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CR Equation:  The Complex-valued function 
 w f z u iv  

 is 

analytic   in a domain D iff C-R equations x yu v
  & y xu v 

are 

satisfied, assuming all partial derivatives 
, , , &x y x yu u v v

are 

continuous in D. 

Cauchy-Riemann Equations in polar form 
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are called C-R equations in polar form. 

Laplace’s Equation 

If      , ,f z u x y iv x y 
 is analytic in a domain D , then &u v  satisfy 

Laplace’s equation.  
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respectively in D and both have continuous 2nd order partial 

derivative in D. 



Example: 𝒇(𝒛) = 𝒛 +
𝟏

𝒛
 𝒊𝒔 𝒂𝒏𝒂𝒍𝒚𝒕𝒊𝒄 ? 

Ans:Let 𝑧 = 𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃) = 𝑟𝑒𝑖𝜃  𝑎𝑛𝑑 
1

𝑧
=

1

𝑟𝑒𝑖𝜃 =

1

𝑟
𝑒−𝑖𝜃 =

1

𝑟
(𝑐𝑜𝑠𝜃 − 𝑖𝑠𝑖𝑛𝜃) 

Now 𝑓(𝑧) = 𝑧 +
1

𝑧
= 𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃) +

1

𝑟
(𝑐𝑜𝑠𝜃 − 𝑖𝑠𝑖𝑛𝜃) 

                                      = (𝑟 +
1

𝑟
) 𝑐𝑜𝑠𝜃 + 𝑖 (𝑟 −

1

𝑟
) 𝑠𝑖𝑛𝜃 

But we know that 𝑓(𝑧) = 𝑤 = 𝑢 + 𝑖𝑣 

i.e 𝑢 = (𝑟 +
1

𝑟
) 𝑐𝑜𝑠𝜃 and 𝑣 = (𝑟 −

1

𝑟
) 𝑠𝑖𝑛𝜃 

𝜕𝑢

𝜕𝑟
= (1 −

1

𝑟2) 𝑐𝑜𝑠𝜃 𝑎𝑛𝑑
𝜕𝑣

𝜕𝑟
= (1 +

1

𝑟2) 𝑠𝑖𝑛𝜃   

𝜕𝑢

𝜕𝜃
= − (𝑟 +

1

𝑟
) 𝑠𝑖𝑛𝜃 𝑎𝑛𝑑

𝜕𝑣

𝜕𝜃
= (𝑟 −

1

𝑟
) 𝑐𝑜𝑠𝜃 

⟹
1

𝑟

𝜕𝑣

𝜕𝜃
= (1 −

1

𝑟2) 𝑐𝑜𝑠𝜃 =
𝜕𝑢

𝜕𝑟
 

Again 
1

𝑟

𝜕𝑢

𝜕𝜃
= − (1 +

1

𝑟2) 𝑠𝑖𝑛𝜃 = −
𝜕𝑣

𝜕𝑟
 hence it satisfy the CR 

equation. 

Therefore the given complex function is analytic function. 

Example-2 

Find the Laplacian form of the following function  𝑢 = ln|𝑧| 

Ans: Given that 𝑢 = ln|𝑧| = 𝑙𝑛√𝑥2 + 𝑦2 (𝑤ℎ𝑒𝑟𝑒 𝑧 = 𝑥 + 𝑖𝑦)  



 𝑢 =
1

2
ln (𝑥2 + 𝑦2 ) 

𝑢𝑥 =
𝑥

𝑥2 + 𝑦2   
      𝑎𝑛𝑑 𝑢𝑦 =

𝑦

𝑥2 + 𝑦2   
 

𝑢𝑥𝑥 =
(𝑥2 + 𝑦2 ) − 𝑥. 2𝑥

(𝑥2 + 𝑦2 )2
=

𝑦2 − 𝑥2 

(𝑥2 + 𝑦2 )2
 

𝑢𝑦𝑦 =
(𝑥2 + 𝑦2 ) − 𝑦. 2𝑦

(𝑥2 + 𝑦2 )2
=

𝑥2 − 𝑦2 

(𝑥2 + 𝑦2 )2
 

Therefore  𝑢𝑥𝑥 + 𝑢𝑦𝑦 =
𝑦2 −𝑥2 

(𝑥2+𝑦2 )2 +
𝑥2 −𝑦2 

(𝑥2+𝑦2 )2 = 0. 

Hence u satisfy the Laplacian equation. Therefore u is 

Harmonic Function. 

