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Dee* nition 1.1 Complex numbers are de* ned as ordered pairs (v, y)

Points on a complex plane. Real axis, imaginary axis, purely imaginary numbers. Real

and imaginary parts of complex number. Equality of two complex numbers.

Dee nition 1.2 The sum and product of two complex numbers are de= ned as follows:

(1, 91) + (2, 0) = (x1+ T2, y1 + ¥y2)
(1, ) (x2,0) = (r1x2 — Yr1y2. T1Y2 + ray1)
In the rest of the chapter use z, z;, 22, ... for complex numbers and .r, y for real numbers.
introduce ¢ and z = r -+ {y notation.

Algebraic Properties

1. Commutativity

1+ 2y = 22+ 2) 12 = Za2y
2. Associativity
(21 +22) + 23 =21 + (22 + 23) (Z2122)23 = 21 2223)
3. Distributive Law
Z2(%] + %) = %21 *+ 222
4. Additive and Muluplicative Indentity
2+ 0 =2, 21 =2z

5. Additive and Multiplicative Inverse

-2 = (—=x, —¥)

2o ey <
2~ = ( L —— ) 2 # 0
r* 4+ yc r* 4y




6. Subtraction and Division

<1 —1
2] —m 22 = Z1 + | —=22) —'::A:-_!
7. Modulus or Absolute Value
 ——
12| = V=2 + y?
, 8. Conjugates and properties
v = 7
. . z = r—iy = (&, —y)
Centurion i
—_—— 2y 22 = Z+723
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= <2
9.
Rez = = - Im 2z = = ~
2 21
10. Triangle Inequality
|21 + 22| < |21]| + |22]

Polar Coordinates and Euler Formula

1. Polar Form: for 2 # 0,
z=r(cosf + isinf)
where r = |z|and tan # = y/x. # is called the argument of z. Since # + 2nx is also
an argument of z the principle value of argument of =z is take such that —7 < § <
7. For z = Othe arg z is unde~ ned.

2. Euler formula: Symbollically,
e'? = (cos 0 + isin@)
3.
(0 o
122 I'll‘gl‘”'l O2)
21 "1 i(@,—03)
—_— —( -
Zz2 r2
:n - I""(‘”U

4. de Moivre’s Formula

/ - . " . -
(cosf + isinfl) = cosnf + isinnf
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Roots of Complex Numbers

Let 2z = re'” then

1/ n i/ n ( (” 2A‘T ) )
2 = r exp|t | — 4+ —
n n

There are only n distinct roots which can be given by £ = 0. 1,.. ., n—11IfAis a

principle value of arg = then # /n is called the principle root.

2

-

1/3
Example 1.1 The three possible roots 1{/‘(%{-0—) (ef=/4) Y3 are ¢i112 piw/12+i2x
Regions in Complex Plane

1. ¢ — nbd of z; is de* ned as a set of all points z which satisfy

|-'.‘ — 7_‘||| < €
2. Deleted nbd of z5 1s a nbd of 2, excluding point z.
3. Interior Point, Exterior Point, Boundary Point, Open set and closed set.

4. Domain, Region, Bounded sets, Limit Points.



A function f is de* ned in a deleted nbd of z,.

Dee nition 3.1 The limit of the function f (2) as 2 — zgis a number wy, if, for any
Centurion given ¢ > 0 there exists a & > 0 such that
UNIVERSITY |2 — 20| < 8= |f(2) — wg| <e.

Shaping Lives...

Empowering Communities... Example 3.1 f(z) = 5z.Show thatlim. _.., f(2) = 52.

Example 3.2 f(2) = 2°. Show thatlim. _.._ f(z) = 23.

Example 3.3 [ (z) = z2/Z. Show that the limit of [ does not exist as z — 0.
Theorem 3.1 Let f(2) = u(x.y) + iv(xr.y) and wg = ug + ivg. lim f(z2) = wy if
and only if lim u = ug and lim v = vg.
.yl (xa.p r.yl—+izxe.p
Example 3.4 [ (z) =sinz. Show that the lim. .. f(z) = sin 2

Example 3.5 f(z) = 2r + iy”’. Show that the lim. _;; f (z) = 4i.

Theorem 3.2 If lim f (z) =wgand lim F(z) =Wy,

lim [f(2)+ F(2)] = wo+ Wy
lim f(z)F(z) = woWo:
lim f(2) /F(2) = &= Wo#0.

