Session_4 Proof of Theorem (CAUCHY-RIEMANN EQUATIONS)

Theorem: The Complex-valued function W= f (Z) =U+IV is analytic in a domain D iff C-R equations

u, =V, &U, = -V, are satisfied, assuming all partial derivatives U,, U,, V,, & V, are continuous in D.
Proof: Necessary part:
Let W= f (z)=u(X, y)+iv(X, y) be analytic in domain D.

= f (Z) is defined and differentiable at all points of D.

= £(2)= lim f(z+Az)-f(2) )

Az—0 AZ
exists in D& also unique.

Now this equation (2) is independent of the manner, where Az — 0. So we can take the following two
cases:

Casel: Let AX > 0&Ay =0. (i.e. along the real axis where Az —0)
Now from (1) we get

U(X+AX, Y+ AY)+iv(X+AX, y +Ay)—u(x, y)—iv(X,Y)

f'(z)=Jim AX+iA
Yy
£(2)= lim U(X+AX, y)+iv(x+Axy)-u(x,y)-iv(X,y) (as Ay =0)
AX—0 AX
_ Iim(u(X+AX’ y)_“(x’y)J+i jim VA% ) =v(xY)
Ax—0 AX Ax—>0 AX
ou .ov - ' _ H
—&-H& ie. f'(z)=u,+iv,|(3)

Casell: Let AX=0 & Ay — 0 (i.e. along the imaginary axis)

£(2)= lim u(x, y+Ay)+iv(x y+Ay)—u(x,y)—iv(x,y)
2y—0 1Ay

1 fim u(x, y+Ay)-u(xy)
Ay—0 Ay Ay—0 Ay

Lilim V(X y+Ay)-v(x, y)}



i2

From (3) & (4) we get
u, +iv, =v, —iu,

Comparing both sides we get

u, =V,| &|U, =-V,|. These two are called C-R equations.

Sufficient Part

Let C-R equations be satisfied i.e. U, =V, & U, =—V, (assuming all partial derivatives u,,u,,v, & Vv,

are continuous in domain D)

Now f(Z+Az)=u(X+AX,y+Ay)+iv(X+AX,y+Ay)

_ W) N
_(u(x,y)+aXAx+ayij+|(v(x,y)+aXAx+ayij

(Applying Taylor’s theorem for functions of two variables and neglecting the terms containing higher
degrees of AX & Ay)

=u(x,y)+iv(x, y)+(g—u+i?ij+(%+i%)Ay

= f(z)+(u, +iv, ) AX+(—v, +iu, ) Ay

or f(z+Az)-f(z)=u,(Ax+iAy)+v, (iAX—Ay)
or f(z+Az)-f(z)=uAz+iv, (Ax+iAy)

or f(z+Az)-f(z)=uAz+iv,Az

f(z+Az)-f(2)
Az

or =u, +1v,

Taking the limit of both sides; when Az — 0

im f(z+Az)-f(z)

=u, +iv
Az—0 AZ X X



or f'(z)=u, +iv, exists & unique
= f(z) is analyticin D

Cauchy-Riemann Equations in polar form

* (where r>0)

Let z=r(cos@+ising)=re'
&let w=f(z)=f (re“"):u+iv
ie. u(r,0)+iv(r,0)= f(re“’)

Taking the Partial derivative of (5) w.r.t. I
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Similarly, taking the Partial derivative of (5) w.r.t. &

NG f'(re”)ire”
og 00

=ir(f'(re)e”)

. (ou .ou .
—Ir(gﬂgj [using (6)]

or, U,+iv, =—rv, +iru,

1
= Uu,=-rv, or Vr:—Fug (7) Again

(8) Equation (7) & (8) are called C-R equations in polar form.

(6)

(5)

vV, =ru, or




