Session-12:

Theorem: Show that every square matrix A can be uniguely expressed as a sum of a
symmetric matrix and a skew-symmetric matrix.

Proof: Let A be a square matrix. Then A can beg written_as:
f A=§?A+ AQ3+%\6/A—AWE}

Let 1

B==(A+A")
And C:E(A—AT)
Now BT =%(A AT)TZ%(AT+<AT)T):_(A+AT):B

Thus B is symmetric.

Again 1 T 1 T 1 1
c'=2(a-aT) <2 (& ) - m)--Z(a-AT)-c

Thus C is skew-symmetric.

Hence A can be expressed as a sum of a symmetric matrix and a skew-symmetric matrix.

Uniqueness of A

................................................................ (b}
Where
Pisa symmetric matrix and Q is a skew-symmetric matrix.
T p—
Thus PT =P and Q __Q
Now AT=P+Q) =P"+Q" =P—Q..ceoeeevrrerrrrmrerns )

From (1) and (2) we have

A+ AT =2P:>P=%(A+AT)=B

A—AT =2Q:»Q=1(A—AT)=C
And 2

Thus uniqueness is proved.



Solved Example: express the matrix

4 2 -3
A=]|1 3 -6
-5 0 -7

as a sum of a symmetric matrix and a skew-symmetric matrix.

Solution: Here

4 1 =5
Now AT =12 3 0
-3 -6 -7
8 3 -8
So A+A"=|3 9 —6|and
-8 —6 —14
1 4 3/2 —4
§(A+AT)=[3/2 9/2 —3]
—4 -3 -7
0 1 2
Again A-A"=|-1 0 -6|and
-2 6 0
1 0 1/2 1
SA-AD(-1/2 0 -3
-1 3 0
Thus
4 3/2 —4 0o 1/2 1
A=13/2 9/2 =3|+|-1/2 o =3|
-4 -3 -7 -1 3 0

Theorem :( Eigenvalues)

a) The eigenvalues of a symmetric matrix are real.
b) The eigenvalues of a skew-symmetric matrix are pure imaginary or zero.
Proof: a) Let A be an eigenvalue of a symmetric matrix A and X be the corresponding

eigenvector .So(4)T = A.
Now (A—-1)X=0



SAX =X e e (1)
> AX = AX

= (AX)7 = (%)

= (OTA" =27

=5 XTAT=1X)",asA=A

=>XTA=20)T,as (AT =4

= XTAX = 207X ...... (2), (Post — multiplying by X)
Pre-multiplying (1) by(X)”, we get

XNTAX = 2(X)7X ..........(3)
Since (X)X # 0,using (2) and (3) we obtain
A = A= Aisareal number.

b) Let A be an eigenvalue of a skew-symmetric matrix A and X be the corresponding
eigenvector .So(4)T = —A.
Now (A-1D)X=0
SAX =X v e (1)
= AX = 1X
= (AX)" = (AX)"
= (X)TA)" = 20"

= X7 = 2(X)7,as A=A

= X7T(—4) =217, as (A)T = —-A
=> X7 —AX = 207X
= XT(—AX = 2(X)7X ......(2), (Post — multiplying by X)
= (X7 (-4X) = A(X)TX
= XNT(-2X) = A1X)TX
= —AX)TX) = A((X)"X)
Since (X)TX # 0, we obtain

—A = 1 = Ais pure imaginary or zero.

Orthogonal Transformation & Matrices:

Orthogonal Transformations are transformations

Y = AX

with A an orthogonal matrix.

Theoreml: (Invariance of Inner Product) An orthogonal transformation preserves the value
of inner product

a-b=a'b

(a and b are column vectors).
Hence it preserves also the length or norm of a vector in R"given by

llall = va.a = ya'a



Proof: Refer page no:-383 of book-Advanced Engineering Mathematics by
Erwin Kreyszig (8" Edition)

Theoremz2 :( orthonormality of column and row vectors) A real square matrix

is orthogonal if and only if its column vectors a;, az,as, ... cev ve e oa @y
(and also its row vectors) form an Orthonormal system, that is,

aj.ay = aj ag

0 ifj#k

1 ifj=k

Proof: Refer page no:-383 of book-Advanced Engineering Mathematics by

Erwin Kreyszig (8" Edition)

Theorem3 :( Determinant of an orthogonal matrix) The determinant of an
orthogonal matrix has the value +1 or -1.

Proof: We that
det (AB) = (detA) (detB)
and
:
det (A ) =detA
1=det ! = det(AA )

— 1=det(AAT)

(Since (adsmthagonal et B)* )
= detA=+1.

Theorem4 :( Eigenvalues of an orthogonal matrix)

The eigenvalues of an orthogonal matrix A are real or complex conjugates in pairs and have
absolute value 1.

Proof: Let A be an eigenvalue of an orthogonal matrix A and X be the corresponding
eigenvector .So(4)T = 471
Now (A—-1)X=0



SAX =X e e (1)
= AX =X

= (A7 = (IX)"

= (7AD" =1X)"

>XTAT=1XT,asA=A4A

= (XNTA 1= 21X)T,as (A)T = 471
= (XNTA X =2X0)TX
= (XNT(AHAX = A(X)TAX ......(2), (Post — multiplying by AX)
= (074 TAX = 2(X)TAX
= XNTUX) = 2X)TAX
= ((DTX) = [212((X)TX)
Since (X)TX # 0, we obtain
A2 =1= |1 =1.



