Problems on Rule 4:

2
1. Find the solution of d—g— ﬂ+4y =e* cos X
dx dx
2
Solution: Given equation is %—2ﬂ+4y =e* CcosX

dx

Given equation is non-homogeneous equation, whose homogeneous equation is,
(D*-2D+4)y=0
A.E. s,

m’-2m+4=0
mzlii\/g

The complementary function is,
CF.=¢" (c1 cos~/3x+c,sin \/§x)

The particular integral is,

e” cos X

:ﬁexw”
-2D+

Put D=D+a=D+1

Pl.=¢*

——COS X

D°+3

X

-1+3

=€

COS X

X

e
=—CO0S X
2

The general solution is,
y=C.F.+LF

y:ex(clcos\/§x+czsin\/§x)+%cosx
2. Find the solution of (D* -5D +6)y = xe™
Solution: Given (D*~5D +6)y = xe*"

Given equation is non-homogeneous equation whose homogeneous equation is



(D*-5D+6)y=0
A.E. s,

m?—5m+6=0
(m-3)(m-2)=0
m=3,2

Then, C.F.=ce¥ +c,e**

P.l.= e3x_|' xet*e ¥ dx — e“j xe**e?*dx

= e3x_[ xe*dx — ezxj xe2*dx
2X 2X
e e
=e3x(xex_ex)_e2x X .
2 4
4x

e4 (2x-3)

P.l.=

Therefore, the general solution is,

Yy=Y.+Y,
%
y =ce¥ +c,e” +T(2X_3)




4.2.3.1. Lecture-19
Problems on Rule 5:

1. Solve (D +1)" y = xcos x

Solution: Given (D +1)°y=xcosx

Given equation is non-homogeneous equation whose homogeneous equation is

(D+1)°=0
A.E. is,
(m+1)° =0
m=-1-1

The complementary function is, C.F.=(c, +c,x)e™

Consider,
P.l.= > XCOS X
(D+1)
2(D+1) 1
=| X— = 1— COS X
(D+1) -1"+2D+1
( 2 jsinx
= X-——|—
D+1) 2
X . -1 .
==sinX————sinx
2 D" -1
X . COS X —Sin X
==sinX+———
2 2
Hence the general solution is,
y=C.F.+P.l

y=(c,+c,x) e +Zsin x+%(cosx—sin X)

2
2. Solve d—¥—2ﬂ+ y = Xe” cos X
X dx

2

Solution: Given OI—2’—2ﬂ+ y = Xe” CoS X
dx dx



Given equation in the standard form can be written as (D2 -2D +1) y = Xe* cos X
Which is a non-homogeneous equation.
Its homogeneous equation is (D*—2D+1)y =0

A.E. is,

m?-2m+1=0
m=11

Then, C.F.=(c, +c,x)e’

Consider,
P.I.=2;xeX COS X
D°-2D+1
=g ! xcosx putD=D+1

(D+1)"-2(D+1)+1
:ex.é(xcosx)
1
=e Bjxcosx
P.l.= ex.i[xsin x—_[sin xdx}
D

= ex_[(xsin X +€0S X )dx

- eXJ'xsin xdx+exjcos xdx

P.l.=¢" [x(—cos x)—j(—cos x)dx}+exsin X

e*[-xcos x +sin x]+e*sin x
=e*[2sin x—xcos x]

The general solution is

y=C.F.+P.I

y =(c, +¢,x)e’ +e*(2sin x—xcos x)

y =e*[c, +¢,x+2sin x—xcos ]

4.2.4 Test Questions:



a. Fillin the blanks type of questions:

1. The solution of LV.P. y' +y=0,y(0)=2,y (0)=-1is y=

Answer: 2c0sX—sinx

2. The general solution of (9D”+6D+1)y =0 is

—-X

Answer: (c,+c,x)e?

3. The two linear solutions of (D*+a’y)=0 are

Answer: cosax,sinax

2X &

4. A particular value of —; is

————¢
D°-3D+2

Answer: e (x—1)

07 g COS3X =

—C0S3X
Answer:

>~ COsax =

D?+a

—X
Answer: — cos ax
2a

e*sinx =

2

(D-1)
Answer: —e”sin x

8. The P.1. of the equation (D*+2D+1)y=e *cosXx is

Answer: —e ¥ cos X

9. A particular value of %0053 X is



Answer: %(sin 3x+3sinx)

10. If sinxand cosx are two linear independent solutions of (aD2+bD+c)y:0

then

a= , b= Answer: b =0, ¢ =1
a

b. Multiple choice questions:

2
1. Which of the following is the general solution to ((jjxy 3dy -10=07?

In each case A and B are arbitrary constants.