This theorem immediately makes available the entire machinery and tools used for real
analysis to be applied to complex analysis. The rules for » nding limits then can be listed

as follows:




I. lim ¢ =c¢,

=11}

2. lim 2" =23,
Z—+*2n
3. lim P(z)= P(z0)if P isapolynomial in 2.
Lt 4. :l“-l:],. exp(z) =explzn).
Centurlon 5. lim sin(z) = sin zq.
s=—+*3n
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Continuity
Dee~ nition 3.2 A function f, de* ned in some nbd of 2, is continuous at z if
lim f(z) = f(z0).
This dee nition clearly assumes that the function is de« ned at 2 and the limit on the LHS
exists. The function f is continuous in a region if it is continuous at all points in that
region.
If funtions f and gare continuous at zgthen f + g, fgand f/g (g(zp) # 0) are also
continuous at zj.
If a function [ (z) = u (x. y) +iv (x. y) is continuous at z; then the component functions
u and v are also continuous at (xq. g ).
Derivative

De- nition 3.3 A function f, de* ned in some nbd of =, is differentiable at = if

f(z)— f(z0)

lim
*Zo z— 2p :
exists. The limit is called the derivative of | at zq and is denoted by [’ (zq) or -1{'7 (zg)-
Example 3.6 [ (z) = 2°. Show that f'(z) = 2=.
Example 3.7 [ (z] = |:|2. Show that this function is differentiable only at = = 0. In

o . . . 2
real analysis |x| is not differentiable but |x|” is.

If a function is differentiable at =, then it is continuous at z.




Analytic Functions

Dee nition 3.4 A function is analvtic in an open set if it has a derivative at each point
in that set.

UNIVERSITY
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e Dee nition 3.5 A function is analytic at a point 2 if it is analytic in some nbd of 2,
Dee nition 3.6 A function is an entire function if it is analytic at all points of C.
Example 3.13 f(2) = 1/2 is analytic at all nonzero points.

Example 3.14 f(:) =

) - -
* is not analytic anywhere.

>
~

A function is not analytic at a point 2q. but is analytic at some point in each nbd of

2 then 2 1s called the singular point of the function f.

Harmonic Functions

Dee nition 3.7 A real valued function H (x. y) is said to be harmonic in a domain of
xv plane if it has continuous partial derivatives of the * rst and second order and satis es
Laplace equation:

Hep(z,y) + Hy(z.y) = 0.




Cauchy-Riemann Equations

Theorem 3.3 If f'(2,) exists, then all the * rst order partial derivatives of component
pa P
function u (x, y) and v (x, y) exist and satisfy Cauchy-Riemann Conditions:

£ Ur = Uy

Centurion Uy = —v;.
UNIVERSITY |
Shaping Lives... Example 3.8 f(z) = 2° = z* — y* + i2xy. Show that Cauchy-Riemann Condtions
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are satis* ed.

)

Example 3.9 f(z) = |2|" = x° + y°. Show that the Cauchy-Riemann Condtions are
satis*ed only at z = 0.

Theorem 3.4 Let f(z2) = ulx, y) + iv(x. y) be de* ned in some nbd of the point 2, If
the * rst partial derivatives of u and v exist and are continuous at z, and satisfy Cauchy-
Riemann equations at z, then f is differentiable at 2, and

f(z2) =ug +ivy= vy — iuy.

Example 3.10 f(z) = exp(z).Showthat ' (z) = exp(z).

I

Example 3.11 f(z) =sin(z).Show that [' (2) = cos(z).

|

Example 3.12 [ (2) = &, Show that the CR conditions are satis* ed at z = 0 but the
function [ is not differentiable at 0,




. The Cauchy-Riemann equations for two functions u(z, y) and v(z, )

5’[1‘. 8*{;' ] a*u. (i‘)*{;
— = dll — = -
dr 0y dy  Or

dl'e

(a) Show that u(z, y) = 2*~y* and vz, y) = 2y satisfy the Cauchy-
Riemann equations.

(b) The Laplace equation for a function f(z,y) is
f;x:r T fyy =.

Suppose that o and b satisty the Cauchy-Riemann equations and
have equal mixed partial derivatives (Le. azy = ayy, efc.).

Show that a + b satisfies the Laplace equation.
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Gauchy [ntegral Formula

I
#. f(z)1s assumed analytic in R but we multiply by a factor = thatis analytic
=1

except at zy and consider the integral around C

[&-dz

(2-2y)
C

#. To evaluate, consider the path € + ¢; + ¢ + Cy shown thatenclosesa simply =
connected region for which the integrand is analytic on and inside the path:

f —f—(—z')—dz=0=j—f-£z—)-dz=- —_—

CAYHYAG, =1y ( (2-%)



Gauchy Integral Formula, cont'd
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) ‘ J”
Evaluate the C, integral on a circular path, &= % = /¢ ", de=rid"d0

forr— 0

/z\d(/ -
j( B J/\ wa)

= Igd =21if(z)l = /.(:0)=’| m

(.' m 'l) b/?, ( : -:o

The value of f () at z, is completely determined by its values on €1



Gauchy Integral Formula, cont’d

Note that if z; is outside C, the integrand is analytic inside C, hence by the
Cauchy Integral Theorem,

In summary,

} f@ . _ i flw), zinsideC
2-7y |0, 7, outside €
('



Contour Integral

If C"is a contour in complex plane de*ned by 2 (f) = x(f) + iy(f) and a function
flz) =ulx.y) + iv(x y)is deened on it. The integral of f ( z) along the contour (' is
i ' denoted and de~ ned as follows: .
Centurion /f':nl: - / £(2)2 (¢) dt
UNIVERSITY e 1 ;
= [ e =i [’ + ox'ya

= /l udr —vdy) + i /I udy 4+ vdx)

The component integrals are usual real integrals and are well de* ned. In the last form

appropriate limits must placed in the integrals.

