Session-2

w="f(z)=u+iv

CR Equation: The Complex-valued function is

. . . . u =V ==
analytic in a domain D iff C-R equations * Y &uy VXare

Uy, u, Vv, &V

satisfied, assuming all partial derivatives ™ yare

continuous in D.

Cauchy-Riemann Equations in polar form

Lot 2= r(cos@+ising)= re" (where r>0)

2 Lot V= f(z)= f(re“g):u+iv

ie.  u(r,0)+iv(r,0)=f(re")

r (7) Again Yo =14,

or |u ==V,
' (8)

are called C-R equations in polar form.

Laplace’s Equation

i F(2)=u(xy)+iv(xy)

&

is analyticin a domainD, then ! &V satisfy

Laplace’s equation.
ie. Viu=u,+u, =0

2, _
& Vv=v, +v, =0

respectively in D and both have continuous 2nd order partial
derivative in D.



Example: f(z) = z +% is analytic?

o : 1 1
Ans:Let z = r(cos8 + isinf) = re? and - = 5 =
Z re

l —io _ 1 e
e =~ (cos@ — isinf)
Now f(z) =z +§ = r(cosf + isinf) + % (cos@ — isinf)
1 . 1\ .
= (r + ;) cosO + i (r — ;) sinf
But we know that f(z) =w =u +iv

leu = (r + %) cosf and v = (r — %) sinf

Ju 1 v 1
= (1 — —) cosl and — = (1 + r_2> sin@

or r? or
ou 1 av 1
5= (r +;>Sin9 and% = (r —;) cost
:16—1]: (1—i>cose =0_u
rd6 r? or

. 1ou _ 1Y . . _@ . .
Again eyl (1 + Tz) sinf = > hence it satisfy the CR

equation.
Therefore the given complex function is analytic function.
Example-2

Find the Laplacian form of the following function u = In|z|

Ans: Given that u = In|z| = In\/x? + y? (Where z = x + iy)



u = %ln(x2 + y?2)

X y
U, = v T2 and Uy = T T2

., _(x2+y2)—x.2x_ y? — x?
> (x% +y*)? (x% + y*)?

L Gy -2y xf -y
yy (xz + yz )2 (xz + yz )2

2 _ .2 2 _ 2
Therefore Uy, + Uy, = Yy 2 _+ Z Y _—

(x2+y?)? ~ (x%+y?)?

Hence u satisfy the Laplacian equation. Therefore u is
Harmonic Function.

Harmonic function:

The function YY) js said to be harmonic if it satisfies Laplace’s

2 p— p—
equation i.e. ¥ U= tutUy =0

Theorem 2: If f@=ux+NMXYy) js an analytic function then its

real and imaginary parts i.e. Y %V are harmonic.

Conjugate Harmonic function: |If two harmonic functions Y&V

satisfy Cauchy-Riemann equations in a region 5 then they are

the real and imaginary parts of an analytic function f(z)ins.

f(z)=u+iv

,1.e
is analytic in S
So, V is called the ‘conjugate harmonic function’ of U in the

region S. It is true that a harmonic conjugate, when it exists,
is unique except for an additive constant



Note: If u is harmonic then v is called conjugate harmonic of
u and v is harmonic then u is called conjugate harmonic of v.

Example-3: Determine whether the following function is
harmonic then find their conjugate harmonic function.

1.u = In|z|. 2.u = x2 + y?
3.v =Arg(z)

Ans: Given that u = In|z| = In\/x? + y? (Where z = x + iy)

1
u = Eln,/x2 + y?

X y
U, = v T2 and Uy = vl T2
_(x2+y2)—x.2x_ y? — x?
Uspx = (Z+y2)2 (k2 +y2)?
Loy —y2y X -y
vy (x% + y2 )2 (xZ + y2 )2

2 2

y2 —x x%-y*
(x%2+y2)2 ~ (x%2+y?)2

Therefore u,, + u,, =

Hence u satisfy the Laplacian equation. Therefore u is
Harmonic Function.

We know that u, = v,and u, = —v, (CR — Equation)
b
Uy =V, =
x y x2 + yZ
)
= .. (1)




Integrating bothsides of (1) partially w.r.t.y keeping x
constant,we obtain

—J Y Ay +h()
- x? + y? Y x

v=tan™! (§)+ h(x).......... (2)

Differentiating equation (2) partially w.r.t. x we get

@ _ 1 _3’) /
Pl 1+(Z—§) .(xz +h'(x)
4 /
= 12 + h'(X) oo (3)
Again from second CR- equation Uy, = —vV, = Uy = —1U,
_ Ty
Vx = Zagg (4)

] -y / _ -y
Equating (3) and (4) we get Ty + h'(x)= 1y

i.,e h'(x)=0
Again integrate both sides we get h(x) = 0

Put the value of h(x) value in equation (2) we get the
required conjugate function.

Therefore v (x,y) = tan™1 G) (Ans)



Exercise -1

Are the following functions harmonic? If your answer is
yes, find a corresponding analytic function

f(2) = ulx. y) + iv(x, y).

12. 1 = xy

14. v = —y/(x% + y?)
16. v = In |7

18. u = 1/(x% + y?)
20. u = cos x cosh y

13.
15.
17.
19,
21.

v = Xy
u = In ||
u = x% — 3xy?

v = (IE — ]?2}2
u = e~ " sin 2y