Answer: (a)
2
Y 110% 4 25- 07
X dx

2. Which of the following is the general solution to

In each case A and B are arbitrary constants.
(a)y=Ae™ +Be™
(b)y = Axe™ +Be™
(c)y = Ae™ +Be™
(d)y=Axe>™ +Be™

Answer: (a)



3. Consider the differential equationz—jg—?yzo. Which of the following is correct
option?
(@) The roots of the Auxiliary equation are 0 and 7.
(b) There is no Auxiliary equation for a differential equation of this
type.
(c) The Auxiliary equation is a repeated root of J7

(d) The roots of the Auxiliary equation J7 and —ﬁ

Answer: (d)
2
2. Find the particular solution to %—3%—@:0 satisfying y(0)=0 and y (0)=5
(a)y=e'—e™
(b)y=e"—e"
(C) y= e _ gt
(d)y=e*-e"

Answer: (d)

3. The general solution of (D°~D)y =0 is

a)y=c, +C,X+Cx’

C)y=C, +C,COSX+C,SiNX

)
b)y=c,+c,e*+ce”
)
d)

None of these

Answer: (b)

4. TheP.l.of ————=
(D-1)"¢*



Answer: (C)

5. TheP.l. of sinax =

D?+a’

1 .

(a)gsm ax

(b)icosax
2a’

(c)icosax
2a

(d)—icosax

2a

Answer: (d)

———=sinx
g D°+D

(a)%(cos X +sin x)

(b)—%(cos X +sin x)

(c)%(cos X —sin x)

(d)%(—cosx+sin X)
Answer: (b)

1

9 TheP.l.of D-3



2)(

(a)

xlog2+3
) 700773
(C) IogZZX—B
(d) I0922+3
Answer: ( C)

10 The complete solution of (D —1)2 y=01is y=

—X

Answer: (a)

c. True or False questions:

1. The rule to find the particular integral y, =
f(D)by a
2 y, = CBH _ X sinax
' P D?+a’ 2a
1
3. =—————e" =xe"
Vs D*-2D+2

4 _ X _1 X
. yp—D4_1e cosx—ge COS X

(-1)=Ae*+Be™ -1

1
f(D)

e

*is replace always D in

Answer: F

Answer: T
Answer: F
Answer: F

Answer: T



1

0. :—eX:A+ Be3x—ex
Yo (D3—3D)
1 1
7. yp :BX:A_‘_EXZ

6. vy, :ésin X = (A+ Bx)—cos x

7.y, :(Z—D) xe* = Ae”™ +(x+1)e”

8.  If the roots are real and different then A.E. is (c, +c,x)e™

Answer: F

Answer: T

Answer: F

Answer: T

Answer: F

4.2.5 Review Questions:

d. Objective type of questions (Very short notes):

2
1. Solve d—¥—8d—y+l5y =0
dx dx

Solution: the roots of the auxiliary equation are 3,5

The general solution is Yy = c,e** +C,e**

2

2. Solve %w:o, y(0)=2, y[%j:—Z

Solution: the roots of the auxiliary equation are i

The general solution is Y = C, COS X +C, Sin X

Applying y(O) =2, y(%j =-2,weget, ,=2,C,=—2

3. Find the Particular Integral of (D3 +2D% + D) y =e?*

1 1
Solution: P.l. is given by, 3—26‘2X =—e¥
D*+2D*“+D 18



4. Solve (D2 + D+1)y: x*

Solution: the roots of the auxiliary equation are

14430
2

X
- 3 .| A3
The complementary function is e 2 (cl cos[%}x%zan?] XJ

1
And the particular integral is ———— X' =x* —4x®+24x-72
D°+D+1

Hence the general solution is,
y=g? (clcos[gJXJrczsin(g]x}rx“ —4x3 +24x -T2
5.Solve (D* +2D +2)y =€ +sin 2x

Solution: The roots of the auxiliary equation are —1+1i and the complementary function is

e™(c,cosx +c,sinx)
The particular integral for € is € * and the particular integral for Sin2X is

—%(ZCOSZX +sin2x)

. 1 .
Hence the general solutionis y = (¢, COSX +C,Sin x) — E(Zcos 2x +sin 2x)

6. Solve (D* —4)y = xsinh x +54x + 8

Solution: The roots of the auxiliary equation are 2,—2 and the complementary function is

ce” +c,e



) ) . e 2| e 2 )
The particular integral for XSinh X is —E X+§ +? X_§ and the particular

27
integral of 54X is —?X and the particular integral of 8 is —2

e 2| e* 2| 27
Therefore, the general solution is, Y = Cle2X + Cze_2X _E‘:X + §:| + ?|:X — —} ——Xx-2

7.5olve (D* —1)y =€ cos X

Solution: The roots of the auxiliary equation are 1,—1,£i and the complementary function is