Some very straightforward rules of integration are given below:

1. Jowf(z)dz = w [_.. f(z)dz where wis a complex constant.
2. Jo(Sf(2) +g(2))dz= [.f(2)dz+ [.g(2)d=.

3. Je,se, f(Rdz= [ f(2)dz+ [, f(z)d=.

4. U}.f{:ld:lg_['(.|f|:ah|:'vfe|:lt.

5. If |[f(z)] < Mforall z € C then |_f(.f o:ul:l < M L. where L is length of the
countour C'.

Example 4.4 f(z) = z°. Find integral of f from (0. 0) to (2. 1) along a straight line
and also along st line path from (0. 0) to (2. 0) and from (2.0) to (2, 1).

Example 4.5 f(z) = 1/z. Find the integral from (2. 0) to (—2.0) along a semicircu-
lar path in upper plane given by |z| = 2.

Example 4.6 Show that |[. f(z)dz| < Zfor f(z) = 1/ (2> —1)and C : |z| =
2 from 2 to 2i.
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Cauchy-Goursat Theorem

Theorem 4.1 (Jordan Curve Theorem) Every simple and closed contour in complex
plane splits the entire plane into two domains one of which is bounded. The bounded
domain is called the interior of the countour and the other one is called the exterior of
the contour.

Dee® ne a sense direction for a contour.

Theorem 4.2 Let C' be a simple closed contour with positive orientation and let D be
the interior of C. If P and () are continuous and have continuous partial derivatives
P.. P, Q. and (), at all points on C' and D, then

/ (Pl(x,y)dr +Q(x,y) dy) = // Q: (x.y) — Py (x,y)] dxdy
c Y 4

Theorem 4.3 (Cauchy-Goursat Theorem) Let f be analvtic in a simply connected
domain D. If C'is any simple closed contour in D, then

/ f(z)dz = 0.
&

4 \ 9 p \ p \ > - - -
Example 4.7 [ (z) = 2°, exp( 2z}, cos( z) etc are entire functions so integral about any
loop is zero.

Theorem 4.4 Let 'y and C'; be two simple closed positively oriented contours such
that C'; lies entirely in the interior of C'y. If f is an analytic function in a domain D that
contains C'y and C'; both and the region between them, then

f(z)dz = f(z)dz.

1 Ca

Example 48 [ (z) = 1/2. Find I( flz)dz if C' is any contour containing origin.
Choose a circular contour inside C'.

Example 4.9 [ ﬁd: = 2mi if C contains zy.

Example 4.10 Find |, f)fi:r where C' : |z| = 2. Extend the Cauchy Goursat theorem
to multiply connected domains.
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Dee* nition 6.1 [/f a function [ fails to be analvtic at zq but is analytic at some point in
each neighbourhood of zq, then zy is a singular point of f.

Dee« nition 6.2 If a function f fails to be analyitc at =y but is analytic at each z in
0 < |z — 20| < & for some &, then [ is said to be an isolated singular point of f.

Example 6.1 [ | | /z has an isolated singularity at 0.

~N

Example 6.2 [ (2) L/ sin(mz) has isolated singularities at = = 0, +1, .. ..
Example 6.3 [ (z) = 1/sin(7/2) has isolated singularities at = = 1 /n for integral
n, also has a singularity at z = 0,

Example 6.4 [ (z) = log z all points of negative x-axis are singular.

Types of singularities

If a function f has an isolated singularity at z; then Ja & such that fis analytic at all
points in 0 < |2 — 2| < 4. Then f must have a Laurent series expansion about z(,. The
part > b, (z — 2o)” " is called the principal part of f.

1. If there are in® nite nonzero b; in the prinipal part then 2z is called an essential singu-
larity of [,

[

If for some integer 1, by, # (0 but b; = Ofor all ¢ > mn then z; is called a pole of
order /nof f, If in = 1then it is called a simple pole.

