The Quantum Mechanics of Angular Momentum

"Round and round we go .."
childrens' rhyme

A Brief History

The Stern-Gerlach experinment, perforned in 1922, showed that a
beam of silver atons passed through an i nhonogeneous nagnetic field
was split into two and only two beans (Figure 15-1). Wy silver
atons? Silver atonms have a single unpaired el ectron and, of course,
are neutral so that they can be passed through a nagnetic field
wi thout tracing a curved path (see chapter 10, section 10.2 and
Figure 10-8). Wiy an i nhonogeneous fiel d? An i nhonbgeneous nmagnetic
field will have a field gradient which, after the application of the
gradi ent operator of chapter 4, will result in a force in the
direction of the gradient. This would not be so in a honogeneous
field. The Bohr-Somerfield theory of the atomat the tinme proposed
guanti zed orbital angular nonenta and the experinent was designed to
test this hypothesis (not spin angular nonentum as many texts seemto
inmply). The reasoning was that if the angul ar nonent um behaved
classically then as a atom passed through the i nhonogeneous field
there would be a | arger deflection at one end of the magnetic dipole
than the other and the atom woul d be defl ected by an angl e dependi ng
on the orientation of the dipole as it entered the field. Thus one
woul d expect to see an even spread of deflections. Quantized orbital
angul ar nmonenta on the other hand would result in only specific
defl ections. Furthernore, orbital angular nonmentum quant um
calculations of the tinme indicated that if the el ectron behaved
“quantum mechanically” it would have in integral angul ar nomentum
guant um nunber and woul d be in one of an odd nunber of states; one of
three, five, seven etc. Thus the expectation was that if orbital
angul ar momentumis quanti zed one should see the beam of atons
defl ected such that there were an odd nunber of patches on the
detector. This was not observed. There were two patches which could
not be explained by the understanding of the tine. W now know
however that it was actually the first observation of the effects of
intrinsic angul ar nonmentum or spin.



Figure 15-1 The Stern-Gerlach experinmental results show ng the
photo of the split beamon the right

The idea that m croscopic particles have a property
correspondi ng to angul ar nonentumwas first proposed by two young
Dut ch- Aneri can graduate students George U enbeck and Sarmuel Goudsm d
in 1925.



U enbeck, H. Kramers and S.
Goudsmi t

Figure 15-2 G

The background to this hypothesis was the observation that, when in a
magnetic field, the hydrogen em ssion spectrum (see Figure 12-3)
lines were each split into a fine structure of lines around the
positions where the (non-magnetic) lines were observed. Quantum
mechani cs was successful in explaining the non-magnetic hydrogen

em ssion spectrum but was unable to account for the observed
splittings. The suggestion that the hydrogen el ectron behaves as

t hough it has angul ar nonentum and, since it is charged, a magnetic
nonent led to the injection of the concept into the then still

devel opi ng field of quantum nmechanics. Wl fgang Pauli |ater naned it
"spin' which is still used today.

An interesting side story is that U enbeck and Goudsnit sent
their hypothesis for publication and then had a di scussi on about it
with Hendrik Lorentz (of Lorentz transformfane), one of the nost
em nent physicists of the tinme who argued that el ectron-spin would be
i npossi ble. They then tried to stop publication but were too late. O
course, they were right and Lorentz was wong. So rmuch for experts.

General Angular Momentum!

The follow ng discussion is very involved and uses nmuch of the
vector al gebra and conpl ex nunber al gebra that we have | earned so

1 The substance of this discussion owes nmuch to discussions with Professor J. A Wil and
to his book, (see ref. 2). Thereis much here and you will certainly be excused for being intimidated by the quantity.
However, there is nothing that has not been explained in detail in previous chapters and as long as you have a reasonably firm
understanding of complex numbers and vectors there will be no surprises (well, maybe one or two). Stay with it and you will be a
different person at the end.



far. Note that we switch fromusing the operator “ J” for general
angul ar nmonmentumto using “ I” for spin angul ar nomentum part way
t hrough the chapter. The formof the equations for both are
identical, only the synbol changes.

In classical physics, the angul ar nonentum of a particle is

gi ven by the vector cross prodwﬁ,iiz?xﬁ, whereFis the position
vector of the particle andpis the tangential |inear nomentum mv
(see chapter 10, the Bl och equations).

The conponents of Lare (by the determ nant nethod, chapter 2):

i j Kk
L=rxp=|x y z|=ilyp,—zp,)+j(zp,—xp,)+k(xp,—yp,)
P« P, P,

and the magni tude of each conponent:

L.=yp,—zp,
L, =zp,—xp,
L,=xp,—yp,

To get the correspondi ng Ham | toni an operators we repl ace the
moment um t er m p,\Mtt1—ihél(or—ihélor—ihél)(see chapter 12). i is
X y VA
the root of mnus one and h is the reduced Pl anck constant or Dirac
constant and is equal to h/2p. Wiy do this? Recall fromthe chapter
on waves that natural frequency units in radians per second and
ordinary frequency units in cycles per second or hertz are related by

equation [8-2]:

2TW=V

==

27

In dividing h by 2n we are specifying that our frequency results wll
be in natural frequency units, radians per second. The coordi nates
remai n the sane:

f—_i 0 _, 0

J =—inh(y 5, 2 ay)

p_ 0 0

Jy—_lh(za—x_XE> [15' 1]
7 —_ .0 _,. 0

‘Iz_ lh(X ay Yy aX)

W have switched toJfromLhere, asJis the general angular nonentum



synmbol . One often sees Lused for orbital angul ar momentum Sfor
el ectron spin angul ar nmonmentum and Ifor nucl ear angul ar nonentum as
wel |l as the nore general J

We can al so definejiby summ ng the squares of each of the
angul ar nmonment um conponent operators:

P=7 4]+ [ 15- 2]

Do these operators commute? Let's find out

f f =2 (y. 0, 0,0 . 0
Tl y= nly 0z Zay)<z 0x 82)
=—12[(v-9-)(2-20)—(2--9-)(7--0)—( y--0_)(x-© .0 )(x-0_
Hl g g gy e gl L fairla e )
2 2 2
eyl @D
2 Sax % ayax K op T 6y8]
What happened to the ' i"? It's there, hiding in the mnus sign
Don't forget that we have nultipliedJ;tineskhﬂ each of which
contains i and the product of i tinmes i is -1. Using the product

rule of the differential calculus (see Appendix Il), the first term
I S:
o’ yz o’z oy 0 62y
0z0x Y 0z0x “ 0z0x 4 6x azax

so that the |l ast |ine becones:

2 2 2 2
i —— |y 0 4 0 20" .0 .. 0
Xy Y ox e 0z0x 0yox X 0z’ “ Oyoz

simlarly:

J 7= (20 —x2)(y0 ;0

ox’\ dz 0 oz 0z y
2 2 2 2
— o 0 2 0 Ly 0 n 0
L2y 0x0z yazz 0x0y X@y X Gzéy]

and so:



fxfy_fyfx:_hz[y aa_x_ a—ay]
=% .0 _ . 0
x5V %)
= th . 0 — i
i“h°[x oy Y Py

using the definition of J above and the fact that i’=—1. Simlarly we
can wite:

. J,)=ind,
[J,, J )=inJ, [ 15- 3]
[J,.J,]=inJ,

We note the cyclic pernutation in these comrutation
rel ati onshi ps and that the conponents of the angul ar nonenta do not
commute with each other. This neans that we cannot assign definite
val ues to any two of these at once as we saw i n our discussion of the
uncertainty principle in chapter 13. Put another way, there are no
functions that are sinultaneously eigenfunctions of all three angul ar
nmonment um operators. One will often see these comrutation
relationships witten in 'frequency' notation. Recalling from chapter
13 that Planck's energy equation relates the energy of a photon to
its frequency E=hvwhere nis in hertz. Alternatively:

_ho _

E=
27

X0

where wis in radians per second. Dviding by 5 gives the frequency
notation which is nore useful to us as nnr spectroscopists. W shal
however have occasion to tenporarily switch back to the energy
notation in a later chapter. If we divide our conmutation

rel ati onships, [15-3], by h we get the frequency notation:

[jx’fy]:ijz
[jz’fx]:ify [ 15- 4]
[Jy,JZ]zin

We can do the sanme investigations into the commutation
rel ationships between J*and Jf,, J,and j,. Wen we do so, using the
above definitions for these operators, we get:



In these cases we see that J®conmutes with all three angul ar nmonent um
operators. Thus, it is possible to neasure sinultaneous val ues using
J*and one of the angul ar nomentum operators. Equivalently, there

exi sts an ei genfunction that can be used sinultaneously wi t h J?and
one of the angul ar nonentum operators.

Now, all this talk of eigenfunctions and angul ar nonent um
operators | eads one to think "what about the eigenval ues of these
ei genfunctions” (well, maybe not but ...). Since there is a set of
ei genfunctions that satisfies bothJ?and one of J,, Jor J,, we can try
to find out what it mght be or to find the corresponding
ei genval ues. The choice that is generally nade is to use J?and J,.

In the follow ng discussion it is convenient to introduce a
coupl e of new operator definitions. These are the so-called | adder or
rai sing and | oweri ng operators:

J=J +if, and J=7F-if [ 15- 5]

X y

Their conmutation rel ationshi ps are:

N’

170,
[Jz’J+]: +
J,J,—J. J,=J, [ 15- 6]

-

and i nspection wll show that:

Now let's try for sone eigenval ues of J?2and J,. First,
remenbering that these two operators have common ei genfunctions, we
can call the eigenval ues of J*andJ,, kjandkmrespectively and we can
wWite: ’
Pl m>=0| j,m>

Jdjm>=n,| j,m> [15-7]

J
J



This is our by now famliar Dirac notation that has been used

here to represent the comon eigenfunction of J?andJ,. | j,m>
represents the spin wavefunction with enphasis on j and m rather
that witing|¥>. It will help us to keep clear what we are talking
about. Another way to wite this using Schrodi nger notati on would be:

AL WA\
jzlpj,m:%‘mlpj,m

The Dirac notation is rather nore conpact and is useful in
devel oping the matri x representation of operators.