X =X H
8" +C,e " +C,CoSX +C,Sin X

e* cos X

And the particular integral of € COSX is —

e cos X

. . X —X H
The general solutionis, Yy =C" +C,6 = +C;COSX+C,SINX —

8. Solve (D? —4D +4)y = 8x%" sin 2x

Solution: The roots of the auxiliary equation is 2,2 and the complementary function is

(¢, +c,x)e*

. 3) .
And the particular integral of 8x%€°*sin 2x is —2e** {Zx COS2X + (xz — Ejsm ZX}

3) .
The general solution is, Y = (¢, +C,x)e** —2e”* {Zxcos 2X + (xz — Ejsm ZX}

9. Solve (D2 +4)y = Xsin x

Solution: The roots of auxiliary equation is £2i and the complementary function is

C,COS2X +C,SIin2X



The particular integral of xsinxis %(—%cosx + Xsin xj

o : 1( 2 :
Therefore, the general solution is y = ¢, cos2x + ¢, sin 2X + é(—gcos X+ Xsin xj

10. Solve (D* —5D +6)y =e¢”sinx

Solution: The roots of the auxiliary equation is 3,2 and the complementary function is

ce¥ +c,e*

X

. (S .
The particular integral of €*sinX is E(sm X +3c0s X)

X

e .
Therefore, the general solutionis Yy = Cle?’X + Czezx + E(Sm X +3c0s X)

e. Analytical type questions:

[

10.

.Solve (D* +1)y = x*cosh x

. Find the complete solution of (D*+16)y =0
. Find Z;XZSMX
D°-4D+4
: : d?y :
. Find the solution of F+4y = Sin3x + €0S 2X
X
2
. Find the solution of d—2’+5ﬂ—6y =sin 4Xcos X
dx dx
. Find the complete solution of y*' +5y" —6y =Sin4xSinx
. Find the complete solution of y*' +2y = xe* +€* cos 2x
2
. Find the solution of d—¥—4ﬂ+3y = 2xe> +3e* cos 2x
dx dx
. Find the complete solution of y*' +4y =e*Sin °x
. : d’y  dy -
Find the complete solution of ——-4— -5y =e** +3cos(4x+3)

dx? dx



a. [Essay type Questions:
1. Solve (D® +4D +13)y = 2e”*

Solution: Given (D* +4D +13)y = 2¢™
AE.is m>+4m+13=0, herea=1b=4,c=13

-m—_bim—_4i 16-52 _—2i6_ .,
SN = 24 - 2 N 2 B B

- C.F.=e¥(c cos Bx +c,sin fx) =e " ((c, cos3x + ¢, sin 3x))

P.I.=2;(2e’x)= 2—— 1 eX =2t g =L
D?+4D+3 (-1)" +4(-1)+13 10 5

—X

The general solutionis y =C.F.+P.l.=¢”* ((cl C0s3x +C, Sin 3x)) + %e

2. Solve

(D®+3D -4}y =sinh2x+7
Solution: Given (D°+3D—4)y =sinh2x+7
AE.ism’+3m*°-4=0, m=-12,2.

CF.=ce™ +(c, +c;x)e

2X —2X
u + 7
2 e2x e—2x . 7

P.l.is yp: D3+3D—4 :2(D3+3D2_4)_2(D3+3D2_4) D3+3D2_4




1 e
Yo =35 putD =2
" 2(D+1)(D-2) [ J
X2 2X
_EEe _X2e2x
2 3 12
_21e2x
= PutD = -2
ypz (D+1)(D—2)2 [ ]
_E e—2X _e—2x
- 2(-1)(16) 32
7 1 0.x
= =7 .
o = D7i3D? 4 D 43D 4"
_!
4

General solutionis y =y, +y, +y, +Y,

X2e2X e—2x 7

+
12 32 4

. Solve (D®-3D%+4)y=(l+e")
Solution: Given (D® —3D? +4)y = (1+e—x)3
AE.is m*-3m*+4=0,

i.e. (m +1)(m—22) =0, m=-12,2,



(D*+5D—6)y =sin4xsinx C.F.=y =ce™ +(c, +C,x)e*

) 1+e +3e % + 37"
Now P.I is =
Yy D®-3D?+4
1 g ¥ 3 3
=13 2 T3 2 T3 2 T3 2
D°-3D“+4 D°-3D°+4 D°-3D°+4 D°-3D°+4
= ypl + ypz + yp3 + ypA
Now = utD=0
Yo D®-3D% +4 P
_1
4
e—3x
= utD =-3
ypz D3 _3D2 +4 (p )
e—Sx e—3x
T 27+ 27+4 4
3e—2x
= utD =-2
Yo, D®*-3D*+4 (p )
I -
-8-12+4 16
3e*
Yo, = (putD =-1)

(D+1)(D*-4D+4)

