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Note: 
1. If a Hermitian matrix is real, then  𝐴̅𝑇 = 𝐴𝑇 = 𝐴.  Hence a real Hermitian matrix is a 

symmetric matrix. 

 

2. If a Skew-Hermitian matrix is real, then 𝐴̅𝑇 = 𝐴𝑇 = −𝐴.   
Hence a real Skew-Hermitian matrix is a skew-symmetric matrix. 

 

3. If a Unitary matrix is real, then 𝐴̅
𝑇 = 𝐴𝑇 = 𝐴−1. Hence a real Unitary matrix is an Orthogonal 

matrix. 

  

Hence Hermitian, Skew-Hermitian and Unitary matrices generalize Symmetric, Skew-symmetric 

and Orthogonal matrices, respectively. 

 

 

Theorem :( Eigenvalues) 
a) The eigenvalues of a Hermitian matrix are real. 

      

 b) The eigenvalues of a skew- Hermitian matrix are pure imaginary or zero. 

 

c) The eigenvalues of a Unitary matrix have absolute value 1. 

 

 

Proof: a) Let 𝜆 be an eigenvalue of a Hermitian matrix 𝐴 𝑎𝑛𝑑 𝑋 be the corresponding  

    eigenvector .So(𝐴̅)𝑇 = 𝐴. 

Now  (𝐴 − 𝜆)𝑋 = 0 

 ⇒ 𝐴𝑋 = 𝜆𝑋 … … … … … … . (1) 

 ⇒ 𝐴̅𝑋̅ = 𝜆̅𝑋̅    

 ⇒ (𝐴̅𝑋̅)𝑇 = (𝜆̅𝑋̅)
𝑇
 

 ⇒ (𝑋̅)𝑇(𝐴̅)𝑇 = 𝜆̅(𝑋̅)𝑇 
            

⇒ (𝑋̅)𝑇(𝐴𝑇)𝑇 = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 (𝐴̅)𝑇 = 𝐴 

⇒ (𝑋̅)𝑇𝐴 = 𝜆̅(𝑋̅)𝑇 

⇒ (𝑋̅)𝑇𝐴𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 … … (2), (𝑃𝑜𝑠𝑡 −  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑋) 

Pre-multiplying (1) by(𝑋̅)𝑇, we get  

 

(𝑋̅)𝑇𝐴𝑋 = 𝜆(𝑋̅)𝑇𝑋 … … … . (3) 

            Since (𝑋̅)𝑇𝑋 ≠ 0,using (2) and (3) we obtain 

  𝜆 = 𝜆̅ ⇒ 𝜆 is a real number. 

 

b) Let 𝜆 be an eigenvalue of a skew-Hermitian matrix 𝐴 𝑎𝑛𝑑 𝑋 be the corresponding   

eigenvector .So(𝐴̅)𝑇 = −𝐴. 

Now  (𝐴 − 𝜆)𝑋 = 0 

 ⇒ 𝐴𝑋 = 𝜆𝑋 … … … … … … . (1) 

 ⇒ 𝐴̅𝑋̅ = 𝜆̅𝑋̅    



 ⇒ (𝐴̅𝑋̅)𝑇 = (𝜆̅𝑋̅)
𝑇
 

 ⇒ (𝑋̅)𝑇(𝐴̅)𝑇 = 𝜆̅(𝑋̅)𝑇 
            

⇒ (𝑋̅)𝑇(−𝐴) = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 (𝐴̅)𝑇 = −𝐴 

⇒ (𝑋̅)𝑇 − 𝐴𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ (𝑋̅)𝑇(−𝐴)𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 … … (2), (𝑃𝑜𝑠𝑡 −  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑋) 

⇒ (𝑋̅)𝑇(−𝐴𝑋) = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ (𝑋̅)𝑇(−𝜆𝑋) = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ −𝜆((𝑋̅)𝑇𝑋) = 𝜆̅((𝑋̅)𝑇𝑋) 

            Since (𝑋̅)𝑇𝑋 ≠ 0, we obtain 

  −𝜆 = 𝜆̅ ⇒ 𝜆 is pure imaginary or zero. 

 

c) Let 𝜆 be an eigenvalue of a Unitary matrix 𝐴 𝑎𝑛𝑑 𝑋 be the corresponding   eigenvector 

.So(𝐴̅)𝑇 = 𝐴−1. 

Now  (𝐴 − 𝜆)𝑋 = 0 

 ⇒ 𝐴𝑋 = 𝜆𝑋 … … … … … … . (1) 

 ⇒ 𝐴̅𝑋̅ = 𝜆̅𝑋̅    

 ⇒ (𝐴̅𝑋̅)𝑇 = (𝜆̅𝑋̅)
𝑇
 

 ⇒ (𝑋̅)𝑇(𝐴̅)𝑇 = 𝜆̅(𝑋̅)𝑇 
            

⇒ (𝑋̅)𝑇𝐴−1 = 𝜆̅(𝑋̅)𝑇 , 𝑎𝑠 (𝐴̅)𝑇 = 𝐴−1 

⇒ (𝑋̅)𝑇𝐴−1𝑋 = 𝜆̅(𝑋̅)𝑇𝑋 

⇒ (𝑋̅)𝑇(𝐴−1)𝐴𝑋 = 𝜆̅(𝑋̅)𝑇𝐴𝑋 … … (2), (𝑃𝑜𝑠𝑡 −  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝐴𝑋) 

⇒ (𝑋̅)𝑇(𝐴−1𝐴)𝑋 = 𝜆̅(𝑋̅)𝑇𝐴𝑋 

⇒ (𝑋̅)𝑇(𝐼𝑋) = 𝜆̅(𝑋̅)𝑇𝜆𝑋 

⇒ ((𝑋̅)𝑇𝑋) = |𝜆|2((𝑋̅)𝑇𝑋) 

            Since (𝑋̅)𝑇𝑋 ≠ 0, we obtain 

  |𝜆|2 = 1 ⇒ |𝜆| = 1.  
 