Note that these are or can be made to be orthonornmal functions
wher e:

<j',m'| j,m>=1 ifj'=j and m'=m
or
<j',m'| j,m>=0 ifj'#j and/or m'#m

You will need to renenber these when we tal k about matri x
representations of operators.

Now, fromthe definition of J*([15-2]):
Py Ji=yi-J
and, using this in our eigenvalue equation [15-7]:

(B+ )| jm>=(=T2)| j,m>
:(7‘7_7\'51” j,m>

Sincef;andf;correspond to experinental observables (and are
therefore hermtian) they nust give real, non-negative nunbers so
that (J;+J,) will also give real, non-negative nunbers
A—Ao=0 [ 15- 8]

J

~

Recal | ing the commutator [J
wite:

J)=J,orJ,J,—J.J =70, (from[15-6]) we can

z)

<j,m'| J,J,=J.F,| jm>=<j,m'| J.| j,m>

where jhas the sane value in the bra and ket but mM may (or may not)
be different fromm That this is so is because:



This shows us that J,J,, operating on the eigenfunction, | j,m>,
produces an ei genvalue of ), plus one. Ww What a result! Let's think

about it for a moment. The result of J,| j,m>isi | j,m> ... we said
this earlier in equation [15-7]. Contrast this withJ,Jj,| j,m>which
gives(k+1)ﬂ¢j,m>. I f you consider J,| j,m> as a whole to be just
anot her ei genfunction of J,, then this result indicates that J, mnust
operate on| j,m>to give| j,m+1>:

f+| j)m>=t_>m| j:m+1> [15_ 10]

Only mis affected by this operation .. |, related to the total
angul ar nmonmentum is unaffected. Furthernore, there nust be a whole
set of eigenfunctions of J,whose ei genval ues are separated from each
ot her by one.

Simlarly:
J | j,m>=g,| j,m-1> [ 15-11]

Now, since we have shown that »,—2;,>0(equation [15-8]), this
means that there nust be a naxi num and a m ni num val ue forxm. In

ot her words:
—VA;<h, VR,

If we try to use the raising operator on an ei genfunction that
al ready has a maxi num val ue of mwe cannot generate one wWwith mg, + 1

and we are forced to wite:

[ 15- 12]

f— f+| j’mmax>:(j‘2_ji_fz)| j’mmax>
(fron1the definitions of J. and J,)

m max



Wiy you ask, is it equal to zero?

A~

f +| J mmax> J (A+| j!mmax>):f- (0>:0
so, assum ng that | j,m ,>has a non-zero val ue:
(>\‘ >\' (max) 7\‘m(max)):O

or:

Similarly, for J J,| j,m, >, we obtain:

and we can then say:
2
}\‘m (max) +}\‘ (max) }\'m(min)+7\'m(min)

This can only be true if A .0==Mnmn -
Conbi ned with our know edge that the eigenval ues of J,| j,m>

differ fromeach other by exactly one, the fact that there is a

maxi mum and a m ni nrum ei genval ue for the set of eigenfunctions and

the fact that the maxi num val ue equal s the negative of the m ni mum

val ue means that the eigenval ues of J,| j,m>can take only the

values ...-3/2, -1, -1/2, 0, +1/2, +1, +3/2 ... No other values are

possible. Thus, there are2i ,, t1possible values of m.

It is customary to define j= kmmw and —j=—A, .. This gives us

h=j(j+1)

Now, sincejis defined in terns ofxm o) andx ranges fromx o

A in steps of one, the values that jcan take are 0, 1/2, 1, 3/2 2

m(max)

The possible values of ). depend onjand the fact that they differ
by one fromeach other. So, if j=1, then) or mfor short? can be -1,

0, +1. More generally, for a given value of j, mranges from —jto +j
in steps of one.

2 This is one of the things that sone books fail to point out
explicitly! I guess you are supposed to already know it.



So now we have the eigenval ues of J*and fz, j(j+1)and m
respectively.

Ready for nore? Lets look at T and& . As you will no doubt instantly
recal | :

<j,m| J J,| j,m>=C,<j,m| J | j,m+1>=CE, . <jm| j,m>=C.FE, .,
al so, burned into your mnd is:
<j,m| JJ.| jm>=<j,m| P=J;=J,| j,m>
and since we now know what the ei genval ues ofjéandf;are:

<j,m| =T =J,| j,m>=j(j+1)=m'—m
=j(j+1)—-m(m+1)
:E;mEerl

We can also call up the hermtian operator "trick':

<j,m| JJ,| j,m>=C,<j,m| J | j,m+1>
=C,[<j,m+1] J,| j,m>]
=C,C,<j,m+1| j,m+1>
=t,C,
(sincef is hermtian, J=J,)

So:

le;zcmgm-ﬂ

and:

. z;*ngerl
Cnln=||Cul[ =i (i +1)—m(m+1)
C=Vj(j+1)—m(m+1)

Sinmilarly, for <j,m|J,J | j,m>:

g,=Vj(j+1)-m(m-1)

In summary we now have four eigenval ue equati ons:



1. i| j,m>=m| j,m> and there will be 2j+1 possi bl e eigenval ues of
'IZ

2. J2| j,m>=j(j+1)] j,m>

3. J.| j,m>=(\j(j+1)-m(m+1))| j,m+1>

4, f| j,m>= (\/j(j+1) m(m—1))| j,m—1>

Al so, we can derive expressions using.fxandj}. Fromthe definitions
of the | adder operators:

. J AT
J =
2
and o
j=2t
Yoo
So:
. (J,+J), |
Jxl J’m>:#| J’m>
7, J
:7| j’m>+_| j,m> [ 15- 13a]
1, .
=5 (ili+1)-m(m+1))| j,m>+> NJ(JH) m(m—1))| j,m>
Simlarly:
A 1 yar . 1 yar .
Iy gom>=—=(Vj(j+1)=m(m+1))| j,m>=—(j(j+1)=m(m=1))| j,m>
or (remenbering that 1/ i = —i):
Il jm> =
. 15-13b
- L mma ) jm>+ L (G -mm1)] jm> 170
The orthonornmality of the eigenfunctions will considerably

sinplify these expressions when | ooking at operator matri ces.

The synbol, J, is a generalized synbol for an angul ar nonentum
operator. Wien one wi shes to tal k about a specific type of angul ar
noment um one general ly changes the synbol for the operator (but not
the math!). For exanple when the orbital angular nonentum of an
el ectron i s being discussed one woul d use Lor when the nucl ear spin
is of interest, Ior Swould be used. The math and the results do not



change however.
Coupling of Angular Momenta

Let's review our commutation relations fromequation [15-3] for
a nonent. We have, in general:

3,0 )=inY ¢,

where i, j and k stand for x, y and z3 The synbol ¢;is the Levi-
Cervita permutation synbol. The possible val ues are:

e;=0 (i and j equal )
¢,=1 (i and j and k cyclicly permuted)
e,=—1 (i and j swapped)
Thus we can easily find for exanple, that:
J,.J|=—inJ,

y U x

since the order of x and y has been swapped. These commut ati on
relations can be used to find the commutation relations for the
| adder operators:

Now | et's consider two i ndependent angul ar nonenta,flandfé. By
i ndependent, we nean that if sone change happens to.fl, not hi ng
happens to,fzand vice versa. Since they are independent they wll
each have their own state space and will therefore comute:

J,J)=0
We can take it a bit further and | ook at the commtators of the
conponents of J andJ,. Again, because they each have their own space
I ndependent of the other the commutators wll be zero:

By =00 (i,j=1,23)

Al so, given our above analysis, we can say sonethi ng about the effect

3 Note that "i" used in this context is a subscript, not the square root of mnus one!



of operators, jfandhﬂzon the eigenvectors for their respective states:

j?lAjimi>:ji(ji+l)| Jim;>
Jizl jimi>:mi| jim;>

The sum of these angular nonenta is:

~ ~ ~

<
~
I
S~
+

Now, we consider two angul ar nonenta that are not independent.
In other words, when a change occurs to angul ar nonentum vector 1 an
effect on angular nonentum 2 is felt. We then say that the two
nonmenta are coupled. From Newton's third law, we find that |inear
nmonment um and by extension, angular nonentum are conserved. Thus, if
for sone reason there is a change in angular nmomentum 1 there will be
a change in angular nonmentum 2 such the sum of their nonenta remains
constant (unless energy froman external source is added).

~ ~ ~

<
~
I
S~
+

Coupling of angular nonmenta is treated in the literature in a .
shall we say, rather disjointed way. There is no apparent agreenent
on how states are witten which nakes reading by the uninitiated that
much nore difficult.

Angular Momentum Operator Matrices

We can do sone expectation value cal cul ati ons using the angul ar
nonent um operators that we previously devel oped:

<j,ml J,| jym>=<j,m| m| j,m>
=<j,ml| j,m>
=m
( <j,m| j,m> normalized and equal to one)

As we have seen, generally, for a spin with spin quantum nunber
j, there are 2 + 1 values for m ranging from-j to +j in increnents
of one. For exanple, for a spin of 1, mcan be -1, 0 or +1. W can
use this to represent all of the possible expectation values for an
operator in a matrix. So, for a single spin with j=1 we would use a 3
x 3 matrix (3 because of the three values of m. The colums in the
matri x would be | abeled]| j,+j>to]| j,—j>in steps of one (of course!)
or just + to -j, which are the possible values of m For our spin
with j=1 these would be 1, 0, -1. The rows are |labeled simlarly



except that bras are used ... <j,+j| to<j,—j| .

Each matrix elenent is then the expectation value of the
operator using the corresponding bra and ket. So, for row 1 and
colum 1 the expectation value of J, would be:

<L,1] J,| 1,1>=<1,1| 1| 1,1>=1<1,1] 1,1>=1

The wholeJ,matrix for our j=1 spin is:

| ,1> | 1,0> | 1,—1>

<1,1] |1 0 0
J,=<1,0] |0 0 0
<1,-1| |0 0 -1

The 'basis' functions in bra and ket form are shown beside the
appropriate rows and above the appropriate colums. Colums 2 and 3,
row 1 are zero since the eigenfunctions are orthonormal and col | apse
to zero.