—X —X

_oxet xe
14444 3




o . 1 e 3 xe
General solutionis Yy =Cg¢ +(02 +c3x)e +—+ + +
4 4 16 3

4. Find the complete solution of
(D?+5D-6)y =sin4xsin x

Solution: Given equation is
AE.is m*+5m-6=0, m=-6,1
The roots are real and distinct .
- C.Fisy, =ce ™ +c,e*

sindxsinx _ 1 2sin4xsinx
D?+5D-6 2 D?’+5D-6

1[cos3x—c035x}_1{ cos3x  cos5x }
D?+5D-6 D’+5D-6

Plisy, =

D?+5D -6 2

2

1 cos 3x )
== utD*=-9
Yo 2[D2+5D—6} (p )

_1{0053@ 1{0053“}_ 1{M} (putD? =-9)

“2|5D-15| 10/ D-3| 10| D?-9

_ 1| -3sin3x+3cos3x | _ —sin3x+cos3x
10 -18 -60

_ sin3x—cos3x
60

_1 cos5x
2 D?+5D-6

1 COS5x 1 cosbx

- 2°-2545D-6 2 5D-31

Y, = (put D* =-25)

_ —25sin5x +31c0s5x
2(—625—-961)

_ 25sin5x —31c0s5x
3172




L 6x . Sin3x—cos3x 25sin5x—31cos5x
General solutionis Yy =Ce " +C,e" + +
60 3172

5. Solve the differential equation (D®+1)y =cos(2x~1)

Solution: Given differential equation is (D°+1)y =cos(2x~1)

AE.ism*+1=0

:(mjtl)(m2 —m+1)=0

M= _1,14_r i3
2
x/2 \/§X \/§X

~.C.R=ce™+e""| c,co0s——+cC,s5in—
2 2

1
P.l.= cos(2x-1
D3 +1 ( )
Putting D*=—4

_ 1 v 144D 3
P.I.= 1_4Dcos(2x 1)_1—16D2 [cos(2x-1)]

Again putting D* =—4

P.l.= i[cos(Zx—l)—Ssin(Zx—l)}
65

General Solution is y =C.F.+P.1

=ce “+e

. \/§x . \/§x 1 .
/2 €, C0S =+ C,Sin—= +g[cos(2x—1)—85|n(2x—1)]



6. Solve (D°-D*-6D)y=1+x’

Solution: Given equation is (D° —D* —6D)y =1+ x*

D3, D*,...)

AE.ism*-m?-6m=0, m(mz—m—G):O
=m(m-3)(m+2)=0,
..m=0,3-2

~CF=y, =ce™+ce”+ce™

_%1,%[1_([’;[’2]{[’;[’2)2_....](1+x2)

_ 2 2 4 oR3
_t1i, b, b D+D-20 (1+x2)
6 D 6 6 36

—1{1 1 D D 2D’

. +—+—- 1+ %) (ignoring the terms containin
D 6 6 36 36}( ) ignoring nine



e Y R S
6|18 6 3 6 9

General solutionis y=y +Y,

125xx_2+x311
18 6 3 6 9

y:cl+cze3X+c3e’2X—€. -=-=

7. Solve (D*+3D+2)y = xe"sinx
Solution: Given Equation is (D? +3D+2)y = xe"sin x

AE.is m2+3m+2=0:>(m+2)(m+1):0:>m=—2,—1

—X

. CFR=ce™+ce

xe* sin x « XSin x

Now P.1.= — —e :
D°+3D+2 (D+1)"+3(D+1)+2

_x  XsinX
D?+5D+6
o xo 2D +5 sin x
D*+5D+6 |-1+5D +6
X{ 2D+5 } sin x
=e*| x—
D?+5D+6]5(D+1)

X[x 2D +5 }(D—l)sinx
D?+5D+6 D?-1

e_XX_ 2D+5 |cosx—sinXx
5 D?+5D+6 -2

_e'x(sinx—cosx) +§(2D+5)(cosx—sin X)
- 10 10 D?+5D+6

= + PR
10 10

e*x(sinx—cosx) e* [ -2sinx—2cos X +5c0s X —5sin x
D*+5D+6



e*x(sinx—cosx) e*[3cosx—7sinX |

- 10 10| D?+5D+6 |
_ e'x(sinx—cosx) e*[3cosx—7sinx
10 10| -1+5D+6 _
e"x(sinx—cosx) e* - :
_ex( )8 -1 (3cosx—7sinx)

10 "105(D+1)(D-1)

_e x(smx—cosx)+e_(D_1)(3cosx—75m xj
10 50 -2

_¢ x(smlt)—cosx)_ € (—3sin x—7cos x—3cos X+ 7sin x)

