
FUNCTIONS CONTINUOUS ON METRIC SPACE  

Definition-: let 〈𝑀, 𝜌〉 be matric space. If 𝑎 ∈ 𝑀 and 𝑟 > 0 then 𝐵[𝑎, 𝑟] is defined as the set 
of all points in  𝑀 whose distance to 𝑀 is less than 𝑟 or 𝜌(𝑎, 𝑥) < 𝑟. 
𝐵[𝑎, 𝑟] = {𝑥 ∈ 𝑅 |𝜌(𝑎, 𝑥) < 𝑟} Then 𝐵[𝑎, 𝑟] is said to be an open ball radius 𝑟 about 𝑎 . 

Definition -: The function 𝑓 is said to be continuous 𝑎 ∈ 𝑀ଵ if                                lim
௫→௔

𝑓( 𝑥) =

𝑓(𝑎)         

 

Theorem -: The function 𝒇 𝒊𝒔 continuous at 𝒂 ∈ 𝑴𝟏if and only if any one of the 
following condition holds. 

 Given 𝝐 > 𝟎 , ∃ 𝜹 > 𝟎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝝆𝟐൫𝒇(𝒙), 𝒇(𝒂)൯ <∈ , when 𝝆𝟏, (𝒙, 𝒂) < 𝜹 

 The inverse image under 𝒇 𝒐𝒇 𝒂𝒏𝒚 𝑩[𝒇(𝒂), 𝝐] about 𝒇(𝒂) contains an open ball  
[𝒂, 𝜹] about 𝒂 . 

 Whenever the sequence {𝒙𝒏}𝒏ୀ𝟏
ஶ  of points in𝑴𝟏 converging to 𝒂 then the 

sequence 𝒇{𝒙𝒏}𝒏ୀ𝟏
ஶ   if in 𝑴𝟐 convergent to 𝒇(𝑎). 

 

Theorem -: let 〈𝑴𝟏, 𝝆𝟏〉, 〈𝑴𝟐, 𝝆𝟐〉 and 〈𝑴𝟑, 𝝆𝟑〉 be metric space and let : 𝑴𝟏 → 𝑴𝟐 
, 𝒈: 𝑴𝟐 → 𝑴𝟑 if 𝒇 is continuous at 𝒂 ∈ 𝑴𝟏 and g is continuous at 𝒇(𝒂) ∈  𝑴𝟐  then 
𝒈𝒐𝒇 is continuous at 𝒂. 

Proof-: Given 𝑓 is continuous at 𝑎 ∈ 𝑀  

            lim
௫→௔

𝑓(𝑥௡) = 𝑓(𝑎)          

 Let {𝑥௡}௡ୀଵ
ஶ be a sequence of points in 𝑀ଵ 

For 𝑛 > 0 , ∃   , 𝜌 > 0  such that  

 𝜌ଵ|𝑓(𝑥௡) − 𝑓(𝑎)| < 𝑛  𝑤ℎ𝑒𝑛 |𝑥௡ − 𝑎| < 𝛿 

Or 𝜌ଶ|𝑓(𝑥௡), 𝑓(𝑎)| < 𝑛  𝑤ℎ𝑒𝑛 𝜌ଵ[𝑥௡, 𝑎] 

Let 𝑓{𝑥௡}௡ୀଵ
ஶ = 𝑦  𝑤ℎ𝑒𝑛 |𝑥௡ − 𝑎| < 𝛿 

Again,𝑔 is continuous at 𝑓(𝑎) = 𝑏 ∈ 𝑀ଶ 

 |𝑔(𝑦௡) − 𝑔(𝑏)| < 𝜖   𝑤ℎ𝑒𝑛 |𝑦௡ − 𝑏| < 𝑛  

Or  ห𝑔൫𝑓(𝑥௡)൯ − 𝑔൫𝑓(𝑎)൯ห < 𝜖   𝑤ℎ𝑒𝑛 |𝑦௡ − 𝑏| < 𝑛  

 

       lim
௬೙→௙(௔)

𝑔( 𝑓(𝑥௡)) = 𝑔൫𝑓(𝑎)൯          



Or       lim
௫→௔

𝑔( 𝑓(𝑥௡)) = 𝑔൫𝑓(𝑎)൯          

Hence 𝑔𝑜𝑓  is continuous at. 

