Session-14:

Note:

1. If a Hermitian matrix is real, then AT = AT = A. Hence a real Hermitian matrix is a
symmetric matrix.

2. If a Skew-Hermitian matrix is real, then AT = AT = —A.
Hence a real Skew-Hermitian matrix is a skew-symmetric matrix.

3. If a Unitary matrix is real, then AT = AT = A~1. Hence a real Unitary matrix is an Orthogonal
matrix.

Hence Hermitian, Skew-Hermitian and Unitary matrices generalize Symmetric, Skew-symmetric
and Orthogonal matrices, respectively.

Theorem :( Eigenvalues)
a) The eigenvalues of a Hermitian matrix are real.

b) The eigenvalues of a skew- Hermitian matrix are pure imaginary or zero.

C) The eigenvalues of a Unitary matrix have absolute value 1.

Proof: a) Let A be an eigenvalue of a Hermitian matrix A and X be the corresponding
eigenvector .So(A4)T = A.
Now (A—-1DX=0
SAX =X e (1)
= AX =X
= (AD7" = (IX)"
= ()T = 2"

=X ANT = 20T, as (A)T = A

= X)T4=2X)T

= XNTAX = 2X)7X ... ... (2), (Post — multiplying by X)
Pre-multiplying (1) by(X)T, we get

X)TAX = 2X)7X ..........(3)
Since (X)TX = 0,using (2) and (3) we obtain
A == Aisareal number.

b) Let A be an eigenvalue of a skew-Hermitian matrix A and X be the corresponding
eigenvector .So(4)T = —A.
Now (A—-1DX=0
SAX =X i . (D)
= AX = 21X



= (AT = (IX)"
= (DT = 2X)"

= XT(—4A) =207, as (A)T = -4
> X7 -AX = 207X
= XT(-A)X = 2(X)7X ......(2), (Post — multiplying by X)
= (XNT(=4X) = 21(X)TX
= X0T(=AX) = 27X
= —AX)TX) = A(X)7X)
Since (X)TX # 0, we obtain
—A = 1 = Ais pure imaginary or zero.

c) Let 4 be an eigenvalue of a Unitary matrix A and X be the corresponding eigenvector
So(A)T = AL
Now (A-1D)X=0
SAX =X e e (1)
= AX = 1X

= (AX)" = (1X)'
= (X)TA)T = 20"

=> XA 1 =2X)T,as (A)T = A1
= XT4A1X =2X)TX
=> XNTAHAX = A(X)TAX ... ... (2), (Post — multiplying by AX)
= XNTUATAX = 21(X0)TAX
= XTUX) = 2X)TAX
= ((0OTX) = [A12((X)TX)
Since (X)TX # 0, we obtain
A2=1= |1 =1.