3. If all bs are zero then z( is called a removable singularity.



Residues

Suppose a function f has an isolated singularity at z;. then there exists a § > 0such

that f is analytic for all 2 in deleted nbd 0 < |z — 2| < &. Then f has a Laurent series

representation
Lt . ' o
. f[ZJ: E A, I_.Z-——Z[],l“ t E ,_”,H

Centurion e £~ (z — 2zq)
The coef* cient

UNIVERSITY )

Shaping Lives... by = T, A f(z)dz

SHpoering Conntities where (' is any contour in the deleted nbd, is called the residue of [ at zq.
Example 6.6 [ (z) = :_1—_,0 Then f(. flz)dz = 27ib1 = 2xiif C contains zq, other-
wise 0.

Example 6.7 f (z) = ——=2——. Show [ f(z)dz = —ZifC: |z —2|= 1.
Z\lz—2p . O
Example 6.8 [ (2) = zexp (£). Show [ f(z)dz = wiif C: |2| = 1.

Example 6.9 [ (z) = exp (). Show [, f(z)dz = 0if C : |z| = 1 even though it
has a singularity at z =

Theorem 6.1 If a function [ is analyvtic on and inside a positively oriented countour
C', except for a = nite number of points z, za. ...,z inside C, then

A.
f (2)dz= 2=ni Resf (z;) .
A -

Example 6.10 Show that | :?::_jd: = 1071

Residues of Poles

Theorem 6.2 [If a function [ has a pole of order m at =, then

1 dm—2 o s
[ ((z —20)" fi:,l.l] :

(tm— 1) dzm—1

Resf (zq) = lim

Z=*Zp

Example 6.11 [ (z) = ——. Simple pole Res [ (zg) = 1.

0




Example 6.12 f(z) = —_lT- Simple pole at = = 0. Res f (0) = 1/16. Pole of

order4 at z = 2. Res f(2) = —1/16.

Example 6.13 flj::|=.,_‘:+':_'3.Resf|0|=—-3,‘.T4. Res f (x) = — (6 — n2) /2=1.

Quotients of Analytic Functions

Centurion
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. . / P (2 -
Theorem 6.3 If a function f(z) = Q:—: where P and () are analvtic at z,. then

Empowering Communities...
1. fissingular at 2 iff Q (25) = 0.

<0)-

2. f has a simple pole at z; if Q' (29) # 0. Then residue of f at zg is P(2q) /Q' (20)




Centurion

Centurion Isolated singularities
L‘/JNIU\L/_E’RSITY
x | \ o )
Removable singulariies  Poles of finite order Isolated essential singularities
(pole of infinite order)
OB R, SRR Do oo 1 1 | 1) ;
sinfz) l-cos(z) i — * Slll‘ ol
z z' > 2 (:—l')"' N
2243
(z=1) (z+2)

These are each discussed in more detail next.

10



Centurion
UNIVERSITY

Shaping Lives...
Empowering Communities...

Essential singularities can be distinguished from poles by the fact that
they cannot be removed by multiplying by a factor of finite value.

Example:

I 1
VT k= | [

~ Lrd
# #

- b

+ st

|

n "

i

«—— 1nfinite at the origin

We try to remove the singularity of the function at the origin by multiplying z°

)
e

—

Pl

d— ¥

-1
ziw=g® % gy

P

P71

—

il

T

It consists of a finite number
of positive powers of z.

All terms are positive

r

Y
As 20, Fwow

followed by an infinite number
of negative powers of z.

[t 1s impossible to find a finite value of p which will
remove the singularityin e at the origin.
The singularity 1s “essential”.



Examples of singularities: /; eXPandled about
: . . . the singularity, we
(These will be discussed in more detail later.) ey s
T = Taylor
sin | z | ble sinaularity at =0 | == Laurent
- removable singularity at z= N = Neither
l . . .
L ( . _)p pole of order p at z=z_(if p =1, pole is a simple pole)
Z2=gy,
L el - isolated essential singularity at z =z, (pole of infinite order)
1
N (1) non-isolated essential singularity z =0
S| —

N /2 branch point (not an isolated singularity)




Barrier - Branch Cut
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Empovering Communiis.. The barrier must start from the branch point but it can
go to infinity in any direction in the z plane, and may be
either curved or straight.

In most normal applications, the barrier is drawn along
the negative real axis.

Barrier
+7

-The branch is termed the “principle branch”. K
-The barrier is termed the “branch cut”.
-For the example given in the previous slide, the region,
the barrier confines the function to the region in which
the argument of z is within the range -1 < 0 <,




Branch points

munities...

» The singularities described above arise from the
non-analytic behaviour of single-valued functions.

» However, multi-valued functions frequently arise
in the solution of engineering problems.

» For example: z "
é ye pplt é éé" ¢ / \ \
W=7l i =r<e* | | l,

For any value of z represented by a pointon the circumference of the circle in the z
plane, there will be two corresponding values of w represented by pointsin the w plane.




Laurent’s Theorem
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mm) Laurent series of a complex function f(z) is a representation of
that function as a power series which includes terms of
negative degree. It may be used to express complex functions in
cases where a Taylor series expansion cannot be applied.