We can now wite out the generalized expectation values for al
of our angul ar nonentum operators for all non-zero matrix el enents:

<j.m| J,| jym>=<j,m| m| j,m>
=m<j,m| j,m>
=m

<j,m| J*| j,m>=<j,m| j(j+1)| j,m>
=j(j+1)<j,m| j,m>
=j(j+1)

<j,m+1| J,| jm>=<j,m+1] V[j(j+1)-m(m+1)]| j,m+1>
=(Wj(j+1)-m(m+1))<j,m+1| j,m+1>
Vilj+1)=m(m+1)

and simlarly:

<j,m—1| f| j,m>=yj(j+1)—m(m-1)

There are two ways that the el ement of J can be constructed,
depending on the value of min the bra:



Vi(j+1)=m(m+1)
2

<j,m+1| J,| j,m>=<j,m+1]| | j,m+1>

=) (U T =m(m+ 1)< j,m+1] j,m+1>

= (WG =m(m+1]
or

Vilj+1)=m(m=1)
2

<j,m—=1| J| j,m>=<j,m—1| | j,m—1>

=) (U T =m(m=1))<j,m=1] jm-1>

= (WG =m(m=1]

Simlarly for J,:

ivj(j+1)-m(m+1)
2

<j,m+1| J| jm>=<j,m+1]| | j,m+1>

=G+ =mme1))<jm+1] jm+1>

=(SWi(j+1)=mm+1]
or

ivj(j+1)-m(m—1)
2

=)+ =mm=1))<j,m=1] j,m—1>

<j,m=1| J | j,m>=<j,m-1]| | j,m=1>

=(SWi(j+1)=mm=1]

This is lot of stuff for what turns out to be sone really rather
sinple matrices. In the case of spin-% nuclei (spin-¥% refers of
course to j=%) we can cal cul ate what the expectation val ues of the
nucl ear spin angul ar nomentum operators, [, [ and fyare. For I, the

calculation is particularly sinple. Since:



the matrix is:

1
2

For fxthe calculation is a bit nmore conplicated (but not much!).

First, we visualize the basis functions along side the initially
enpty matri Xx:

|l,l> |l’_l>
2°2 2° 2
11
230 la b
<l,_l| C d
27 2
As you will recall froma few lines back, there are two

expressions for the expectation value of I ( fx actually, since it was
a general angul ar nonmentum operator then) dependi ng on whet her m
i ncreases by one or decreases by one. If you look at row 1, colum 1,
this is<%,%| I| %%> You can't use the first of the two equations

since this would raise 1/2 to 3/2 but mcannot be | arger than j
(renmenber the maxi numvalue of mis +) and the m ninumvalue is -j).
If you use the second of the two expressions you will get

<%,%| VIj(j+1)—m(m-1)]] %,f%> or \/[j(j+1)—m(m—1)]<%,% %,f%> and since the
basis functions are assuned orthonornmal to one another the expression
<%% %,—%>i s equal to zero. Simlar calculations for the other matrix

el ements lead to the [ matrix:

N | =
S N

and sinilarly, f :

N

For spin 1/2 nuclei we often abbreviate| %,%>t o| a>and | %,—%>to| p>



and the nuclear spin operators aref,or [ or f . There are, of course,
correspondi ng | adder operators,i;andf:. Hopeful ly, from the above
di scussi on and the discussion of angular nonentum operators you can
see that:

ﬂ|a>=l|a>
2
and [ 15- 144a]

. 1
I|p>=-=| >
| B>=- 2| B

One of those frustrating "it can be shown that" statenents that
one runs across is "it can be shown thatiﬂ a>u:%|B>” but then it is

not shown or stated where it is showmn. W show it here using the
| adder operator definitions:

+1

Il
> =~
> =~

+

X y

i
i

Py

. x 1

y

Addi ng these together and sol ving fori;:

. I+T
I.=
2
So:
N I.+1
I.| oa>= | o>
and since these are |linear operators:
ﬂ|a>=lﬂ|a>+lf|a>
2 2

Remenbering our definitions of | a>and| f>and the effect of the
| adder operators from above:

ﬂ|a>=o+%|ﬁ>

The "0" cones about because the eigenval ue of I,| a>works out to be
zero for spin % This is, of course, because the | adder operator, ﬂJ

i ncreases m by one but for the| a>spin state mis already as high as
it can be. Thus, operating on it with a 'raising’ operator returns



not hi ng.

Thus:

A 1

L| a>=7|p> [ 15- 14b]
and simlarly:

L] p>=31 o>

A i

Iy|a>=§|ﬁ> [ 15- 14c]

I D= ! >

yl [‘)) - El o

As you can see, | a>and| p>are not eigenfunctions off;andf;as we
shoul d expect to be the case since they do not commute mﬁth_ﬁ.

Expectation Values

W can now wite the state of our single spin-1/2 as a
superposition of basis states|a>and| p>:

| 1IJ>:C0L| O(.>+CB| B>
foll owed by an expectation val ue cal cul ati on:

<[ >=<W¥| I,] \P>=[<oc| cot<Bl cp|1,

C(xl OL>+C[3| B>]

=[<al cr<pl Gl|cz | a>—cr| B>

:%c;ca<oc| oz>—%c;c|3<oc| B>+%c;ca<[3| oc>—%c};cﬁ<ﬁ| p>

1 . 1 [ 15- 15a]
==CyC—0+0——=cpcp

2 2
:J%C;Ca_cécd

2

1
=5 [co—cj)

2

whereciandcérepresent the probabilities of finding the spin in state
| a>or | p>respectively. Thus the expectation value is half the
di fference between these two probabilities.