_&'x(sinx—cosx) e (4sinx—10cos )
10 00

e"x(sin x —cos x) & (4sinx—10cosx)
10

General solution is y =ce ™™ +c,e ™ +

2
8. Solve % +a’y =secax
X

Solution: Given equation in the standard form is (D* +a°)y = secax
Which is a non-homogeneous and the homogeneous equation is
(D*+a’)y=0
AE.ism*+a’=0,m=+a

-.C.F.=c,cosax+c, sinax

—secax — -
D-la D+1a

P.l.= ! secax:i[ secax}

D?+a?® 2ia

. 1 . ~
Now consider secax =e™ I secaxe "*dx

D-ia

_ e‘axj cosax—isin axdX
Cos ax

=e™[(1-itanax)dx =e™ x+llogcosax
a



Changing i to —i we have ! —secax=e "™ (X+L log cos axj
D+ia a

1 iax I —iax I
P.I.:f{e (x+—|ogcosaxj—e (x+—|ogcosaxﬂ
2ia a a

X eiax_e—iax 1 eiax+e—iax
== — +—2Iogcosax Ee—
a{ 2i } a [ 2 }

X . 1
= —sinax+—log(cos ax)cosax
a a

Hence the general solution is y =c, cosax +c, sinax+ gsin ax+ gcos axlog (cos ax)
9. Solve (D+1)"y=xcosx
Solution: Given (D +1)" y = xcos x
AE.is (m+1)" =0,m=-1,-1
CF.=(c +c,x)e”

P.l= © 1)2 X COS X
+

_X_Z(D+1) L o
(D+1)2 -1*+2D+1

2 |sinXx
= X-——|—
{ D+J 2

X . D-1 .
=—sinX————sinx
2 D -1

COS X —Sin X

X .
=—=SINX+

L N X COS X —Sin X
Hence the general solution is y =(c, +¢,x)e™ +Esm x+T



b. Problems:

1. Solve (D*-1)y = xsinx

2. Solve the differential equation (D ~1)y = e" cosx

m " ' 2

3. Solve Y ~Y —Y Hy=1l+x

4 Solve (D2 +4)y = sin 3X + COS 2X
D® +2D +1)y = xe*sinx
D? —4D +3)y =sin3xcos 2x
D? 1)y = xsin3x +cos X

D? +2)y = x*e®* +e” cos 2x

9. Solve b* (D2 +4)y = 320(X3 +2x? +ex)

10. Solve y"-2y'+y=1+¢"

4.2.6 Assignments:

1. Solve (D*-2D°-3D*+4D+4)y=0

2. Solve (D?+4 ) = tan 2x

3. Solve (D”-3D +2)y=coshx

(
(
(
4. Solve (D°+4D)y =5+sin2x

2
5. Solve d—Z+ y=e*+x°
dx

6. Solve (D +1)y =sin xsin 2x+e*x’



d?y

7. Solve —= —y = Xxsinx+(1+ x*)e*
dX2 y ( )

8. Solve (D2+1)x=tc052t,givenx:O,%:Oatt:0
9. Solve (D4+2D2+1)y:x2coszx

10. Find the distance from the center at which the velocity in S.H.M. will be (i) half
(ii) one-third of the maximum.

GATE Questions (Where relevant):

2
1. For the differential equations % - 6% +8x = 0 with initial conditions X (0)=1
ax =0 the solution is
dtl_,

(a) x(t) = 2~ %-e™*
(b)x(t) = 2e7 —e™

©x(t) = —e®+ 2™
(@d)x(t) = e® - 2™
Answer: (c)

. . . . d*x o iy
2. The solution for the differential equation pri —9x with initial condition X (0) =1and

% =1is
dt|._,

@) t* +t+1

(b) sin3t +E0053t +g
3 3

(© %sinBt + cos3t

(d) cos3t +t

Answer: (c)



2
3. If the characterstic of the given differential equation (;—Z + Za% + Yy = 0has two equal
X

roots then the value of a are
(@ =+1
(b) 0,0

(c) i

d =

N |-

Answers: (a)

4. Ifaand b are constants, the most general solution of the differential equation

2
d—;(+ 2%+ Xx=0is
dt dt
(a) ae™

(b) ae™ +bte™
(c) ae' +bte™

(d) ae™

Answer: (b)

5. With initial values y(0)=y’(0)=1, the solution of the differential equation

2
(8) 0.53100.55
(b) 0.52t00.54
(c) 0.50to00.55
(d) 0.45to 0.50

Answer: (b)

+4=0at x=11is

3
6. The solution of d—Z + @ _ 0is
dx>  dx



(@) C,+C, cosx+C,sinx
(b)C, cosx +C, sin x

(c) C, +(C, +C;x)cosx

(d)C, +(C, +C;x)sinx

Answer: A
3
7. The solution of xd—z + 4% =0is
X dx
(@ y(x)=C,-C,x~
(b) y(x)=C, +C,e™
(0 y(x)=C,—C,e™
() y(x)=C, +C,x"°
Answer: (a)
_ _ .. d?y .,
8. The differential equation is o + Yy =sIn® X. The particular integral
X
,  cos*x sin*x
COS“ X — +
(a) 4 3
, cos*x sin*x
COS” X +
(b) 4 3

