Linear Differential Equations with constant coefficients

Introduction:

Applications of linear homogeneous and non-homogeneous differential equations, in particular, to

simple harmonic motion, electrical circuits and deflection beams are presented.

Defintion of Linear Differential Equation:

A linear differential equation is one in which the dependent variable and its derivatives occur in the

first degree and not multiplied together. Thus, the general linear differential equation of nth order is

dny dn—l dn—2
o +P(x) dx”‘1+P2(X)W+ ..... +P(x)y=F(x) ... (1)
if PP, P, are constants the equation (1) is called a linear non-homogeneous differential

equation with constant coefficients.

Operator Notation:

2 n
Using the operator D, Dzi,D2 :d—2,~~~,Dn = d
dx dx dx"
dy .. d% ., dy
Sothat Dy=—,D°y=—2-,... D"y =
o that LY dx y dx? y dx"

Now equation (1) can be written as
[D"+R(X)D" +P, (X)D"? +.....+ P, () |y = F (x)
or f(D)y=F(x) ... (2)
where f (D)=D"+BD"" +.....+P,, which is a polynomial in D.

Auxiliary Equation:

In equation (2) replacing D bym, when f (X)=0 , we get f(m)=0 which is called Auxiliary

equation.



Roots of Auxiliary Equation f (m) =0

Casel: M, Mm,,M;,... all roots are real and different, then
Complementary Function = c,e™" +c,e™ +---

Case2: M, M,,M,,...(two real and equal roots, the rest are all different). Then
Complementary Function = (c, +c,x)e™ +c,e™ +...

Case3: M, M, M, M,... (three real and equal the rest are all different). Then
Complementary Function = (c, +C,X +C,x*)e™ +c,e™ +...

Cased: a+if,a—if,m;,m,... (a pair of imaginary roots and the rest is all different)
Complementary Function =e™ (c, cos #x+c, sin 8x)+c,e™ +...

Case5: axif,atifl,m,,m,...(two pairs of equal imaginary roots, the rest are all different.)

Complementary Function =e™ ((c, +¢,X) c0s X+ (C, +C,X)sin BX)+ ™" +....

Solution of Homogeneous equations with second and higher order Differential equations:
Consider a homogeneous differential equation with constant coefficients given by f (D) y=0
Working Procedure:
Stepl: write the given equation in the operator form (D" + Pan_l +one +P)y=0

Step2: write the auxiliary equation corresponding to it,



Step3: solve the A.E. f (m) =0 and recognize nature of roots.

Step4: write the C.F.

d'y
Problem1: Solve o a'y=0

4
Solution: Given —Z/— a'y=0
dx

The given homogeneous differential equation can be written as by using operator

notation,
(D*-a*)y=0

Corresponding Auxiliary equation is,

m* —a*

0
(m*-a®)(m*+a’)=0

whose roots are m=z+a,* ai
Here two roots are real and distinct and the rest are complex conjugates.

Hence the general solution is Y =C,e™ +C,e” ™ +C, cosax + ¢, Sin ax

y'+y'—2y=0, giveny(0)=4, y'(0)=1

Problem2: Solve

Solution: Writing the given equation in the operator form, we have (D2 +D-— 2) y=0

The auxiliary equation is,



m’+m-2=0
(m-1)(m-2)=0

Whose roots are m = —1,—2 which are real and distinct.