Simlarly for I,and I, :

<I>=[<a| c,+<B]| c;

IX

.| a>+cy| B>]

:[<oc| c;+<B| cﬁ} %ca| ﬁ>+%c5| o>

:lc;ca<oc| B>+%c*

1 * 1 &
: Gp<al a>+oc e <Pl B>+ <Pl o> [15. 15p]

=0+%c;cﬁ+%c;ca+0

1, « .
:E(CuCB‘FCB ch)

<Iy>=[<oc| Co+<p| C;]IY{COJ a>+cy |3>]

* * i i
:{<0‘| Cot<PB| Cﬁ] EC(XI [3>_EC[5| o>

i * i * i & i *
=5 CuCa<0| B> ga] a>+7cuc <Pl B> cep<Bl a> | 15.15¢]

i * i *
ZO—ECQCB+ECBCQ—O
= leica—cuey

2

A nmonent's reflection (and a review of the chapter on conpl ex
nunbers) will reveal that:

<Ix>=1[c;cﬁ+ c; ca}zRe[c;cB]
2 [ 15- 16]
<t >=Lge—cie=1 mcia)

From t he di scussion of conplex nunbers in chapter one we recal
that conpl ex nunbers may be represented in Argand notation or polar
notation. If we choose polar notation we can wite our conpl ex
coefficients as:

(P

i * —i
Cu=ry€ C,=rq€
* —idp

co=r.e'” c.=r.e
8=Tp p=1p

P

and then rewite our expectation values in polar notation and using
trigononetric identity [A-12] from Appendix I1:



<1,>=2[ci=c]
LS [15-17a]
+ (r2 2% —r2 e

1. .
< Ix>:§(c(xcﬁ+ CyCo

1 —i¢ io —ig, i
L= o Py B o
2(rae ree " +rge  "r e ) [ 15- 17b]

_ l(r(lrﬁ {ei(¢,§—¢(,)+e—i(%—m})

2
=r<xrﬁC05(¢ﬁ_¢a>

i * *
<Iy>:§(cﬁca_cacﬁ)

L(. ity o, ~i0u,. i
+—(rﬁe ‘r,e “—rq,e “‘r,e”

a

N

—i(o=0.)___i(0,=0.) [ 15-17c]

=é‘(rurB[e e ”

:é(—ZiSiH(q)ﬁ_(Pa))

:r(xrﬁSin(q)[S_q)(x)

We shall have occasion to | ook nore closely at these expressions in a
| ater chapter.

Time Evolution

In chapter 12 we devel oped the stationary Schrodi nger equations
in ternms of the superposition principle. W did not, however, discuss
the tinme evolution of states but rather deferred it until we have a
specific formfor the Ham |tonian operator. W will now devel op the
Ham | tonians for I,, I,, andI ,and, coupling themwth the effect of
t hese operators on the states of a single spin-1/2 (equation [10-
14]), we shall be able to obtain sonme expressions for the behavior of
a spin systemwith respect to tine. We will not include relaxation in
our calculations and so wll produce equations that are artificia
nodel s of the physics of a spin system Nonetheless, they will prove
very useful.

Recal | from equation [12-16] that the classical expression for
the energy of a magnetic nonment in an external magnetic field is:



E=—{i-B
=—u,B,—u,B —u,B,

v

wherepis the magnetic noment vector and Bis the external field
vector. Recall also fromequation [12-13] that the magnetic nonent is
proportional to the angul ar nonmentum

i=—L.1
=y-I
=yL+yL,+ylL,
=u,tu,tu,

where yis the gyromagnetic ratio. Wiat we want to do, of course, is
convert this to the correspondi ng Ham | t oni an expressi on.

Substituting the proportionality equation into the energy
equati on:

E=-yL,B—-yL B,~yL,B,
and fromthe beginning of this chapter:

L.=yp,—zp,
L, =zp,—xp,
L,=xp,—yp,

Qur energy equation now can be witten:

E=-yB,(yp,—2p,)—yB,(zp,—xp,)—y B,(xp,— yp.) [ 15- 18]

Renmenber that this is still the classical energy expression. If we
want the anal ogous quantum mechani cal operators we replace the

T . 0 .
monenta, p,, p,and p,with 1hax, ih aya.nd 1hazrespect|vely. So, the

guant um nmechani cal energy Hamiltonian for a nmagnetic nonment in an
external field is:

H=—ihyB,(y- 5~z

; 0 0
—lhyBy(z-a—x-E)

. p) 9
ihyB,(x 5y Y 6x)

or, using equation [15-1]:



H=-yB,I,
—~yB,I,
—YyB,I,
where we have usedIas the synmbol for angul ar nonentum oper at or

instead of J. In practice, the direction of the external field is
defined as the z-direction and there will therefore be no x or y

conponent to the external field. The.§zconponent is often mwitten.ﬁo,
as we have seen in the discussion of the Bloch equations. Thus, the
Ham | tonian sinplifies to:

H=-yB,I,

Al so, recalling equation [12-15], we can wite the Ham ltonian in
terns of the Larnor precession frequency:

H=w,I,

The fifth postul ate of quantum mechanics listed in chapter 13
gave us the tinme-dependent Schrodi nger equati on:

f{|u!h)>:ihé%|ly(d>

or in units of %:

Since we now have an explicit Ham ltonian we can insert it into the
equati on:

9| w(e)>=—io, 1] W(e)>

Substituting the superposition state terns gives us:

d

Dl (0] az+e 0] p>|=—iw,1

c(t)] a>+cy(t)] p>]

z

Note here that we have assuned the tine dependence to be wholly in
the coefficientsc,andc,. This is simlar to the situation with
cl assi cal coordinate systens. There, the basis vectors don't change



with tinme but the coordinates of position vectors do change wth tine
when descri bing notion. In other words, the coefficients of the
position vectors change but the basis vectors are tinme invariant4 W
assune the basis states| a>and| p>to be tine-invariant as well which
neans the tinme-dependence is in the coefficients.

We now cast the problemas an inner product cal cul ation using
<a| as the bra:

<al %(cu(t)l a>+c,(t)] B>|=<a| —im,I,

¢, (t)] a>Fey(t)] B>]

%ca(t)<a| a>+%cﬁ(t)<a| B>=<a| —iw,I,c,(t)| a>+<a| —io,I,c4(t)| B>

C[’)(t>

dca(t) _ _i('OO C(x(t)

iw,
= < S —rL >
dt 2 ol a o <ol
de,(t) —iwyc,(t)
da 2

This is a sinple first-order differential equation which is
easily solved (see Appendix I1):

A simlar analysis (using| p>) for c;gives us:

iw,t

cy(t)=cs(0)e *
So we now have:

—iwyt iyt

| W(t)>=c.(0)e * | a>+cy(0)e * | p>

We ask now 'what is the tine-dependence, if any, of the
expectation val ues?' . For <I,>:

4 This need not be the case. W can reverse things and have the basis vectors change with

tinme and the coordinate coefficients be static however this is not the usual approach, at
| east for introductory nnr spectroscopy.



calt)eyt)=cyle) (o))

N
~
N
V
—
* ~
SN—
I
N | —

:% c.(0)e * ||c.(0)e * |=|cs(0)e * | |cy(0)e
1 iyt Lﬂof L‘”ﬂt imyt
ZE(Ca(O)*e ? c,(0)e * _Cﬁ(o)*e ? Cﬁ(o)e ’

:%(Cam)* c.(0)—c,(0) Cﬁ(o))

The c(0)'s are constants which neans that under the influence of Bo
the expectation value of I,is constant. Thinking in terns of the
vector nodel of chapter 12, this is exactly what we woul d expect. For
<I,>and<I >:

:—(Cq (O)* Cﬁ<0>ei(00[+Cﬁ(0>* Ca(())e—iwot)

N[

:%cam)* CB(O)(Cos(wot)+isin(w0t))+%cﬁ(0)*CQ(O)(COS(wot)—isin(ooot))

(07 ¢,(0)+3,(0) ¢, (0] |=sin(w)| £6,(0) c, (011, 0) ¢, (0)

=<I,>(0)cos(w,t)—<I,>(0)sin (w,t)

:cos(wot)(%ca

<I,>(0)=[c; (e (0)=cit)eylc))

*

imyt —imyt

cs(0)e *

-4

2
:%C;(O)Ca(0)(Cos(oo0t)—isin(wot))—%cfx(o)cﬁ(O)(cos(u)ot)+isin(m0t))
:cos(wot)(%c;(O)CG(O)—cl(O)cB(O) +sin(mot)(%c;(o)cﬁ(op%C;(O)Cq(o))

=<1,>(0)cos(w,t)+<I,>(0)sin(w,t)

Recal ling the precession of a magnetic nonment from chapter 12 and
specifically, figure 12-10, these are exactly what we woul d expect

under the influence of an external nmagnetic field, Eo. The first
equation says that <I,>(¢t)i s a conbination of <I,>(0)and<I,>(0)and that



as tinme progresses the m xture of the two changes in an oscillatory
fashion. In terns of the vector nodel of chapter 12, we can picture a
vector rotating in a right-hand sense about the z axis.

This sense of rotation is a bit difficult to visualize. At first
glance it appears that it should be a left-hand rotation but keep in
m nd that the equation is describing the tinme-evolution of <I > which
is a scalar value (or a magnitude if you like) not a vector, and that
the val ue of <I,>(t)is a magni tude cal cul ati on whi ch depends on both
<I,>(0)and<I,>(0)and the anpunt of tinme that has passed since t=0. The
result of the calculation tells us the magni tude of the projection of
the vector onto the<I,>(t)-axis (see figure 15-3).

