Solutions of Homogeneous Linear Partial Differential Equations of second and higher
order with constant coefficients

The general form of a Homogeneous Linear Partial Differential Equations of nth order with
constant coefficients

oz oz oz 0"z 0"z
Qo axn ta ax"=19y +a dx"=29y?2 tortanag dx oyn-1 +an oy" =R (X, y)-“(l)

where a,, a4, a,, ..., a, are constants.
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Here denote D =—-, D’ (D dash) = %" D" =——, PIVCREE

ao D™ + a; D™D’ + a, D" ?D"* + ---.+a,_; DD ' + a, D" = R (x,¥) ...(2)
This is of the form F(D,D’)z=R(x,y)-----(3)
Then F(D,D*)z=0....... (4) is the homogeneous Linear P D E.
Its Auxiliary equation can be obtained by replacing D by m and D by 1
i.e., F(m,1)=0 ------ (5), it has n roots m,, m,, ms, ....m, which are real are complex.
Working procedure to find Complementary Function:
Case 1: If the roots are different, then the complementary function is
C.F. =:(y + mix) + 0,(y + mpx) + @3(y + m3x) + -+ + @ (y + myx),
Where ¢4, @, @3, ..., @, arenarbitrary functions.

Case 2 : If the two roots are equal , m;= m,= m (say) and the others are diffrenet then the
complementary function is

C.F. =¢;(y + mx) + x@,(y + mx) + @3(y + mzx) + -+ ¢, (y + myx)

If the three roots are equal , m,= m,=m5; = m (say) and the others are diffrenet then the
complementary function is

C.F. = (y + mx) + x@,(y + mx) + x2¢@3(y + mx) + @, (y + myx) + -+ @, (y + my,x)

Working procedure to find Particular Integral :
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The Particular Integral of (1) is P.l = O0)

R (x,y)



Type 1: Let R (x,y) = e®*+by

1
f(O.D)

ThenP. | = e®*by pyt D=aand D' =b
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eax+by
f(a,b)

If f(a,b)#0, thenP. 1=

If f(a,b)=0, then D- % D’ ot its power will be a factor of £(D,D")

Type :1l LetR (x,y) = sin(ax + by)or cos(ax + by)

We have

D2 sin(ax+by)= -a? sin(ax+by), DD'sin(ax + by) = —ab sin(ax + by)
D’ sin(ax+by)= -b? sin(ax+hy)

f(D?, DD, D'*) sin(ax + by) = f(-a2, —ab, —b?) sin(ax + by)
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= —— +
P.1 PPy sin (ax+by)

Put D?=-a2,DD = —ab,D’* — b?
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Similarly P.I= ———-
f(D2,DD’,D')
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Type : 11l Let R (x,y) = x™y"
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P. 1 = 7o)

men: f(D, D')—lxmyn
If m>n, re write fiD, D)~ by taking the highest power of D, as [1J_r<p(%) 17t

. . . . D’
And expand using binomial series in powers of >



If m <n, re write f(D, D)~ by taking the highest power of D, as [11(,0(5) 1t
And expand using binomial series in powers of %.

Here %f(x, y) = [ f(x,y)dx,y as constant and &f(x, y) =
[ f(x,y)dy ,x as constant.
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Ex:1Solve the pde -5 -3 - +4 5= e

Sol: The givenpdeis (D3 —3 D2D’ + 4 D)z = e*+%

Its Auxiliary equation can be obtained by replacing D by m and D by 1
Auxiliary Equationis m3® —3m? +4 =0

= (m+1)(m — 2)?=0, which implies m=-1, 2, 2.

C.F. =90(y —x) + 9, (y + 2x) + x3(y + 2x).
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P.l = ——e®*bY pyt D=aand D'=D
f(D.D)
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Pl =———————¢*"2Y Put D=1and D' =2
D3-3D2D’+4 D’
- ; xX+2y — iex+2y
13-31.22+4 (2)3 27

The general solution is z= C.F+ P.1

2= 01(y = X) + 3 (y + 2x) + x5 (y + 2x) + X+,
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EX:2Solve the pde —— 26x6y+ PR

Sol: Thegivenpdeis (D? —2D D’ + D?)z = e**¥

Its Auxiliary equation can be obtained by replacing D by m and D by 1
Auxiliary Equationis m? —2m+1=10

= (m — 1)2=0, which implies m=1, 1.