2 X
—cos* x +sin* x

(c)

cos® X

(d) +cos® x —sin* x

Answer: (a)



2
9. The differential equation is X* % —6y =0. The particular integral is
X
(@ Ce?*+Ce
(b) Cx* +C,x7°
(©) C x> +C,x°

ce”+Ce™
(d)

Answer: (c)
10. The differential equation is % + 3% - 5% —39y =30cos x. The complementary
function is

(a) cCe ¥ +C,xe™ +C,e**

(b) c,e* +C,xe* +C,e**

(©) C,e” +C,e* cos 2x + C,e* sin 2x

(d) C,e¥ +C,e ™ cos 2x + C,e ™ sin 2x

Answer: (d)

4.2.7 Review Questions:

d. Objective type of questions (Very short notes):

2
1. Solve d—¥—8d—y+l5y =0

dx dx

Solution: the roots of the auxiliary equation are 3,5

The general solution is y = c,e>* +c,e”

2
2. Solve %w:o, y(0)=2, y(%):—Z

Solution: the roots of the auxiliary equation are =i

The general solution is Y = C, COS X +C, SIN X



Applying y(O) =2, y(%j =-2,weget, ¢, =2,C,=—2

3. Find the Particular Integral of (D3 +2D% + D) y =e*

. . . 1 2x 1 2x
Solution: P.I. is given by, —————e" =—¢
D°+2D“+D 18

4. Solve (D2 + D+1)y: x*

14430
2

Solution: the roots of the auxiliary equation are
X
- 3 . [ /3
The complementary function is e 2 Lcl cos [%J X+C, sin £7J XJ

1
And the particular integral is ———— X' =x*—4x®+24x -T2
D°+D+1

Hence the general solution is,
y=g? (clcos(§]x+czsin[§}}rx4 —4x3 +24x -T2
5.Solve (D* +2D +2)y =€ +sin2x

Solution: The roots of the auxiliary equation are —1+1i and the complementary function is

e™(c,cosx +c,sinx)

The particular integral for € is € * and the particular integral for Sin2X is

—%(ZCOSZX +5in2x)

. 1 .
Hence the general solutionis y =™ (c, COSX +C,Sin x) — E(ZCOS 2X +sin 2x)

6. Solve (D” —4)y = xsinh x + 54x + 8



Solution: The roots of the auxiliary equation are 2,—2 and the complementary function is

ce” +c. e

) ) . e 2| e 2 )
The particular integral for XSinh X is —E X+§ +? X_§ and the particular

27
integral of 54X is —?X and the particular integral of 8 is —2

e 2| e 2| 27
Therefore, the general solution is, Y = Cle2x + Cze_2x _E‘:X + g:l + ?|:X — —} —?X -2

7.5olve (D* —1)y =e*cos X

Solution: The roots of the auxiliary equation are 1,—1,£i and the complementary function is

X =X H
Ce" +C,e " +C,CosX +C,Sin X

e* cos X

And the particular integral of € COSX is —

e cos X

The general solution is, Y =Ce* +C,e " +C,C0SX +C, SinX —

8. Solve (D2 —4D + 4) y =8x%*sin2x

Solution: The roots of the auxiliary equation is 2,2 and the complementary function is

(¢, +c,x)e*

. 3) .
And the particular integral of 8x%€°*sin 2X is —2e** {ZX COS2X + (XZ - Ejsm ZX}

3) .
The general solution is, Y = (C, +C,X)e** —2e* {Zxcos 2X + (xz — Ejsm ZX}

9. Solve (D2 +4)y = Xsin x



Solution: The roots of auxiliary equation is £2i and the complementary function is

C,COS2X +C,SIN2X

The particular integral of xsinxis %(—%cosx + Xsin xj

o : 1( 2 :
Therefore, the general solution is y = ¢, cos2x + ¢, sin 2X + 5(—§cos X+ Xsin xj
10. Solve (D* —5D +6)y =e€”sinx

Solution: The roots of the auxiliary equation is 3,2 and the complementary function is

ce¥ +c,e*

X

. e .
The particular integral of €*sinX is E(Sln X +3c0s X)

X

e, .
Therefore, the general solutionis Yy = cle?’x + Czezx + E(sm X +3c0s X)

e. Analytical type questions:

11. Solve (D* +1)y = x* cosh

12. Find the complete solution of (D* +16)y =0

13. Find %xzsmx
D?-4D+4
: : d?y
14. Find the solution of e +4y = Sin3x +c0s 2X
X
2
15. Find the solution of d 2/ +5ﬂ—6y =sin 4Xxcos X
dx dx
16. Find the complete solution of y* +5y" —6y =SindxSin x
17. Find the complete solution of y* +2y = xe®™ +e* cos 2x
H H d2 dy 3X X
18. Find the solution of F_4d_+3y =2xe™ +3e" cos 2x
X X

19. Find the complete solution of y" +4y =e*Sin *x



2

20. Find the complete solution of %—4%—@ =e” +3c0s(4x+3)
X X

Essay type Questions:
11. Solve (D +4D +13)y = 2¢”*

Solution: Given (D? +4D +13)y = 2e™*

AE.is m>+4m+13=0, herea=1b=4,c=13

2a 2 2

b+’ —dac  -4+16-52 -2+i6 1403

S.m

- C.F.=e¥(c cos Bx +c,sin px) =e " ((c, cos3x + ¢, sin 3x))

P.I.=2;(2e’x):2 ! eX =2t g =L
D°+4D+3 5

The general solutionis y =C.F.+P.l.=¢™* ((cl C0s3x +C, Sin 3x)) + %e‘x

12. Solve
(D®+3D -4}y =sinh2x+7

Solution: Given (D°+3D—4)y=sinh2x+7
AE.is m+3m?>-4=0, m=-12,2.

CF.=ce™ +(c, +c;x)e

2x —2X
u + 7
2 e2x e—2x . 7

P.l.is yp: D3+3D—4 2(D3+3D2—4) 2(D3+3D2_4) D3+3D2_4




1 e
Yo =5 putD =2
" 2(D+1)(D-2) ! ]
X2 2X
_1?9 _Xzezx
2 3 12
_21e2x
= PutD =-2
ypz (D+1)(D—2)2 [ ]
_E e—2X _e—2x
- 2(-1)(16) 32
7 1 0.x
= =7 .
Yps D% +3D%2—-4 D3+3D2_4e
_!
4

General solutionis y =y, +y, +y, +Y,

X2e2X e—2x 7

+
12 32 4

13. Solve (D°~3D? +4)y=(L+e™)
Solution: Given (D® —3D? +4)y = (1+e—x)3
A.E.is m*-3m° +4=0,

i.e. (m +1)(m—22) =0, m=-12,2,



(D*+5D—6)y =sin4xsinx C.F.=y =ce™ +(c, +C,x)e*

) 1+e +3e % + 37"
Now P.I is =
Yy D®-3D?+4
1 g ¥ 3 3
=13 2 T3 2 T3 2 T3 2
D°-3D“+4 D°-3D°+4 D°-3D°+4 D°-3D°+4
= ypl + ypz + yp3 + ypA
Now = utD=0
Yo D®-3D% +4 P
_1
4
e—3x
= utD =-3
ypz D3 _3D2 +4 (p )
e—Sx e—3x
T 27+ 27+4 4
3e—2x
= utD =-2
Yo, D®*-3D*+4 (p )
I -
-8-12+4 16
3e*
Yo, = (putD =-1)

(D+1)(D*-4D+4)

—X —X

_oxet xe
14444 3




o . 1 e 3 xe
General solutionis Yy =Cg¢ +(02 +c3x)e +—+ + +
4 4 16 3

14. Find the complete solution of
(D?+5D-6)y =sin4xsin x

Solution: Given equation is
AE.is m*+5m-6=0, m=-6,1
The roots are real and distinct .
- C.Fisy, =ce ™ +c,e*

sindxsinx _ 1 2sin4xsinx
D?+5D-6 2 D?’+5D-6

1[cos3x—c035x}_1{ cos3x  cos5x }
D?+5D-6 D’+5D-6

Plisy, =

D?+5D -6 2

2

1 cos 3x )
== utD*=-9
Yo 2[D2+5D—6} (p )

_1{0053@ 1{0053“}_ 1{M} (putD? =-9)

“2|5D-15| 10/ D-3| 10| D?-9

_ 1| -3sin3x+3cos3x | _ —sin3x+cos3x
10 -18 -60

_ sin3x—cos3x
60

_1 cos5x
2 D?+5D-6

1 COS5x 1 cosbx

- 2°-2545D-6 2 5D-31

Y, = (put D* =-25)

_ —25sin5x +31c0s5x
2(—625—-961)

_ 25sin5x —31c0s5x
3172




L 6x . Sin3x—cos3x 25sin5x—31cos5x
General solutionis Yy =Ce " +C,e" + +
60 3172

15. Solve the differential equation (D®+1)y =cos(2x~1)

Solution: Given differential equation is (D°+1)y =cos(2x~1)

AE.ism*+1=0

:(mjtl)(m2 —m+1)=0

M= _1,14_r i3
2
x/2 \/§X \/§X

~.C.R=ce™+e""| c,co0s——+cC,s5in—
2 2

1
P.l.= cos(2x-1
D3 +1 ( )
Putting D*=—4

_ 1 v 144D 3
P.I.= 1_4Dcos(2x 1)_1—16D2 [cos(2x-1)]

Again putting D* =—4

P.l.= i[cos(Zx—l)—Ssin(Zx—l)}
65

General Solution is y =C.F.+P.1

=ce “+e

2 ¢c, cos@+c33in@ —
2 2 6

: [ cos(2x—1)-8sin(2x-1) ]|



16. Solve (D*~D*-6D)y =1+x’

Solution: Given equation is (D° —D* —6D)y =1+ x*

D3, D*,...)

