
Fourier Integral 

Fourier Sine and Cosine Integrals: 

The Fourier integral becomes simpler when the given function in either an 

even or odd function. The Fourier integral of f(x) is described as 

 𝑓(𝑥) =  ∫ 𝐴(𝑤) cos 𝑤𝑥 + 𝐵(𝑤) sin 𝑤𝑥)𝑑𝑤
∞

0
 

Where A(w) = 
1

𝜋
∫ 𝑓(𝑣)𝑐𝑜𝑠𝑤𝑣 𝑑𝑣     𝑎𝑛𝑑    𝐵(𝑤) =

1

𝜋
∫ 𝑓(𝑣)𝑠𝑖𝑛𝑤𝑣 𝑑𝑣

∞

−∞

∞

−∞
 

Case-1: 

Suppose f(x) is an even function i.e. f(-x)=f(x). Now coswx is also an even 

function and sinwx is an odd function. Therefore f(x) coswx is also an even 

function and f(x) sinwx is an odd function. 

Now𝐴(𝑤) =
1

𝜋
∫ 𝑓(𝑣)𝑐𝑜𝑠𝑤𝑣 𝑑𝑣 =

2

𝜋
∫ 𝑓(𝑣)𝑐𝑜𝑠𝑤𝑣 𝑑𝑣

∞

−∞

∞

−∞
 

And 𝐵(𝑤) =
1

𝜋
∫ 𝑓(𝑣)𝑠𝑖𝑛𝑤𝑣 𝑑𝑣

∞

−∞
= 0 

Therefore 𝑓(𝑥) =  ∫ 𝐴(𝑤) cos 𝑤𝑥 𝑑𝑤
∞

0
 

This is known as the Fourier Cosine integral representation. 

Case-2: 

Suppose f(x) is an odd functioni.e. f(-x)=-f(x). Now sinwx is also an odd function 

then f(x)cos(wx) is also odd function and f(x)sinwx is an even function. 

Now 𝐴(𝑤) =
1

𝜋
∫ 𝑓(𝑣)𝑐𝑜𝑠𝑤𝑣 𝑑𝑣 =

∞

−∞
 0 and 

𝐵(𝑤) =
1

𝜋
∫ 𝑓(𝑣)𝑠𝑖𝑛𝑤𝑣 𝑑𝑣 =

2

𝜋
∫ 𝑓(𝑣)𝑠𝑖𝑛𝑤𝑣 𝑑𝑣

∞

0

∞

−∞

 

Therefore 𝑓(𝑥) = ∫ 𝐵(𝑤)𝑠𝑖𝑛𝑤𝑥 𝑑𝑤
∞

0
 

This is known as the Fourier sine integral. 

EXERCISE 2.4 



1. Show that ∫
cos(

𝜋𝑤

2
) cos(𝑥𝑤)

(1−𝑤)2
 𝑑𝑤 =

∞

0
{

𝜋

2
𝑐𝑜𝑠𝑥      ,    |𝑥| <

𝜋

2

  0                , |𝑥| >
𝜋

2

 

2. Find the Fourier cosine integral representation of the function 𝑓(𝑥) =

{
𝑥      ,0 < 𝑥 < 𝑎
  0    ,   𝑥 > 𝑎      

 

3. Find the Fourier sine integral representation of the function 

a. 𝑓(𝑥) = {
𝑒𝑥    ,0 < 𝑥 < 1
  0    ,   𝑥 > 1      

 

b. 𝑓(𝑥) = {
 𝑠𝑖𝑛𝑥    ,0 ≤ 𝑥 ≤ 𝜋

  0    ,   𝑥 > 𝜋      
   sinx  

c. 𝑓(𝑥) = {
  𝜋 − 𝑥   ,0 < 𝑥 < 𝜋

  0    ,   𝑥 >  𝜋     
 

4. Prove that ∫
𝑤3 cos 𝑥𝑤

𝑤4+4
 𝑑𝑤

∞

0
=

𝜋

2
𝑒−𝑥  , 𝑥 > 0 

Properties of Fourier integral: 

1. 𝑓(𝑎𝑥) =
1

𝑎
∫ 𝐴 (

𝑤

𝑎
) 𝑐𝑜𝑠𝑤𝑥 𝑑𝑤  𝑎 > 0

∞

0
 

2. 𝑥𝑓(𝑥) = ∫ 𝐵∗(𝑤) 𝑠𝑖𝑛𝑤𝑥 𝑑𝑤
∞

0
Where 

𝐵∗ = −
𝑑𝐴

𝑑𝑤
    𝑎𝑛𝑑    𝐴(𝑤) =

2

𝜋
∫ 𝑓(𝑣) 𝑐𝑜𝑠𝑤𝑣 𝑑𝑣

∞

0

 

3. 𝑥2𝑓(𝑥) = ∫ 𝐴∗(𝑤)𝑐𝑜𝑠𝑤𝑥𝑑𝑤 ,   𝐴∗ = −
𝑑2𝐴

𝑑𝑤2

∞

0
 

  