Harmonic function:  

The function ( , )u x y  is said to be harmonic if it satisfies Laplace’s 

equation i.e. 
2 0.xx yyu u u     

Theorem 2:  If ( ) ( , ) ( , )f z u x y iv x y   is an analytic function then its 

real and imaginary parts i.e. &u v  are harmonic. 

Conjugate Harmonic function: If two harmonic functions &u v

satisfy Cauchy-Riemann equations in a region ,S  then they are 

the real and imaginary parts of an analytic function   in .f z S , i.e 
 f z u iv   is analytic in .S  

So, v  is called the ‘conjugate harmonic function’ of  u  in the 

region S . It is true that a harmonic conjugate, when it exists, 

is unique except for an additive constant 



Note: If u is harmonic then v is called conjugate harmonic of 

u and v is harmonic then u is called conjugate harmonic of v. 

Example-3: Determine whether the following function is 

harmonic then find their conjugate harmonic function.  

1. 𝑢 = ln|𝑧|.                                    2.𝑢 = 𝑥2 + 𝑦2                                                  

3.𝑣 = 𝐴𝑟𝑔(𝑧) 

Ans: Given that 𝑢 = ln|𝑧| = 𝑙𝑛√𝑥2 + 𝑦2 (𝑤ℎ𝑒𝑟𝑒 𝑧 = 𝑥 + 𝑖𝑦)  

 𝑢 =
1

2
𝑙𝑛√𝑥2 + 𝑦2  

𝑢𝑥 =
𝑥

𝑥2 + 𝑦2   
      𝑎𝑛𝑑 𝑢𝑦 =

𝑦

𝑥2 + 𝑦2   
 

𝑢𝑥𝑥 =
(𝑥2 + 𝑦2 ) − 𝑥. 2𝑥

(𝑥2 + 𝑦2 )2 =
𝑦2 − 𝑥2 

(𝑥2 + 𝑦2 )2 

𝑢𝑦𝑦 =
(𝑥2 + 𝑦2 ) − 𝑦. 2𝑦

(𝑥2 + 𝑦2 )2 =
𝑥2 − 𝑦2 

(𝑥2 + 𝑦2 )2 

Therefore 𝑢𝑥𝑥 + 𝑢𝑦𝑦 =
𝑦2 −𝑥2 

(𝑥2+𝑦2 )2 +
𝑥2 −𝑦2 

(𝑥2+𝑦2 )2 = 0. 

Hence u satisfy the Laplacian equation. Therefore u is 

Harmonic Function. 

We know that  𝑢𝑥 = 𝑣𝑦𝑎𝑛𝑑 𝑢𝑦 = −𝑣𝑥 (𝐶𝑅 − 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛) 

𝑢𝑥 = 𝑣𝑦 =
𝑥

𝑥2 + 𝑦2   
 

                                                                       
𝜕𝑣

𝜕𝑦
=

𝑥

𝑥2+𝑦2   
………..(1) 



Integrating bothsides of (1) partially w.r.t.y keeping x 

constant,we obtain 

𝑣 = ∫
𝑥

𝑥2 + 𝑦2   
𝑑𝑦 + ℎ(𝑥) 

                                                                

𝑣 = 𝑡𝑎𝑛−1 (
𝑦

𝑥
)+ ℎ(𝑥)……….(2) 

Differentiating equation (2) partially w.r.t. x we get  

                                                              
𝜕𝑣

𝜕𝑥
=

1

1+(
𝑦2 

𝑥2 )
 . (

−𝑦 

𝑥2 )+ℎ′(𝑥) 

⟹
−𝑦

𝑥2+𝑦2   
+ ℎ′(𝑥) …………(3) 

Again from second CR- equation 𝑢𝑦 = −𝑣𝑥 ⟹ 𝑣𝑥 = −𝑢𝑦 

                                                                             

 𝑣𝑥 =
−𝑦

𝑥2+𝑦2   
………..(4) 

Equating (3) and (4) we get    
−𝑦

𝑥2+𝑦2   
+ ℎ′(𝑥)= 

−𝑦

𝑥2+𝑦2   
 

i.e  ℎ′(𝑥)= 0  

Again integrate both sides we get  ℎ(𝑥) = 0 

Put the value of ℎ(𝑥) value in equation (2) we get the 

required conjugate function. 

Therefore                  𝑣 (𝑥, 𝑦) = 𝑡𝑎𝑛−1 (
𝑦

𝑥
)  (Ans) 

 



Exercise -1 

 


