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Theorem: Show that every square matrix A can be uniquely expressed as a sum of a 

symmetric matrix and a skew-symmetric matrix. 

 

Proof: Let A be a square matrix. Then A can be written as: 

    

   TT AAAAA 
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Let  
 TAAB 
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1

 

 

And 

    

 TAAC 
2

1

 

Now  

  
       BAAAAAAB TTTTTTT 
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Thus  B is symmetric. 

Again  
         CAAAAAAAAC TTTTTTTT 
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Thus C is skew-symmetric. 

 

Hence A can be expressed as a sum of a symmetric matrix and a skew-symmetric matrix. 

 

 

Uniqueness of A : 

If possible let another form of   
)1.......(............................................................QPA 
 

Where 

  P is a symmetric matrix and 
Q

is a skew-symmetric matrix. 

 

Thus   PPT  and 
QQT 

 

 

Now     )2(..............................QPQPQPA TTTT 
 

From (1) and (2) we have  

    
  BAAPPAA TT 

2

1
2

 

And  

  CAAQQAA TT 
2

1
2

 

Thus uniqueness is proved. 

 



Solved Example:  Express the matrix  

   

    

𝐴 = [
4 2 −3
1 3 −6

−5 0 −7
] 

 

 

as a sum of a symmetric matrix and a skew-symmetric matrix. 

 

Solution: Here 

 

   Now  𝐴
𝑇 = [

4 1 −5
2 3 0

−3 −6 −7

] 

 

So       𝐴 + 𝐴𝑇 = [
8 3 −8
3 9 −6

−8 −6 −14
] and 

 

1

2
(𝐴 + 𝐴𝑇) = [

4 3/2 −4
3/2 9/2 −3
−4 −3 −7

] 

 

 

Again 𝐴 − 𝐴𝑇 = [
0 1 2

−1 0 −6
−2 6 0

] and 

 

1

2
(A − AT) [

0 1/2 1
−1/2 0 −3

−1 3 0

] 

 

 

Thus  

 

A = [
4 3/2 −4

3/2 9/2 −3
−4 −3 −7

] + [
0 1/2 1

−1/2 0 −3
−1 3 0

]. 

 

 

Theorem :( Eigenvalues) 

 
 a) The eigenvalues of a symmetric matrix are real. 

      

 b) The eigenvalues of a skew-symmetric matrix are pure imaginary or zero. 

 

Proof: a) Let 𝜆 be an eigenvalue of a symmetric matrix 𝐴 𝑎𝑛𝑑 𝑋 be the corresponding  

   eigenvector .So(𝐴)𝑇 = 𝐴. 

Now  (𝐴 − 𝜆)𝑋 = 0 



 ⇒ 𝐴𝑋 = 𝜆𝑋 … … … … … … . (1) 

 ⇒ 𝐴̅𝑋̅ = 𝜆̅𝑋̅    

 ⇒ (𝐴̅𝑋̅)𝑇 = (𝜆̅𝑋̅)
𝑇
 

 ⇒ (𝑋̅)𝑇(𝐴̅)𝑇 = 𝜆̅(𝑋̅)𝑇 
            

⇒ (𝑋̅)𝑇(𝐴)𝑇 = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 𝐴̅ = 𝐴 

⇒ (𝑋̅)𝑇𝐴 = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 (𝐴)𝑇 = 𝐴  
⇒ (𝑋̅)𝑇𝐴𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 … … (2), (𝑃𝑜𝑠𝑡 −  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑋) 

Pre-multiplying (1) by(𝑋̅)𝑇, we get  

 

(𝑋̅)𝑇𝐴𝑋 = 𝜆(𝑋̅)𝑇𝑋 … … … . (3) 

            Since (𝑋̅)𝑇𝑋 ≠ 0,using (2) and (3) we obtain 

  𝜆 = 𝜆̅ ⇒ 𝜆 is a real number. 

 

b) Let 𝜆 be an eigenvalue of a skew-symmetric matrix 𝐴 𝑎𝑛𝑑 𝑋 be the corresponding   

eigenvector .So(𝐴)𝑇 = −𝐴. 