So, at t=0:

<I,>(0)=<1I,>(0)cos(w,0)—<I,>(0)sin(w,0)
=<1,>(0)

obvi ously). At t=-1—:
(obvi ousl y) 2o,

<IX>(27([D ):<IX>(0)cos(w022) )—<Iy>(0)sin(m027(f0 )
0 0 0

=—<1,>(0)

and (the scalar) <I,>is equal to the negative of the initial value of
<I,>. This can only be the case if, in a vector-picture the vector

describes a rotation in the right-handed sense. You can use figure
15-3 to help in seeing this.



<I,>(t)

<I,>(0)

Figure 15-3: Vector picture of the tine-
evol ution of <I>

The second equation says nuch the sane for <I >and inplies the sane
handedness in the associ ated vector rotation.

We have just described the situation with respect to the tine
evol ution of the systemunder the influence of an external magnetic

field. There is another field to consider ...the applied Elfield. In
ot her words we now wi sh to know about the tine evolution of the spin
system under the influence of a pulse of rf energy.

The Ham | tonian that we use is very simlar to the one we used
to determne the tinme dependence of the spin systemon the externa

field. Recall that the Elfield is at right angles to the Eofield
and, as is usual, the coordinate systemis such that the z-axis is

parallel to thei%field. Al so, recall that in the rotating franme of
ref erence, the4§0field di sappears fromthe equations (at the rotating
frame frequency, that is). So, using the rotating frame of reference
we can wite a Ham | toni an expression:

H=w,I,

O course, we have arbitrarily assumed that theiifield is aligned



with the x-axis but then we are free to choose where the x and y axes

lie in the transverse plane. W could just as well have chosen theii
field to lie along the y-axis in which case we would wite:

H=w,I,

Note that the frequency here is w, not w,because the frequency of
rotation is determ ned by the field strength and theiﬂfield s

(presumabl y!') appreciably different fromthat of the.§0external
field.

Qur anal ysis proceeds nuch as above:

d .
<al d_t(Cu(t)l a>+c(t)] p>=<al —iw,I,
d

De(t)<al a>+Le)<al pr=<al —ioLe, (0] a>=<a| —ioLe(0)] B>

e, ()] a>+cy(t)] B>

dt
dcu(t) _imlca(t) i(‘olcﬁ(t)
— < > 1 b /e >
0 > al B al a
dec,(t) —iw clt)
de 2

and simlarly:

<Pl <le (O] a>e,(t)] B>=<pl —iw L,lc,(6)] a>+cy(e)] B>)

d d . .
Eca(t)<6| O(>+Ecﬁ(t)<[3| B>:<BI _l(’OIIxC(x<t)| O(>+<BI _lmlIxCﬁ<t)| B>
‘1Cﬁ(t) —im,c,(t) i(U1Cﬁ(t)
= < S4H—-< >
b ol ep) po+ 22 <) @
dClg(t)_—l(DICu(t)
da 2

These are coupled differential equations sonewhat rem niscent of
equations 15-14c. Their solutions are:

ca(t):cu(o)cos(mTlt)—icﬁ(O)sin(mTlt)
cﬁ(t)=cﬁ(O)Cos(mTlt)—ica(O)sin(mTlt)

You are encouraged to work this out for yourself using the exanple in
Appendi x Il (and being very, very careful wth signs!).



Now, what do the expectation values |ook |ike? Starting with
equation 15-15 and using trigononetric identities A-6 and A-7 from
Appendi x 11

<I>(t)=7c,(t)e,(0)-¢;(e)e,(¢)

:%.(C;(O)CoS(let)HC;(O)sin(let) C(X(O)cos(w—lt)—ch(O)sm(mTlt).
_“%-(CE(O)cos(£%§5)+ic;(0)sin(fgff) Cﬁ(0>COS((D t)—icq(o)sln(fg_f)
=le.(0)' ¢, (0)=,(0) c,(0)] COSZ(wTJ)_Sinz<mTlt)
+[¢;(0)c, (0)=c. (0)cy(0)isin( 1) cos (221

(SN

:E{c(x(o)* c,(0)—cs(0) CB(O)]COSZ((Dlt)

#5163 0)e.(0)~c (0)cy(0)sin(wy1

Usi ng equations 15-15a and 15-15c:
<I,>(t)=<I,>(0)cos(w,t)+<I,>(0)sin(w,t)
Simlar calculations for <I,>(¢t) and <I,>(¢) gi ve:

<1,>(t)=<1,5(0)
<I,>=<I,>(0)cos(w,t)—<I,>(0)sin(w,t)

We can now see that using the Ham I tonian H=w,I,on our single
spin system the expectation values correspond to a rotation of a
vector about the x-axis at a frequency of w, radians per second. As
m ght be anticipated, a vector lying along the x-axis will not rotate
about the x-axis and this is reflected in the expectation value for
I.. Avector lying along the y-axis will be rotated towards the +z-

axis and a vector lying along the +z-axis will be rotated towards the
-y-axis.

G ven the results of the above anal yses forlI,andl and our vector
picture, we can predict what the results will be for I :

<I,>(t)=<1I1,>(0)cos(w,t)—<I,>(0)sin(w,t)
<1,>(0)=<1,5(0
<I >=<I>(0)cos(w,t)+<I,>(0)sin(w,t)
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