, p; > be compact metric space if f is a continues function from m, into metric space
< my, p, > then fis uniformly continues on M.
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Proof

F is continues at each a € N given €> 0,31 > 0 s.t

plf (), f(@)]5

Let the family of open ball , R [a, g] V a € m, G an open covering of M;.

Here are finite no of such open ball i.e. B [al, 72_1] .........

™

Now let § = min(rz—l... e

Foranya € N

We have for some j=1 ...na € B
So p(a,aj) < g

Now, if p;(x,a) < 6,

Then p(x,a) < 7-2_1

= p(x, @j) <rj

We have

p2(f (), f (@) <=
And p,(f(x), f (@)) <€

= p(f(x), f(a)) <€ for § = min(ry, ... ... ...

We have V at M

pZ(f(x)lf(a)) <€ (,0’ (x, a) < 6)

~ f is uniformy continues
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