C.F. =p:(y +x) + xp,(y +x)



P.l = —_e®+by pyt D=aand D' =b

~ 7(oD)
P.l = mex“’, Put D=1 and D =
=— 1 pxty= Loxty
12-2.1.1+1
SothatP. 1= f,(; ) e*ty= ﬁ e**Y( Derivative wrt x only)
Again , we get 0
SothatP. | = x eXty= x—zex‘“y
f"(p,D) 2
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P.1 =2 ¥y
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The general solution is z= C.F+ P.1

2
= (y+x)+xp,(y +x)+ x?e”y.

. 0%z 0%z
EX: 3 Solve the pde 2t 46x6y

92z_ .
-5 a—yi: sin (2x+3y)

Sol: The givenpd e is (D? + 4D D” — 5 D)z = sin (2x + 3y)

Its Auxiliary equation can be obtained by replacing D by m and D by 1
Auxiliary Equationis m? +4m—-5=0

= (m — 1)(m + 5)=0, which implies m=1, -5, real and distinct.

C.F. =¢1(y +x) + ¢2(y — 5x)

P.1 sin (ax + by), Put D?= -a%,DD’ = —ab,D’* — b?

__1
f(b,D)
__ 1 2— o2 r_ Y

Pl = >5p2 Sin(2x + 3y) , Put D*=-2%,DD = —2X3,D 3

= m sm(Zx + 3}7)

Pl = lsin(2x + 3y)
17
The general solution is z= C.F+ P.1

2= 01(y + X) + 9,(y — 5%) + —sin(x +y).



EX: 4. Solve the pde Z—: -2 %z 4 sin (x+y)

Sol: The givenp deis (D3 —2 D?D’)z = 4sin (x +y)

Its Auxiliary equation can be obtained by replacing D by m and D' by 1
Aucxiliary Equation is m3 —2m? =0

= m?(m — 2)=0, which implies m=0,0,2 , real and distinct.

C.F. =0:(y) + xp,(0)+e3(y + 2x)

P. | =ﬁsin (ax + by), Put D2=-a2,DD’ = —ab,D”? — b2
_ 1 . 3 _ 2— 12 21V — 1TV
P.1 —D3_2D2D,4sm(x+y),Put D® =D.D*=-1%.D,D*D' = —-1D
_4; 1 ( + )
=4 oy Sin(x+y
= 4%sin(x+y)

P.I= 4f sin(x + y)dx = —4 cos(x +y)

P.l = —4cos(x +y)

The general solution is z= C.F+ P.1

2= 1(y) + x0, (V) +@3(y + 2x) — 4 cos(x + y).

EX:5.Solve the pde (D?+ DD’ —6D?)z = x2y

Sol: Thegivenpdeis (D?+ DD’ —6D?)z = x%y

Its Auxiliary equation can be obtained by replacing D by m and D by 1
Auxiliary Equationis m*? + m—6 =10

= (m + 3)(m — 2)=0, which implies m=-3,2 , real and distinct.

C.F. =¢p,(y —3x) + p,(y + 2x).
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If m>n, re write fiD, D)~ by taking the highest power of D, as [1J_r<p(%) 17t
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On simplification we get P.l. = yxt _ x®
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Solution is z= C.F+P.I= ¢y (y — 3x) + ¢ (y + 2x) + > — =
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6.Solve PDE 223
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7.S0lvePDE 22— 2
ox
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x

3y 2sinx cos2y
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Hint: use 2SinA cos B formula
8. Solve the pde (D?—2DD’)z = e?*+x3y

9. Solve the pde (D?—DD’)z = e?**Y4+x2y + cosx cos2y.



