
 

Session-17 
 

 

   
Orthogonality: A vector a is called orthogonal to a vector b 𝒂 ∙ 𝒃 = 𝟎if . Then b is also 

orthogonal to a, and we call a and b orthogonal vectors. Clearly, this happens for nonzero 

vectors if and only if 𝑐𝑜𝑠 𝛾 = 0 ; thus 𝛾 =
𝜋

2
(900) .  

Note: (Orthogonality Criterion) 
The inner product of two nonzero vectors is 0 if and only if these vectors are 

perpendicular. 

 

 

   
 

Length and Angle: 

 From equation (1) with 𝒂 = 𝒃 gives𝒂 ∙ 𝒂 = |𝒂|𝟐 . Hence |𝒂| = √𝒂 ∙ 𝒂   (3) represents length 

of a vector.  

From (3) and (1) we obtain for the angle 𝛾 between two nonzero vectors 

       

                 𝑐𝑜𝑠 𝛾 =
𝑎∙𝑏

|𝑎||𝑏|
=

𝑎∙𝑏

√𝑎∙𝑎   √𝑏∙𝑏
                                                            (4) 

Properties of inner product: 



Let us consider any three vectors a,b,c and scalars 𝑘1, 𝑘2 such the the following properties 

exist 

(a)(𝑘1𝑎 + 𝑘2) ∙ 𝑐 = 𝑘1𝑎 ∙ 𝑐 + 𝑘2𝑏 ∙ 𝑐                                                    (Linearity) 

(b)  𝑎 ∙ 𝑏 = 𝑏 ∙ 𝑎                                                       (commutative and symmetry) 

(c) 𝑎 ∙ 𝑎 ≥ 0 𝑎𝑛𝑑  𝑎 ∙ 𝑎 = 0 𝑖𝑓𝑓 𝑎 = 0                              (Positive definiteness) 

(d)( 𝑎 + 𝑏) ∙ 𝑐 = 𝑎 ∙ 𝑐 + 𝑏 ∙ 𝑐                                                        (Distributivity) 

(e) |𝑎 ∙ 𝑏| ≤ |𝑎||𝑏| since from (1) |  𝑐𝑜𝑠 𝛾| ≤ 1     (Cauchy-schwarz inequality) 

(f) |𝑎 + 𝑏| ≤ |𝑎| + |𝑏|                                                         (Triangle inequality) 

(g) |𝑎 + 𝑏|2 + |𝑎 − 𝑏|2 = 2(|𝑎|2 + |𝑏|2)                    (Parallelogram equality)  

 

Vector Product (Cross Product, Outer Product) of Vectors 
   The vector product or cross product of two vectors a  and b is the vector v   denoted as 

  𝒂 × 𝒃 (read “a cross b”)   and is defined  by  𝑽 =  𝒂 × 𝒃. 

Case(I): If 𝒂 = 𝟎 𝒐𝒓 𝒃 = 𝟎, then we define 𝑽 = 𝒂 × 𝒃 = 𝟎 .  

Case(II) If both vectors are nonzero vectors, then vector v has the length 

                     |𝑉| = |𝒂 × 𝒃| = |𝑎||𝑏|𝑐𝑜𝑠𝛾,  where 𝛾 is the angle between a and b  

                Furthermore, by design, a and b form the sides of a parallelogram on a plane  in 

space. Hence  

                  |𝑉| = |𝒂 × 𝒃| is equal to the area of that parallelogram. 

Case (III). If a and b lie in the same straight line, i.e., a and b have the same or opposite 

directions, then 𝛾  is  

                0° 𝑜𝑟 180°or so  that  𝑠𝑖𝑛𝛾 = 0 . In that case|𝑉| = 0 so that|𝑉| = |𝒂 × 𝒃| = 0 

Case(IV). If cases I and III do not occur, then v is a nonzero vector. The direction of  

                 𝑽 = 𝒂 × 𝒃 is perpendicular to both a and b such that a, b, v precisely in this order. 

Right-Handed Cartesian Coordinate System.  

        The system is called right-handed if  the corresponding unit vectors i, j, k in the 

positive directions of the axes (see the below fig.) form a right-handed triple . The system is 

called left-handed if the sense of k is reversed, 

 



 

 

 

 



 

 
 


