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Root Locus

Motivation
To satisfy transient performance requirements, it may be necessarly_ to
know how to choose certain controller parameters so that the resultin

closed-loop poles are in the performance regions, which can be solve
with Root Locus technique.

Definition

A graph dis_pIaKing the roots of a polynomial equation when one of the
parameters in the coefficients of the equation changes from 0 to oo.

Rules for Sketching Root Locus
Examples

Controller Design Using Root Locus

Letting the CL characteristic equation (CLCE) be the polynomial equation,
one can use the Root Locus technique to find how a positive controller
design parameter affects the resulting CL poles, from which one can
choose aright value for the controller parameter.




The Root Locus Method

No matter what we pick K to be, the closed-loop system must always have n poles, where
n is the number of poles of G(s).

The root locus must have n branches, each branch starts at a pole of G(s) and goes to a
zero of G(s).

If G(s) has more poles than zeros (as is often the case), m < n and we say that G(s) has
zeros at infinity. In this case, the limit of G(s) as s -> infinity is zero.

The number of zeros at infinity is n-m, the number of poles minus the number of zeros,
and is the number of branches of the root locus that go to infinity (asymptotes).

Since the root locus is actually the locations of all possible closed loop poles, from the
root locus we can select a gain such that our closed-loop system will perform the way we
want. If any of the selected poles are on the right half plane, the closed-loop system will
be unstable. The poles that are closest to the imaginary axis have the greatest influence on
the closed-loop response, so even though the system has three or four poles, it may still
act like a second or even first order system depending on the location(s) of the dominant

pole(s).
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First, we must develop a transfer function for the entive control systern.
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Mext, weuse the charactenstic equation of the denoranator to find the roots as
the walue of E. warles. These can then be plotted on a complex plane. Hote:
the walue of gain K7 1z normally found from 0 to +ixdinity
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Mote: becanse all of the roots for all walues of B are real negatmee thas systern will
always be stable, and it will always tend to have a darnped response. The large the
value of F, the more stable the systern becomes.




Closed-Loop Characteristic Equation (CLCE)

Disturbance

"',-i D@l G(s) |—

Plant

Output
p—
Y(s)

Reference Control
Input + Error Input
H(s) [

The closed-loop transfer function Gyx(S) is:
G(s)G,.(s)G, (s
6 (5) = 2E)C: (96, )
+G(s)G (s)H (s)
The closed-loop characteristic equation (CLCE) is:
1+G(s)G,(s)H (s) =0

For simplicity, assume a simple proportional feedback

controller:
Ex(+=K,GH =0

The transient performance specifications define a region on the
complex plane where the closed-loop poles should be located.
Q: How should we choose K such that the CL poles are within

the desired performance boundary?
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Motivation

e closed-loop characteristic equation for the DC motor positioni
stem under proportional control is:

K K.G(s)=0 =  1+K,-0.03 16 -0
5(0.0174s + 1)

ow to choose Ky such that the resulting closed-loop
poles are in the desired performance region?

How do we find the roots of the equation:

as a function of the design parameter K, ?

Graphically display the locations of the closed-loop ﬁol
for all Ko>0 on the complex plane, from which we kn
the range of values for K; that CL poles are in t
performance region.




Root Locus — Definition

Root Locus is the method of graphically disfplaying the roots of a
polynomial equation having the following form on the complex
plane when the parameter K varies from O to :

1+K-G(s)=0 or 1+K-w=

D(s)

where N(s) and D(s) are known polynomials in factorized form:
N(s)=(s—z))(s—2,) - (5—2y,)
D(s) =(s—p)(s—py)--(s—py,)
Conventionall?/e, the N, roots of the polynomial N(s) , z,, z,, ...,

Z\, , are called the finite open-loop zeros. The Ny roots of the
poﬁynomlal D(S), P1, P2, ---» Pyp, @re called the finite open-loop
poles.

Note: By transforming the closed-loop characteristic equation
of a feedback controlled system with a single positive design
arameter K into the above standard form, one can use the Root
ocus technique to determine the range of K that have CL
poles in the performance region.



Root Locus Sketching Rules Lesson - 24
2Apply the following root locus sketching rules to obtain an approximated root locus plot.