C=Zg

f)=Y miz-0" A

Also say that ,

k={)

f)= Zmz ahzba(z o, e




Taylor’s series
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* Taylor series is a representation of a function
as an infinite sum of terms that are calculated
from the values of the function's derivatives at

a single point.

fl)=

, " a) ( " (a)
fla)t f (a)x=a)+ f-——(r ~af + f——a(r ~a) + f ,a-(x-af’r...

n

Here, a==o , center
x = Zinside circle C




The Residue Theorem Section §

We saw that the mtegral of an analytic function /(z) over a
closed curve C when f(z) has one singular pomt mside C 1s

§ H(z)dz=2mh e
: L7l Blg
b, 1s the residue of f(z) at z, \_/

----------

Residue Theorem: Let f(z) be an analytic :
function inside and on a closed path ¢~/ \
except for at k singular points inside C. . /7|* * | C
Then 7 il
$f()d=2m) Resf(z)|
=l

C
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Numericals from various sources




Module4 ,5,6,7
Integral
Transforms




Fourier Integral

If f(x) and f'(x) are piecewise continuous in every finite interval, and f(x) is absolutely

integrable on R, i.e.

converges,then

% lf(x—)+f(x+)l=ﬁf | [e™ f eyt v

— —

Remark:the above conditions are sufficient, but not necessary.
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$0 0o ha dz - F(R)

|

; Mb«ﬂm
g FL RN oo RIX dk = f(0
D)
d)\um*,@{w‘
SO e dA - F(UC> 7 s, Dn
\ AFaws et
w |
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» Find the Fourier transform of the normalised Gaussian distribution
. 1 e
Jr) = =—exp | —537 ) —0 < I < 0.
T2n 2T
This Gaussian distribution is centred on t = 0 and has a root mean square deviation

At = 7. (Any reader who is unfamiliar with this interpretation of the distribution should
refer to chapter 30.)
Using the definition (13.5), the Fourier transform of f(r) is given by

- 1 ’ | I R . T
o) = = & == ¢exXp (—-j—:) exp{—iwr)dt

V<t ‘ f\_r. —=
1 - 1 R e =y = 3 SR
= — ==exXp —53 |I" + 2t7iwr + (THiw)” — (Tiw) di.
V2R J—x T /27 2T°

where the quantity —(z%iw)?/(21°) has been both added and subtracted in the exponent
in order to allow the factors involving the vanable of integration r to be expressed as a
complete square. Hence the expression can be written

1 2 ‘ PR
- expl—stw) 1 (1 +itw)
flw) = P — { _/ exp {— — ]d!}.
” d . 2 . 22
N TN - X

The quantity inside the braces i1s the normalisation integral for the Gaussian and equals
unity, although to show this strictly needs results from complex variable theory (chapter 24).
That it is equal to unity can be made plausible by changing the variable to s = 1 + iT"w
and assuming that the imaginary parts introduced into the integration path and limits
(where the integrand goes rapidly to zero anyway) make no difference.

We are left with the result that

-

(13.7)

—
PV
»”
=)

D
|

"

| (] A'.
~

L
N—

Jlw) = =

v2

which is another Gaussian distribution, centred on zero and with a root mean square

deviation Aw = 1/t. It is interesting to note, and an important property, that the Fourier
transform of a Gaussian i1s another Gaussian. <«

"

In the above example the root mean square deviation in f was 7, and so i1t 1s
seen that the deviations or ‘spreads’ in r and in @ are inversely related:

Ao Al = 1,

independently of the value of 7. In physical terms, the narrower in time 1s, say, an
electrical impulse the greater the spread of frequency components it must contain,
Similar physical statements are valid for other pairs of Fourier-related varnables,
such as spatial position and wave number. In an obvious notation, AkAx = 1 for
a Gaussian wave packet.

The uncertainty relations as usually expressed in quantum mechanics can be
related to this if the de Broglie and Einstein relationships for momentum and
energy are introduced; they are

p = hk and E = hw.
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13.1.3 The Dirac o-function

Before going on to consider further properties of Fourier transforms we make a
digression to discuss the Dirac o-function and its relation to Fourier transforms.
The o-function 1§ different from most functions encountered 1n the physical
sciences but we will see that a rigorous mathematical definition exists; the utility
of the d-function will be demonstrated throughout the remainder of this chapter.
[t can be visualised as a very sharp narrow pulse (in space, time, density, etc.)
which produces an Integrated effect having a defimte magnitude. The formal
properties of the o-function may be summarised as follows.
The Dirac o-function has the property that

o) =0 forr#0 (13.11)

but its fundamental defining property is
/ f(t)0(t = a)dt = f(a), (13.12)

provided the range of integration includes the point 1 = a; otherwise the integral




equals zero, This leads immediately to two further useful results:

N
/ 0= forallab>0 1.13)