Now  (𝐴 − 𝜆)𝑋 = 0 

 ⇒ 𝐴𝑋 = 𝜆𝑋 … … … … … … . (1) 

 ⇒ 𝐴̅𝑋̅ = 𝜆̅𝑋̅    

 ⇒ (𝐴̅𝑋̅)𝑇 = (𝜆̅𝑋̅)
𝑇
 

 ⇒ (𝑋̅)𝑇(𝐴̅)𝑇 = 𝜆̅(𝑋̅)𝑇 
 

 ⇒ (𝑋̅)𝑇(𝐴)𝑇 = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 𝐴̅=A       

    

⇒ (𝑋̅)𝑇(−𝐴) = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 (𝐴)𝑇 = −𝐴 

⇒ (𝑋̅)𝑇 − 𝐴𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ (𝑋̅)𝑇(−𝐴)𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 … … (2), (𝑃𝑜𝑠𝑡 −  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑋) 

⇒ (𝑋̅)𝑇(−𝐴𝑋) = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ (𝑋̅)𝑇(−𝜆𝑋) = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ −𝜆((𝑋̅)𝑇𝑋) = 𝜆̅((𝑋̅)𝑇𝑋) 

            Since (𝑋̅)𝑇𝑋 ≠ 0, we obtain 

  −𝜆 = 𝜆̅ ⇒ 𝜆 is pure imaginary or zero.  

Orthogonal Transformation & Matrices: 
Orthogonal Transformations are transformations  

 

𝑌 = 𝐴𝑋 
 

with A an orthogonal matrix. 

 

Theorem1: (Invariance of Inner Product) An orthogonal transformation preserves the value 

of inner product  

     

     а•Ь= а
T

Ь 

(а and Ь are column vectors).  
Hence it preserves also the length or norm of a vector in R𝑛given by  

‖а‖ = √а. а = √а𝑇а 



      

 

 

Proof: Refer page no:-383 of book-Advanced Engineering Mathematics by   

  Erwin Kreyszig (8th Edition)  

 

 

 Theorem2 :( Orthonormality of column and row vectors) A real square matrix  

   is orthogonal if and only if  its column vectors а1, а2, а3, … … … … … а𝑛                                       

(and also its row vectors) form an Orthonormal system, that is, 

 

 

 

     

а𝑗 . а𝑘 = а𝑗
𝑇а𝑘  

 

 
0    𝑖𝑓 𝑗 ≠ 𝑘 

   =    

1    𝑖𝑓 𝑗 = 𝑘 

 

 

 

Proof: Refer page no:-383 of book-Advanced Engineering Mathematics by    

  Erwin Kreyszig (8th Edition)  

Theorem3 :( Determinant of an orthogonal matrix) The determinant of an 

orthogonal matrix has the value +1 or -1. 

 

Proof: We that 

 det (AB) = (detA) (detB) 

and    

det (A
T

) =detA 

 

  

 
 TAA

AAI

det1

detdet1 1



 

 

  (Since A is orthogonal
1 AAT

) 

  

    
.1det

detdetdet1
2





A
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Theorem4 :( Eigenvalues of an orthogonal matrix)  

The eigenvalues of an orthogonal matrix A are real or complex conjugates in pairs and have 

absolute value 1. 

 

Proof:  Let 𝜆 be an eigenvalue of an orthogonal matrix 𝐴 𝑎𝑛𝑑 𝑋 be the corresponding   

eigenvector .So(𝐴)𝑇 = 𝐴−1. 

Now  (𝐴 − 𝜆)𝑋 = 0 



 ⇒ 𝐴𝑋 = 𝜆𝑋 … … … … … … . (1) 

 ⇒ 𝐴̅𝑋̅ = 𝜆̅𝑋̅    

 ⇒ (𝐴̅𝑋̅)𝑇 = (𝜆̅𝑋̅)
𝑇
 

 ⇒ (𝑋̅)𝑇(𝐴̅)𝑇 = 𝜆̅(𝑋̅)𝑇 
 

 ⇒ (𝑋̅)𝑇(𝐴)𝑇 = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 𝐴̅ = 𝐴        
    

⇒ (𝑋̅)𝑇𝐴−1 = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 (𝐴)𝑇 = 𝐴−1 

⇒ (𝑋̅)𝑇𝐴−1𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ (𝑋̅)𝑇(𝐴−1)𝐴𝑋 = 𝜆̅(𝑋̅)𝑇𝐴𝑋 … … (2), (𝑃𝑜𝑠𝑡 −  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝐴𝑋) 

⇒ (𝑋̅)𝑇(𝐴−1𝐴)𝑋 = 𝜆̅(𝑋̅)𝑇𝐴𝑋 

⇒ (𝑋̅)𝑇(𝐼𝑋) = 𝜆̅(𝑋̅)𝑇𝜆𝑋 

⇒ ((𝑋̅)𝑇𝑋) = |𝜆|2((𝑋̅)𝑇𝑋) 

            Since (𝑋̅)𝑇𝑋 ≠ 0, we obtain 

  |𝜆|2 = 1 ⇒ |𝜆| = 1.  
 

 