AE.ism*-m?-6m=0, m(mz—m—G):O
=m(m-3)(m+2)=0,
..m=0,3-2

~CF=y, =ce™+ce”+ce™

_%1,%[1_([’;[’2]{[’;[’2)2_....](1+x2)

_ 2 2 4 oR3
_t1i, b, b D+D-20 (1+x2)
6 D 6 6 36

—1{1 1 D D 2D’

. +—+—- 1+ %) (ignoring the terms containin
D 6 6 36 36}( ) ignoring nine



e Y R S
6|18 6 3 6 9

General solutionis y=y +Y,

125xx_2+x311
18 6 3 6 9

y:cl+cze3X+c3e’2X—€. -=-=

17. Solve (D*+3D+2)y = xe*sin
Solution: Given Equation is (D? +3D+2)y = xe"sin x

AE.is m2+3m+2=0:>(m+2)(m+1):0:>m=—2,—1

—X

. CFR=ce™+ce

xe* sin x « XSin x

Now P.1.= — —e :
D°+3D+2 (D+1)"+3(D+1)+2

_x  XsinX
D?+5D+6
o xo 2D +5 sin x
D*+5D+6 |-1+5D +6
X{ 2D+5 } sin x
=e*| x—
D?+5D+6]5(D+1)

X[x 2D +5 }(D—l)sinx
D?+5D+6 D?-1

e_XX_ 2D+5 |cosx—sinXx
5 D?+5D+6 -2

_e'x(sinx—cosx) +§(2D+5)(cosx—sin X)
- 10 10 D?+5D+6

= + PR
10 10

e*x(sinx—cosx) e* [ -2sinx—2cos X +5c0s X —5sin x
D*+5D+6



e*x(sinx—cosx) e*[3cosx—7sinX |

- 10 10| D?+5D+6 |
_ e'x(sinx—cosx) e*[3cosx—7sinx
10 10| -1+5D+6 _
e"x(sinx—cosx) e* - :
_ex( )8 -1 (3cosx—7sinx)

10 "105(D+1)(D-1)

_e x(smx—cosx)+e_(D_1)(3cosx—75m xj
10 50 -2

_¢ x(smlt)—cosx)_ € (—3sin x—7cos x—3cos X+ 7sin x)

_&'x(sinx—cosx) e (4sinx—10cos )
10 00

e"x(sin x —cos x) & (4sinx—10cosx)
10

General solution is y =ce ™™ +c,e ™ +

d’y .
18. Solve W+a y =secax

Solution: Given equation in the standard form is (D* +a°)y = secax
Which is a non-homogeneous and the homogeneous equation is
(D*+a’)y=0
AE.ism*+a’=0,m=+a

-.C.F.=c,cosax+c, sinax

—secax — -
D-la D+1a

P.l.= ! secax:i[ secax}

D?+a?® 2ia

. 1 . ~
Now consider secax =e™ I secaxe "*dx

D-ia

_ e‘axj cosax—isin axdX
Cos ax

=e™[(1-itanax)dx =e™ x+llogcosax
a



Changing i to —i we have ! —secax=e "™ (X+L log cos axj
D+ia a

1 iax I —iax I
P.I.:f{e (x+—|ogcosaxj—e (x+—|ogcosaxﬂ
2ia a a

X eiax_e—iax 1 eiax+e—iax
== — +—2Iogcosax Ee—
a{ 2i } a [ 2 }

X . 1
= —sinax+—log(cos ax)cosax
a a

Hence the general solution is y =c, cosax +c, sinax+ gsin ax+ gcos axlog (cos ax)
19. Solve (D +1)° y = xcos
Solution: Given (D +1)" y = xcos x
AE.is (m+1)" =0,m=-1,-1
CF.=(c +c,x)e”

P.l= © 1)2 X COS X
+

_X_Z(D+1) L o
(D+1)2 -1*+2D+1

2 |sinXx
= X-——|—
{ D+J 2

X . D-1 .
=—sinX————sinx
2 D -1

COS X —Sin X

X .
=—=SINX+

L N X COS X —Sin X
Hence the general solution is y =(c, +¢,x)e™ +Esm x+T