Centurion
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/(W - () dt = |, (13.14)

provided the range of integration includes f = a.
Equation (13.12) can be used to derive further useful properties of the Dirac
0-function:

o(f) = d(=t), (13.15)
| }
O(at) = ==0(f) (13.16)
(1

(0(f) =), (13.17)




® Prove that d(bt) = d(t)/h|

Let us first consider the case where b > 0, [t follows that

Centrlon b I ’v ‘h l l I
R / f(t)o(be)dt = / f (' ) i . «f(0) = = / f(1)o(0)d,
;mpowering Communities... )

where we have made the substitution = bt But f(r) is arbitrary and so we immediately
se¢ that o(bt) = o(t)/b = d(t)/|b| for b > 0.
Now consider the case where b= =¢ <0, It follows that

/”J'HWMW/ ‘.t( )Ott»(‘h):/ | x( ')oum:'

¥ |
= =f(( '—THU— h/ f(t)o(e)dt,

(

where we have made the substitution (' = bt = =ct, But f(t) 1s arbitrary and so

o(bt) = %dm.

[or all b, which establishes the result, 4
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(1) Differentiation:
Z[f(1)] = iof(). (13.28)
This may be extended to higher derivatives, so that
f:f"{ll: = i ;:f'm: = —o*f(0),

and so on.
(1) Integration:

I
- - l ~. -
f[] j(slds} = i—}mwzm-mm. (13.29)
w

where the term 2ncd(w) represents the Fourer transform of the constant
of integration associated with the indefinite integral.
(1) Scaling:

i 1~ /0
Flf(an] =~ (=). (13.30)
a’ \a
(1iv) Translation:
Z1f(t +a)) = €*f(o). (13.31)
(v) Exponential multiplication:
Fef(1)] = flo +ia), (13.32)

where 2 may be real, imaginary or complex.
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» Prove relation (13.28).

Calculating the Fourier transform of f'(t) directly, we obtain

i S e ”
}'1’“)] — —=/ ]“lt’ lllth
\?.R. ’
b Lol R i
=—ef()] +—==] iwe™f(1)dt
n 2 J-
\_\ ¢ \..1 N
= iwf(w),

if f(t) = 0 at t = +oo, as it must since [ [f(t)|dt is finite. <




Example 15.4.2  Heat Fow PDE

To illustrate another transformation of a PDE into an ODE, let us Founer transform the
heat flow partial differential equation

PRoven % Y ) alw
Centurion FT i T
UNIVERSITY _ : . ¢ 7 :
Shaping Lives... where the solution y(x, t) 1s the temperature in space as a function of time. By taking the

Empowering Communities...

Fourier transform of both sides of this equation (note that here only  is the transform
variable conjugate to x because ¢ is the time in the heat flow PDE), where

V(w,t) = / v(x,1)e ™ dx,
..47

this yields an ODE for the Fourier transform W of y in the time variable 1,

dV(w,1)
_ ~ar*V(w, 1),
ot
Integrating we obtain
h¥=-a’ot+InC, o W=Ce*

where the integration constant C may still depend on @ and, in general, is determined
by initial conditions. In fact, C = W(w,0) is the initial spatial distribution of W, so it is
given by the transform (in x) of the initial distribution of ¥, namely, ¥ (x, 0). Putting this
solution back into our inverse Founier transform, this yields

vix, )= —/ Clwe "™ e™™ L dw.

For simplicity, we here take C w-independent (assuming a delta-function initial temper-
ature distribution) and integrate by completing the square in @, as in Example 15.1.1,
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T T NVMIINT TSI W AR TYRwYR D

making appropriate changes of variables and parameters (a* = at, @ = x,1 = ~w),
This yields the particular solution of the heat flow PDE,

C X
vix,t)= ex ( —)
uv'/z_[ p da-1

which appears as a clever guess in Chapter 8. In effect, we have shown that y 1s the inverse
B

X ‘ . . o B
Fourier transform of C exp(—a“w™t).

E...-...Aln 1 A Q ot smimmsmas e MM
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15.5

CONVOLUTION THEOREM

We shall employ convolutions to solve differential equations, to normalize momentum
wave functions (Section 15.6), and to investigate transfer functions (Section 15.7).

Let us consider two functions f(x) and g(x) with Fourier transforms F(r) and G(1),
respectively. We define the operation

[%g = g(y) flx = v)dy (15.52)

l N
\/23 / X
as the convolution of the two functions f and g over the interval (=o¢, 0). This form of
an integral appears in probability theory in the determination of the probability density of
two random, independent variables. Our solution of Poisson’s equation, Eq. (9.148), may
be interpreted as a convolution of a charge distribution, p(ry), and a weighting function,
(deglr; = ra))~". In other works this is sometimes referred to as the Faltung, to use the
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FIGURE 15.5

German term for “folding.”™> We now transform the integral in Eq. (15.52) by introducing
the Fourier transforms:

/" i R
g(y)f(x —y)dy = —/ g(_\')f F(ye """ Ydidy
—00 V21 J—oc —00

1 0 00 : i
= F(t)[f g()‘)e’"dy]e’“‘dt
vzﬂﬁx —00
o0

=/_ F()G(t)e """ d1, (15.53)

o0

interchanging the order of integration and transforming g(y). This result may be inter-

preted as follows: The Fourier inverse transform of a product of Fourier transforms is the
convolution of the original functions, f * g.