(s—2z1)(s—29)--(S—2Zn_)

NE _g o g M "2 Nz’ _

D(s) (s—p6—p2) - (S-PNg)

Rule 1. The number of branches of the root locus is equal to the
number of closed-loop poles (or roots of the characteristic
equation). In other words, the number of branches is equal
to the number of open-loop poles or open-loop zeros,
whichever is greater.

1+ K-

Rule 2. Root locus starts at open-loop poles (when K= 0) and
ends at open-loop zeros (when K=o). If the number of
open-loop poles is greater than the number of open-loop
zeros, some branches starting from finite open-loop poles
will terminate at zeros at Infinity (i.e., go to infinity). If the
reverse is true, some branches will start at poles at infinity
and terminate at the finite open-loop zeros.

Rule 3: Root locus is symmetric about the real axis, which
reflects the fact that closed-loop poles appear in complex
conjugate pairs.

Rule 4: Along the real axis, the root locus includes all segments
that are to the left of an odd number of finite real open-loop
poles and zeros.



Root Locus Sketching Rules

Rule 5: If number of poles N, exceeds the number of zeros N, , then as K—o, (N - N,) branches
will become asymptotic to straight lines. These stralgzht lines intersect the real axis with

angles 0, at o .

o = Z Pi —Z z; _ Sum of open-loop poles — Sum of open-loop zeros
)= =

N, - N, # of open-loop poles — # of open-loop zeros
0, = (2k +1)L [rad] = (2k +1)£ [deg], k=0,1,2, .-
N, -N, N, - N,

If N, exceeds Ny , then as K—0, (N, - Np) branches behave as above.

Rule 6: Breakaway and/or break-in (arrival) points should be the solutions to the following

equations:

d w :0 Oriw :0
ds{ D(s) ds{ N(s)



Root Locus Sketching Rules

Rule 7:The departure angle for a pole p; ( the arrival angle for a zero z) can
be calculated by slightly modifying the following equation:

angle _, /(s-1)+/(s-1,)+ = +L(s-1y )= L(s-p)-L(s-py)- - L[5+ pr):180°
criterion  The departure angle g; from the pole p; can be calculated by replacing
%he term with ¢; and replamﬁg all the s’s with p; in the other
erms.

Rule 8:If the root locus passes through the imaginary axis (the stability

boundary?, the crossing point jo and the corresponding gain K can be
found as follows:

Replace s in the left side of the closed-loop characteristic
equation with jw to obtain the real and imaginary parts
of the resulting complex number.

Set the real and ima?inary parts to zero, and solve for w
and K. This will tell you at what values of K and at what
points on the jw axis the roots will cross.



Steps to Sketch Root Locus  tesson-2s

Step 1: Transform the closed-loop characteristic equation into the standard form for sketching root locus:
N(S) (s—zl)(s—zz)---(s—zNZ)
1+ K- =0 or 1+K- =0
D(s) (S—pl)(S—pz)---(S—pNP)
Step 2: Find the open-loop zeros, z;, and the open-loop poles, p,. Mark the open-loop poles and zeros on the

complex plane. Use “ to represent open-loop poles and © to represent the open-loop zeros.

Step 3: Determine the real axis segments that are on the root locus by applying Rule 4.

Step 4: Determine the number of asymptotes and the corresponding intersection g, and angles ¢, by applying
Rules 2 and 5.

Step 5: (If necessary) Determine the break-away and break-in points using Rule 6.

Step 6: (If necessary) Determine the departure and arrival angles using Rule 7.

Step 7: (If necessary) Determine the imaginary axis crossings using Rule 8.

Step 8: Use the information from Steps 1-7 and Rules 1-3 to sketch the root locus.



Lesson - 26
Example 1
DC Motor Position Control

In the previous example on the printer paper advance position control, the
proportional control block diagram is:

16

6 6 E. 0
—— 003 [——0 L K —1 5(0.0174s+1) >
‘ Controller Plant G(s)
& 0.03 |¢

Sketch the root locus of the closed-loop poles as the proportional gain K, varies
from O to oo.

