Complex form of Fourier series and Fourier integral

Fourier integral:

Fourier integral is an extension of Fourier series in non-periodic functions. Here
integration is used instead of summation in a Fourier series.

Let us consider a functionf (x). Let us consider the following conditions for the
Fourier integral of the given function f(x)

I.  The function f(x) and its derivative f'(x) both are piecewise
continuous in every finite interval.

1. f_oooo |f (x)|dxConverges i.e. f(x) is absolutely integrable in (-o0, ). The

Fourier series of f(x) = ay + Y=, (a,cosnx + b,sinnx)can be
expressed in an integral form as described in the following section.

The Fourier series expression of f(x)is given by

f(x)=f(x) = % + Yo—,(a, cosnx + b, sin nx) (-L<x<L) can be expressed in

Fourier integral.
i.e.f(x) =f000[A(W) coswx + B(w)sinwx]dw
Where A(w)=% ffooo f(w)coswv dv&B(w)=f_°ooo f(w)sinwv dv

This representation is known as the Fourier integral for the function f(x).

NOTE: If f(x) is not continuous at x=a then f(a+0):f(a_°)

e where f(a + 0)=}lli_r}(1)f(a + h)and f(a—0) = }liir(l)f(a —h)

ed* ,
—5 (asinbx — bcosbx) + ¢
eax

e [e™ sinbxdx =

e [e™cosbxdx = (acosbx — bsinbx) + ¢

a2+b?

Question: Find the Fourier integral representation of the function

T

coSX x| < =

f(x) ={ x| 2
0, otherwise

Solution:



We know that f(x) = fooo [A(w)coswx + B(w)sinx]dw--------------- (1)

Where, A(w) = %ffooof(v)coswv dv

T/

f n? cosv sinv dv
2

Now, Aw) =

%fon/z 2cosv sinwv dv = %fon/z[cos(l +w) v+ cos(w — 1) v]dv

(sin(1+w)v + sin(w-1)v\m/2

1
T 1+w w—-1 0

sin(14+w)m/2 + sin(w—l)n/Z)
1+w w-1

=%(

1 . T . T ) -
D) [w(sin(1 +w) >+ sin(w — 1) = — sin(w + 1) 7]

1 . T T T . T
= [2w sinw —cos— — 2cosw —sin -]
T(w2-1) 2 2 2 2

n(w2 1) COS( :)]

From equation (1), we get

T

f(x) = f ﬁ cos (W E) coswx dw
0

[o'e) COS( )COSWX

f(x) = —f ———=——dw , Providedw # 1

1-w?2

Fourier Integral Theorem:

If a function f(x) (i) is piecewise continuous in every finite interval a < x < b

le.f(t—=0)=f(t+0)=f()ie lim f(x)= lim f(x)=f(t)

ii. Has left hand derivative lim and a right hand derivative

h—0"

fx+h)—f(x)
h

lim f(x+h) f(x)

h_>0+ at every point and.



iii. The integral lim f;lf(x)ldx + blim foblf(x)ldx exists then f(x)
a——oo ——00

represented by a Fourier integral f(x) = fOOO[A(W)coswx + B(w)sinwx|dw
Where A(w) = %ffooof(v)coswv dv,B(w) = %ffooof(v)sinwv dv

Note: If the f(x) is discontinuous at a point x = « (i.e. f(x —0), f(x
+0) and f(x) are not all equal), then the value of the Fourier integral equals
the average of the left and right hand limits of f(x) at x = «

1
S [ (o =0) + f(x +0)]

Equivalent forms of Fourier integral theorem:

Fourier integral theorem for the function f(x) can also be rewritten in the
following forms then f(x) is continuous.

i f(x) = % J7 15 fw) cos o (x — w)du d
i fe) =0 [T fw) et Wdud o
i.  f(x) = %f_oooo el *d o ffooof(u) e Uy
Example: Find the Fourier integral representation of the function

f(x) _ { 0 ,x <0 Hence evaluate foo cosxw+wsinxw
me ™™, x>0 0 1+w2

dw.

Solution:
We know f(x) = fOOO[A(W)coswx + B(w)sinxw]dw

Where, A(w) = %f_oooof(v)coswv dvB(w) = %ffooof(v)sinwv dv

Here, A(w) = %f_oooo we Ycoswv dv = fooo e Ycoswv dv

1 (0] [0 0]
B(w) = EJ me Vsinwv dv = f e Vsinwv dv
0 0

(0]

A(w) +iB(w) = j e V(cosv + i sinwv) dv
0



e(iw—l)v

— fo‘x’ e~ VelWv y = f0°° e(iw—l)v dv = —15

-1 1 iy w

T iw—1 1+w? l1+W2
Therefore,A(w) = TIWZ’ B(w) = 1:”2 and flx) =

foo coSXw+w sinxw
0 1+w?2

dw

The function f(x) is discontinuous at x=0.Therefore the value of
T

f(0) = %[xl_i(r)r_lof(x) t ngriof(x)] =1/2(0+me™ ) = >

We know f(x)= 0if x<0 and f(x)=me ™™ in x>0

Therefore
0, ifx>0
00 COSXWHWSInxw T
) dw =< -, x=0
0 1+w? 2

me * x>0