For the special case x = (0 we have
/ F()G(r)drt =/ f(=y)g(y)dy. (15.54)
—00 — 00

The minus sign in —y suggests that modifications be tried. We now do this with g* instead
of g using a different technique.




The Laplace Transform

Time Integration:

The property is:

o0

L j £(t)dt =T j F(x)dx o™ dt

0 1 olo l
Integrate by parts .
{

Let u=| f(x)dv, du=f(t)d

0

and

B |
dv=e'dt, v=——e"
s




Home Task:

For Inverse Laplace
transform material go
through Arfken
available in your library.




Real  Integration Theoren

This theorenn establishes the relationshup beween the Laplace: transfom of 2 finction

and that of 15 miegral It states tht

i

Ji

q

i d

il

- Fls)
§

QAT

The proof of this theorem 15 camted out by mtegratmg the definthon of the Laplace
manstorm by parts. This proof 15 smmular to that of the real differentiation theorem and

t5 let a5 an exercise. The Laplace tansfom of the uh miegral of a function 15 the
manstommn of the function dvided by ¢,




Laplace Transforms of Common Functions

Function Laplace Transform Restrictions
1 1 5=0
s
gy o at 1 s=>a
Centurion s—a
UNIVERSITY .
Shaping Lives... ¢ ' 5 >0, n an interger > 0
Empowering Communities... 5 n+1
S
cos at s5=>=0
s2 + a2
: =
sin at 5=0
s% +a
cosh at =] s=|a
s< — a2 |
: o
sinh at 5 >|a
2 a2 a|
e? cos bt $—8 s=>a
2 2
(s—a)” +b
e sinbt bz s$>a
(s—a)° +b2
- ’ ”"x — s = a, n an integer = 0
|s—a)
1 -
fct) Eﬁ{ftsfc]} c=0

£7) (1) s"c{r(t)}-s"r(0)-...— sr"2)(0) - r1" Y (0)



Table of Inverse Laplace Transform

Wart }_1

- 7 . 2. _,{: { } Pom— Eat
Centurlon §—a
UNIVERSITY
Shaping Lives... i 7 — & 0 .
Empowering Communities... 3 S-” n - ]_JT £ 11- 2! "5

- 1 B Em‘:tn—l
+ £ {u—aw} (n — 1)!
R 1 1

5. L {m} = ESlnht

cos bt

ih
™S
S,
f|t'=
=
b
S——
Il

1
— —sinh at
82 — a? } a

{
et ) conha
R

= — e gin bt

{q—n]g—-—bz} b

g — a
10. £ {{s—a}z—l—bi} = e™ cos bt

1
11. L {{32 S b2)? } = Etslnbt




Laplace Transtorm
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Theorem Description

Definition of Laplace Transform | L{ f(1)}= J:e”'f(t )t = F(5)

Linear Property L{af (1) +bg(t)) = aF(s) +bG(s)
Derivatives | L 0)=5"F(5)-s"f(0)=--f""(0)
— | afj@an="ro
First Shifting Property L' f()=F(s-a)

Second Shifting Property Lif(t-au(t-a)}=e“F(s)




Transtorm of derivatives

» Laplace transform of the derivative f"of any order :

{5 Wy -1 . .
Letf£ f ... " 'be continuous for all >0 and f" be
piecewise continuous on every finite interval on the semi-axis

t > () then transform of /" given by,

L(f")=s"L(f)=5""f(0)=5"2f(0)=...- " (0)




L For first-order derivative:
Centurion

sl C(/(0)) = 5L {f(t)} - 10
Em )m‘:"/-1,[::\‘:'}}/;;/11unmes..4

For second-order derivative;

L{f"(t)} =s*L{f(t)} - s (0) - '(0)

For third-order derivative;

L{f"(t)} =’ L{f(t)} - 5°£(0) - s f(0) - f"(0)

For n® order derivative:

L{f*(8)} = s"L{f()} - "' (0) = 8" 2 f'(0) = --- = f*°1(0)




The Laplace Transform of the First Derivative
L[f(t)]=sL[f(t)]-f(0)

/udv= uv-} vdu

rw
L[f‘(t)]= ot
J)
U dv

®

[insece

L[f'(t)] = /udv T3 (t 0




The Laplace Transform of the Third Derivative
L[f'(t)' =sLi()] -0

L[f"(t): - §2 L[f(t)]- sf(0)- (0

L[r"(t)] . sL[f"(t)] (0)

- §|s? L[f(t)]-f(O) : f‘(O)] (0

LI = s Lit]-5210)-s7(0)-F(0)



Unit Step Function

u(t-a)=0,t<a

l,t>a

L{u(t-a)}= j e *u(t-a)dt

£

- ]'e""‘ (0)dt+je'“t (1)dt




UNIVERSITY

Shaping Lives...
Empowering Communities...