Find closed-loop characteristic equation: 1+ K, G(s)H(s)=0
0.48
K N(s) _
»'5(0.0174s +1)

D(s)




Example 1

Step 1. Transform the closed-loop characteristic equation into the standard form for sketching root

locus:
1
1+{27.58K m(5) =0
s(s+57.47)
K 5(s) i

Step 2: Find the open-loop zeros, z; , and the open-loop poles, p; :

No open-loop zeros

open-loop poles p, =0, p, =—57.47

A
Step 3: Determine the real axis segments that|are to be included in the root locus by applying Rule 4.

—% *x—> p, =0
p, =—57.47




Example 1

Step 4: Determine the number of asymptotes and the
correspondlng Intersection o, and angles ¢, by applying

Rules 2 and
oy = 2. Pi—2.% 5747 504,
N,— N, 2

= (2 [rad] JETC
ep (If\'r‘rece%zsar?/) Determine the brfeak-away and break-in
pomts using Ru

D(s) ) _ —[ 5(0.0174s +1)j ~0,0.0348s5+1=0,s = —28.74
N (s) ' ds 0.48

i 50

Step 6: (If necessary) Determine the departure and arrival angles
using Rul€,7. o 1800, -0

-0, - Z(p, - p2) =180° ,epl -180°

Step 7usm(g|;f Rr)l I‘Cé? sagg/)plIJDreehenggllnrgethethllgwe X%ma]Ey) axis crossings



Example 1

Step 8:Use the information from Steps 1-7 and Rules 1-3

Centurion to sketch the root locus.
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Example 2

A positioning feedback control system is proposed. The corresponding
block diagram is:

R(s) +

K(s +80) [—2&— MO

Controller

Plant G(s)

Sketch the root locus of the closed-loop poles as the controller gain K
varies from O to oo.

Find closed-loop characteristic equation:
1+G,(s)G(s)H(s)=0
16

1+ K 80 =
+K(s+ )5(0.0174s+1)




Example 2

Step 1:Formulate the (closed-loop) characteristic equation into the
standard form for sketching root locus:

16(s +80) (s+80)

%/_J %/_/
—NO___j4920k— M)
$(0.0174s +1) s(s+57.47)
%f—/ %,—J

D(s) D(s)

Step 2:Find the open-loop zeros, z; , and the open-loop poles, p; :

z, = —80 open-loop zeros

open-loop poles| P, =0, p, =—57.47

Step 3:Determine the real axis segments that are to be included in
the root locus by applying Rule 4.

A

2, =—80 p,=-5747 p.=0
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Example 2

Step 4:Determine the number of asymptotes and the

corresponding intersection o, and angles ¢, by applying
Rules 2 and 5.

Il
o

d [(N(s) _0 or d ([ D(s)
ds{ D(s) ds\ N(s)

Step 5:(If necessary) Determine the break-away and break-in
points using Rule 6.

d( (5+80) }: s(s+57.47)—(s+80)(23+57.47):O,

ds| 5(s+57.47) [s(s+57.47)]
st + 1605+ 4600 =0

s,=-122,8,=-31.8




Example 2

Step 6:(If necessary) Determine the departure and arrival angles using
Rule 7.

Step 7:(If necessary) Determine the imaginary axis crossings using Rule 8.

] ] Imag Axis
Step 8:Use the information from Steps 1-7 and Rules 1-3 to sketch the root

locus. I W 40

/ ! \\ 30
\ 20
\ 10

Real AXiS < mm— g e — ()
—122 z, +—80 ip, =574 p, = -37.6
/ -10

\ / N
\~ -40

-140 -120  -100 -80 -60 -40 -20 0

il




Example 3

A feedback control system is proposed. The corresponding block
diagram is:

RE) T A . ues) | YEs) |

T Controller Plant G(s)

Sketch the root locus of the closed-loop poles as the controller gain
K varies from O to oo.

Find closed-loop characteristic equation:

1+G,(s)G(s)H(s)=0
K 1

1+ s+4 s(sz+4s+20) =0




Example 3

Step 1. Transform the closed-loop characteristic equation
Into the standard form for sketching root locus:

1

1+ K ) =0
" s(s? +4s+20)(s+4)

D(s)

Step 2: Find the open-loop zeros, z,, and the open-loop
poles, p; :

open-loop zeros| N open-loop zeros

joop pol —0,p, =—4,P,, = —2+4]
Step 3: Determine the Vel axis seglcr_)ﬁ“ents that are to be
included in the root locug by applying Rule 4.




