Trigonometric Series:-

A Series with trigonometric functions such as sin x, cos x, tan x, cot x, sec
X, cosec x is called a trigonometric series.
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Euler’s Formulas for the Fourier Coefficients:-

If f(x) is periodic function with period 2it.Then the Fourier series
expansion of f(x) is given by

a
fx) = 70 + Z (a, cosnx + b, sin nx)
n=1

whereay = 1/n foznf(x).dx or1l/m ffnf(x).dx

a,=1/n
fozn f(x).cosnxdx or1/m ffﬂ f(x).cosnxdx

b,= 1/n
fozn f(x).sinnxdx or 1/m ffﬂ f(x).sinnx dx

Here a, ,a, ,b, are called Euler formula for the Fourier Series. Here
la, | and [b,, ] are converges to a continuous function f(x) on the
interval [-T,Tt].

Some Important Integration Results:-
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Example — 1.Expand in Fourier series f(x) =x + x%,( — T < x < 1),
T[Z
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Hence prove that 1 + >z + ...+ T =

Ans:-The Fourier Series expansion of f(x) with period 2 Tt in the
interval - T < x < Ttis given by

a
f(x) = 70 + Z (a, cosnx + b, sinnx) — (1)
n=1
Now

a, =1/ jn f(x).dx

ap = 1/11]Tt (x+x¥)dx=1/n[x/2+x*/3]", =—

a,=1/n f_nnf(x).cos nx dx
=1/n ffﬁ (x + x?).cosnx dx

=1/m ffﬂ (x + x?).cosnx dx
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) ()], =0
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b, = 1/1Tj1T f(x).sinnxdx

=1/ ffﬁ (x + x?).sinnx dx
=1/ nff"_xsinnxdx+ [ _x*sinnx dx}
(x*sinnx dx = odd function = 0)
T
= 1/11] xsinnx dx
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=1/n(—2mcosnmn/n) =
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— If niseven



Put the value of ag,a,,b, inequation (1), we get
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f(x) = -t (— T, €0SX + 3 cos 2x — 32 €0S 3x + ) + (Ismx —
%sin 2x + %sin 3x — )
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Put x=m then %[f(—n+0) + f(r—0)] =%[—T[+T[2 +  + n?] = n?
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EXERCISE 2.1

1. Find the smallest positive period of the following function.

2nnx 2nmx nmx
n —
p (b)ta P cot p

2
(a) sm% , COS

2. Find the Fourier series expansion of the following functions which is
assumed to have the period 2.

_(—kfor—-m<x<0
(a) f(x) = { kfor0<x<m

1 T
) =4

, and hence deduce (1 — % 4 % _

2
(b) f(x)=x?(— m < x < m) ,hence show that% = (1 + 2—12 + 312 + 412 + )

2
(c) f(x)=x7 (—m < x < m) ,and hence show that

1 1 1 T 1 1 1 T
(1 t+=+—=+—=5+ )=—and (1——+———+...> =—



—mr<x<0 ,and deduce that (1 +%+3—12+5—12+...)=

(d) f(x)={ x0<x<m

T2

8

3. Find the Fourier series expansion of f(x)of the (-m < x < m)
T T
X — E <x< E
(@)fx) = - 7 (b) f(x)
T—X §<x<3§

= x + x%,(— 7w < x < m),hence to show that
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