Application to linear differential equations

We illustrate the Laplace transform technique by a simple example of har-
monic oscillator with a time-dependent external force f(t) = {.

F+wlr=t, (15)
z(0) =a, z(0)=0b. (16)
The starting point is to Laplace-transform the equation:

oQ > oC
/ dte P [§ + w’z] = / dte P't . (17)
Jo 0

For the derivatives in the lL.h.s. of (17) we use (4), with (16) taken into
account. This yields

0
/ dte P (i +w?z] = (p* +w?)X(p) —pa—1b, (18)
0
where -
20
X(p) = / dt e P 2(t) . (19)
0
The integral in the r.h.s. of (17) needs to be done explicitly:
aa SO 9 1 1 _
/ dte Pt :—,(—/ dte ™™ = —— - = = (20)
0 dp Jo dp p p°

We thus have

. 1
(p2 +w)X(p) —pa—0b = l—; ; (21)
and find _) 5
2 1+ p“(pa+b) 1 + p“(pa + b) ‘
X(p) = —5—= T (22)
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Now we perform the inverse transform

1 1+ b)| eP!
sty = o | P*(pa+b)]e dp . (23)
211 Jo p*(p —w)(p + w)

That is we sum up all the residues of the function

1+ p*(pa + b)] e
p2(p —iw)(p+iw)

(24)

There are three poles. The two simple poles p = +iw come from the Lh.s.
of the original differential equation, while the second-order pole at p = 0 is
totally due to the particular form of the external force. The residue calculus
routine leads to the final answer

zit) = f/u,"", +acoswt + (b/w — 1/w?) sinwt . (25)




Problem 45, Use the Laplace transform method to solve for the evolution of a
damped harmonic oscillator with a time-independent external force:

Prultai=fy, (26)
f0)=0, (0)=0, (1)

Find 2(t); make sure it is real and does satisfy the equation and the initial condi-
tions. Compare two cases: 0 <y < 2w and v > .

[f we are dealing with a system of linear differential equations, the proce-
dure is the same. We Laplace-transform each of the equations and arrive af
a system of algebraic equations for the Laplace transforms of the unknown
functions. From this system we find each of the Laplace transforms and
then perform the inverse transforms,



)
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Problem 46. Use the Laplace transform method to solve for the evolution of
one of two coupled harmonic oscillators (the coupling force is proportional to the
relative displacement of the oscillators, the proportionality coefficient A > 0):

# +wizy = Mzg - 21), (28)
Iy 4 .u::.r'_» AMzy = 29) . (29)

Find x(t) for t > 0 under the following initial conditions:
2(0)=0, #(0)=0, 2200)=0, i(0)=1. (30)

Make sure x1(t) is real and does satisfy the initial conditions.




Laplace Transform

* Applications of the Laplace transform
- solve differential equations (both ordinary and partial)
— application to RLC circuit analysis
* Laplace transform converts differential equations in
the time domain to algebraic equations in the
frequency domain, thus 3 important processes:
(1) transformation from the time to frequency domain
(2) manipulate the algebraic equations to form a solution
(3) nverse transformation from the frequency to time domain



Laplace transform of an impulse function’ (Dirac delta
distribution)

o lim %1 —1 .
L(o(n)= — [=efdi=—c" =
/e v g—lee s 0
lim [E’_SP —1]
= —5E

Writing ¢* as a McLaurin series

0 ¢ \ L, 1,
e’ =l+x+—x"+—xhot
N 3l

Writing ¢ as a McLaurin series

oo a2 by @ Lz
e =l+(-s8)+ ;(—S&?) +ﬂ—T(—S£’)1f’?+(}‘I+
Wit % 1




Laplace transform of impulse (Dirac delta distribution)

. | o L |
e =1=(~s58)+ 7'(—.s'z:) + w'(—sz:)'% +ho.

™ =1 l l )
i =].|._(—,s-.c:)+—(—.ﬂ'£)~ + hot.
— 58 2! Rl

PO R | | [1m | | 3
L{o(t))= | = N+ —(=se)+—(-se) +hot. |=1
| | =0 2! 3!

=
—3&

—

L{0(t))=1




Solutions to two topics
are left as an
assignment.

Submit it before last
working day of the
Semester.




Thank youl!
All the best for
Exams !