Example 3

Step 4.Determine the number of asymptotes and the corresponding
intersection o, and angles 4, by applying Rules 2 and 5.

_ :Z:pi—Z:zi :0+(—4)+(—2+4j)+(—2—4j):_2
° N, - N, 4-0

—

8 =(2k +1 T rad] =~
K ( +)N N [ |

P z

SRR

.

Step 5:(If necessary) Determine the break-away and break-in points using
Rule 6.
d [ N(s d(D(s
o) v

s(s*+4s+20)(s+4
d(D(s)]_d ( J(s+4) :1(s4+8s3+36s2+803)
ds{ N(s)) ds 1 ds

=4s°+245* +725+80=0

S,=-2,8,,=-22245]




Example 3

Step 6:(If necessary) Determine the departure and arrival angles using Rule
7

il(s_zil)_il(s—pi)=180°
0. =0 0, =180° p =24 4f0 g, =-00
1 . |

p, =41 0, =0 p,=-2-47: 0, =90

Step 7:(If necessary) Determine the imaginary axis crossings using Rule 8.

1 2
1+ K —0— S(s°+4s+20 (s+4)+K:O CLCE
s(sz+4s+20)(s+4) ( . ) , //
&S 4+85°+365°“+80s+K =0

S= Jco
—{o* -360° +K)+(—80® +80w) j =0
o' —-360°+K=0 (K =0 [K,=260
= = ,
—80° +80w=0 @ =0"|w, =+/10=3.16



Example 3

e the information from Steps 1-7 and Rules 1-3 to sketch the
locus.
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Example 4

A feedback control system is proposed. The corresponding block
diagram is:

R(s) + : - ui) 52 1 25+101 Y(s) ‘
) (5+2)(s° + 25 + 26)
Controller Plant G(s)

Sketch the root locus of the closed-loop poles as the controller gain K
varies from O to oo.

Find closed-loop characteristic equation:

s® +2s+101

e (s+2)s® +2s+26)




Example 4

Step 1. Formulate the (closed-loop) characteristic equation
Into the standard form for sketching root locus:

s’ +2s+101
1+K Ns) =
i (s+2)s” +25+26)

D(s)
Step 2: Find the open-loop zeros, z; , and the open-loop
poles, p; :

open-loop zeros s +2s+101=(s+1f +100=0,2,, =—1+10]

open-loop poles|  (s+2)(s+1f+25)=0,p, =-2,p,s =—1%5]

Step 3. Determine the real axis segments that are to be
Included in the root loaus by applying Rule 4.

¢ >
p=—2




Example 4

Step 4:Determine the number of asymptotes and the corresponding intersection
o, and angles ¢, by applying Rules 2 and 5.

One asymptote
N —N. =1 y p Hk =(2k+:|.)><180o=:|.80o

Step 5: (If necessary) Determine the break-away and break-in points using Rule
p, =2 g, =180°

90° —tap *(10)—90° =180°
4 Steﬁr%odlfgﬁetgg,fary o ga grmlne the departqgean%glval a@glesipsmg Rule 7.

z,=-1-10] 4 _go p;=-1-5] ¢ =-11°

P2

Step 7:(If necessary) Determine the imaginary axis crossings using Rule 8.
(s+2)(s® +25+26 )+ K(s? +25+101)=0

&P +(4+K)s® +(30+2K)s +(52 +101K )= 0

=52 +101K )~ (4 + K )oo? |+ (30 + 2K )= 02w = 0

(52+101K)—(4+K)w? =0 |%=0 (/) _95 (@ =57
PR T

—0? o= =——"|K,=304"|K,=11
[(30+2K) -0’ |@=0 Ki=—757 (K 3



Example 4

Step 8:Use the information from Steps 1-7 and Rules 1-3 to sketch the root

(o]
9.5273; ) -
_— . 8
Stability condition > 0, =—6°  o<k<11
6 5.6658] | A .- Y o
xz::‘_’_’_ __________ >0
4 2
O0<K«<l1 0, =11°
2
or
K >30.4 ore %
-2
-4
xir::_': """"""
6 -5.6658] \\} )
) > 04 =-11
-9.5273]
10 0@/ """"" 0, =6°

-18 -16 -14 -12 -10 -8 -6 -4 -2 0 2 )\