Definition -: let 𝑀ଵ 𝑎𝑛𝑑 𝑀ଶ be metric space and let 𝑓 is a function ,𝑓: 𝑀ଵ → 𝑀ଶ then 𝑓 is 
said to be continuous form 𝑀ଵ𝑖𝑛𝑡𝑜 𝑀ଶ  if 𝑓 is continuous at each point in  𝑀ଵ. 

OPEN SET -: let 𝑀 be metric space .consider 𝐺 be the open subset that ∀ 𝑥 ∈ 𝐺 , ∃ 𝑎  is  
𝑟 > 0 such that the entire open ball  𝐵[𝑥, 𝑟] contained in 𝐺.  

Q-: show that 𝑩[𝒂, 𝟏] = {𝒂} 𝒊𝒔  𝒊𝒏 𝑹𝒅  

  Proof -: 𝐵[𝑎, 1] = {𝑥 ∈ 𝑅ௗ| 𝑑(𝑎, 𝑥) < 1}  

             𝑥 ∈ 𝑅ௗ  , 𝑑(𝑎, 𝑥) = ൜
1  𝑖𝑓 𝑎 ≠ 𝑥 
0 𝑖𝑓 𝑎 = 𝑥

 

  0 < 1, Hence a is the only one element in 𝐵[𝑎, 1] 

Q-: Single term set{𝒂} is open in the metric space 𝑹𝒅 whereas it is not open in 𝑹. 

1. Proof -:    we know 𝐵[𝑎, 1] = {𝑎} 𝑖𝑛 𝑅ௗ   

                       or 𝐵[𝑎, 1] ⊂ {𝑎}𝑖𝑛 𝑅ௗ 

     Hence {𝑎} is open set in 𝑅ௗ 

2. 𝐵[𝑎, 1] = [1, −1] or the elements in the open interval [1 − 1] 
Hence ,𝐵[𝑎, 1] is not subset of {𝑎} in 𝑅 
                𝐵[𝑎, 1] ⊄ {𝑎} 
Hence {𝑎} is not open set in 𝑅 

Theorem -: for any metric space 𝑴 both 𝑴 𝒂𝒏𝒅 ∅ are open. 

  Proof -: for any 𝑥 ∈ 𝑀 we can construct an open ball 𝐵[𝑥, 𝑟], which is subset of 𝑀  

Hence 𝑀  is an open set  

We know ∅ does not contain any element. 

Hence it automatically satisfies the condition of open ball . 

 ∴ ∅ is open  

Theorem -; let 𝑭 be any nonempty family of open subsets of a metric space 𝑴. Then 

⋃ 𝑮𝑮∈𝑭  is also open subset of 𝑴. 

Proof -: let 𝐻 = ⋃ 𝐺ீ∈ி  

    Case-1-: let = ∅  , as ∅ has no element then automatically it satisfies all the condition of 
open set. 



 ∴  It is open  

Case-2-:     𝐻 = ∅ 

   At least one element belongs to 𝐻  

     i.e.   𝑥 ∈ 𝐻 

   ⇒ 𝑥 ∈ 𝐺 (𝑎𝑛𝑦) 

 We know 𝐺 ∈ 𝐹 that 𝐺 is open  

 ⇒ 𝑓𝑜𝑟 𝑟 > 0 , ∃ an open ball 𝐵[𝑥, 𝑟] ⊆ 𝐺  

  ⇒ 𝐵[𝑥, 𝑟] ⊆ 𝐺 ⊆ 𝐻 

  ∴ 𝐵[𝑥, 𝑟] ⊆ 𝐻   ℎ𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑜𝑝𝑒𝑛  

Theorem -: Every subset of 𝑹𝒅 is open  

Proof -: let any 𝐺 ⊆ 𝑅ௗ  

 Case-1 if 𝐺 is empty that 𝐺 = ∅  

    then automatically it satisfies all the condition of open set . 

      Hence 𝐺 = ∅ is open  

Case-2      if ≠ ∅ , let 𝑥 ∈ 𝐺  

We know that the single term set in 𝑅ௗ is open  

Therefore any non-empty set in 𝐺 is also open   

 