Hence the general solution is Y =C,g" +C2872X ...... (1)

whereC, and C, are constants of integration which can be evaluated using the conditions
y(0)=4,y'(0)=1
From equation (1) we have, using the given conditions,

—cg? -2(0) _
4=ce +c,e "’ =C +C,

c+c,=4 L. (2)
Differentiating equation (1) with respect to X, we get
y =ce -2ce” ... (3)
Now, using the given conditions, we get

1=ce’-2c,e™
c-2c,=1 .. (4)

Solving the equations (2) and (4), we obtain ¢, =3,C,=1

Substituting these values in (1), we have the solution as Y = 3¢* +e*

General method for solving Non-homogeneous linear differential equation:

An equation of the form f(D)y = F(x)



1
Where F(X) is any function of X, then, P.l.= W F (X)

Here, resolve f (D) into partial fractions and operate each partial fractions, while

1 X —ax
EF(X):ea '[F(x)e dx

2
Problem: Solve d—g/ +a’ Yy =secax
X

Solution: Given equation in the standard form is (D2 +a’ ) y =secax

Which is a non-homogeneous equation and the homogeneous equation is (D2 + a2) y=0

A.E.is,
m*+a’ =0
=tia
Hence, C.F.=c cosax+c,sinax ... (1)

The particular Integral is,

P.I =

~secax

1
= —Secax

(D+ai)(D-ai)

1 1 1
= — N secax
2la[D—|a D+la}

1 1
= __secax— —secax| ... (2)
2ia| D—-lia D+l1a

D?+a

Consider,



secax = e“"‘xjsec axe dx

D-la
i ( COSAx—isinax
:e"“f dx
COS ax
=™ | (1-itanax)dx
i i
=e"™ (x+—|og cos axj ...... (3)
a
Changing i to—i,
We have
~ i
—secax=e < x——logcosax; ... (4)
D+ia a

Using (3) and (4) in(2), we get,

1 iax I —iax I
P.I.=f{e {x+—|ogcosax}—e {x——logcosaxH
2ia a a

X eiax_e—iax 1 eia><_|_e—ia><
=—| ——— |+ logcosax| ———
a 2 a 2

X . 1
= =sinax+=log(cosax)cosax
a a

Hence the general solution is,

y=C.F.+I.F.

. X . 1
y =C, cosax+C, sinax+—sin ax+(—2jcos axlogcos ax
a a

Rules for finding particular integrals:

Particular Integral:

1
An equation of the form f(D)y = F(x), then, P.l.= W F(x).



Rule 1: When F(X) =e*

1 1

Pl=——e*=——e"if f(a)=0
f(D) f(a)
if f(a)=0,
. 1 ax 1 ax 5 !
the above rule fails and hence P.l.=——e™ =X e if f (a);éO
f (D) f’(a)
1 ax 2 1 ax . ”
Iff'(a):O,then e™ =X e if f (a);tO and so on.

Rule 2: When F(x)=sin(ax+b)orcos(ax+b)

P.I.:¢(;2)sin(ax+b):¢(_la2)sin(ax+b),if¢(_32)¢0
P.I.:Lcos(ax+b):;cos(ax+b),if¢(—a2)¢0
#(D) ¢(-a")
If ¢(—a®)=0
P.I.:Lsin(ax+b):x;sin(ax+b), if ¢/(-a”)#0
#(D) ¢(-2’)
P.l.= ¢(E2)cos(ax+b)=x¢,(ia2)cos(ax+b), if ¢'(—a2)¢0
If ¢’(—a2)=0
L sin(ax+b) =x’ 1 sin(ax+b),if ¢"(-a’)#0 And, soon.
5(0) 5

Also we have,



sin(ax+b)= —icos(ax+b)

D’ +a’ 2a
57 a7 cos(ax+b)=%sin(ax+b)
Rule 3: When F(X)= X", M being a positive integer, F’.I.z%Xm :[f (D)]_l X"

To evaluate, expand [f (D)]_l in ascending powers of D as far as D" and

operate on X" term by term.

Rule 4: When F (x) =e®V, whereV isafunction of x

P.l.= 1 eV =eax;v
(D) f(D+a)
1
Then evaluate —————V asrule 1, 2, and 3.

f(D+a)

Rule 5: When F(x)=xV, whereV isafunction of x

1 1 1
P.l= V)= - f'(D)|l——V
) 15 ")
Problems on Rule 1
. d’y _d?
1. Findthe P.l.of 2—--3—-+y=¢"+1
I dx* dx? y
3 2
Solution: Given 2d—¥— d—Z+y:eX+1
dx dx

Writing the given equation in the operator form, (2D°—3D* +1)y =¢e* +¢°



1 x
PI:2D3_—3|32+1(E +e0)

l X 1 0
3 2 e+ 3 _ 2 e
2D° -3D° +1 2D° -3D° +1

By using rule 1, putD =a=1. Then,

2.Solve (4D* -4D +1)y =0
Solution: Given (4D*-4D+1)y =0

This is a non-homogeneous equation. The corresponding homogeneous equation is,
4m® —4m+1=0
(2m-1)" =0

m=

N~
N |~

X

then, C.F.=(c, +c,x)e?

Consider,



P.I. :;2100
(2D-1)
— 1 100e”
(2D-1)
100
T
=100
The general solution is,

y=C.F.+P.I

y=(c, +c,x)e? +100

1. Solve (D*+4)y = cos 2x

Solution: Given (D2 +4) y = C0S 2X

Given equation is non-homogeneous equation, whose homogeneous equation is,
(D*+4)y=0
The auxiliary equation is,

m?+4=0,
m ==+2i

So, the complementary function is,
C.F.=c cos2x+c,sin2x

The particular Integral is,

Pl.= COS 2X

D*+4

_ 1 COS 2X put D? = -2°
—4+4

zx.iCOSZX
2D
:Zisin 2X
22

L . X .
The general solution is, y =c, cos2x+¢, sin 2x+zsm 2X



Problems on Rule 3:

1. Find the solution of

2
d—¥+d—y:x2+2x+4
dx®  dx

2
Sol: Given M+d—y:x2+2x+4

dx®>  dx
given equation is non-homogeneous equation whose homogeneous equation is
m? +m =0,
m(m+1)=0,
m=0,-1

Then, C.F.=ce"” +c,e™ =¢ +c,e™

Consider,
1
Pl.=————F
1

= (x2+2x+4)

f(D)

= D21+D(X2+2X+4)

x2+2x+4)

1
D@+D%



P.l.= %[1+ D] (x*+2x+4)
::%@—D+D?<{Kﬁ+2x+ﬁ
=:%[ﬁ+2x+4—2x—2+2]
~ [t +4]=D%(x +4)
= [(x*+4)dx

3

X
=—+4x

Therefore, the general solution is,
Yy=Y.*tY,

3
o X
=C, +C,e X+€+4x

2. Solve (D-2)" y =8(e” +sin2x+x’)

Solution: Given (D—2)2 y=8(e2x+sin 2X + x2) ...... (1)
Given equation is non-homogeneous equation whose homogeneous equation is
AE.is,
(m- 2)2 =0,
m=2,2

Then, C.F.=(c, +C,X)e*

And the particular integral is,

1, 1. 1
P.1.=8 e + ~sin2x + =X (2)

(D-2)’ (D-2) (D-2)

Consider,



1 2x > 1 5 X2 2x
= — =—=g e 3
(D—2)Ze X 2(l)e 2e ( )
Consider,
> SIN2X = — sin 2x
D-2 D?-4D+4
= 5 1 sin 2x
(—2) —-4D +4
:—l.lSiHZX
4 D
1¢.
=——ISIn2XdX
4
COS 2X
= s (4)
Consider,
-2
1 2x2:l l—Ej X2
(D-2) " 4l 2

= i 1+(_2)(2j+w[£j2 J,.} X2
4 2 2 2
1
4

:—ljsin 2xdx
4

1( ., 3
:Z(x +2x+§] ...... (5)
Now using (3), (4), (5), in (2), we get

2
P.1.=8 X—e2X+COSZX+1 x2+2x+§
2 8 4 2

2X

=4x%e® + 082X+ 2X* +4X+3

Hence the general solution is



y=C.F+P..

y =(c, +c,x)e™ +4x’e”

+COS2X+2X% +4Xx+3




