Fourier Sine Transform:

Let f(x) be defined for 0 < x < oo and let f(x) be extended as an add function in
(-00, 00) satisfying the condition of Fourier integral theorem. If at the point of

continuity fi(w) = \/%fooof(t) sinwt dt
Then sine transform offg(w) is represented by the inverse Fourier sine
transformation f(x).

Inverse Fourier sine transformation of f(x).

2 (7.
f(x)=\/;f0 fs(w) sinwx dw

Fourier Cosine Transform:

If f(x) be defined for 0 < x < oo and let f(x) be extended as an even function in
(-00, o0) satisfying the condition of Fourier integral theorem. If at the point of

continuity f,(w) = \/%fooof(t) coswt dt

Then the cosine transform of f;(w) is given by the function

2 (7.
f(x) = Efo fs(w) coswx dw

Here fs(w) is called Fourier cosine transform of f(x) and f(x) is called the

inverse Fourier cosine transform of f,(w).
Properties of Sine and Cosine Transform:

e Linearity Property:
Let a, b be any constant and f(x), g(x) be the any function of x. then
Fourier transform of f(x) and g(x) exist. Such that
F(af +bg) =aF(f) +bF(9)
e Derivative Property:



Let f(x) be continuous on the x-axis and f (x) — 0Oas |x| — co.
Furthermore it is absolutely integrable on the x-axis. Then f'(x) is
piecewise continuous on each finite interval.

o FUF (0} = w R} - [2F0)
b. Ts{f,(x)} =—w Tc{f(x)}
¢ BAF(0) = ~wiR{f ) - [2F(0)

0. FIF" () = —w? FF) + \/%wf((»

Note: If fand its 1°* (n-1) derivatives are continuous and its nth derivative is
piecewise smooth in

(-00, ), then F{f™(t)} = (—iw)™ F{f (x)} provided that f and its derivatives
are absolutely integrable. In addition we assume that f and its 1°* (n-1)
derivatives approaches to zero as t— o

Convolution Theorem:

Suppose that f(x) and g(x) are piecewise continuous, bounded and absolutely
integrable on the x-axis. Then

F(f xg) = V2rn F(f) F(g)

Question: Find the Fourier transform of xe™

Solution:
Here f(x) = e~ then f'x) = —2xe™*" = _71f’(x) = xe™*’

?(xe‘xz) = _71{?' f'(x)} = _71 iw ?(e‘xz) (derivative property)

2
—ax? _e—w /4a
But T(e )— N
2
] —x2 __ile_w/"__iw —w2/4
|.e.i7-"(xe )— >R 2ﬁe

Question: Find the Fourier cosine transform of



1 ,ifo<x<1
f(x)={—1 , ifl<x<?2
0, x> 2

Answer:

We know that Fourier cosine transform is given by

fsw) = \E [ f(x) coswx dx

= \E [f, f(x) coswx dx + [ f(x) coswx dx + [” f (x) coswx dx]
= \E [f, coswx dx — [;" coswx dx]

= JH{lee], - )

-

2 [sinw
T

1, . .
— = 0— ” (sin2w — Slnw)]

_ ]2 [Zsinw—sinZW]

T w

Question: Find the Fourier sine transform of f(x) = e™*
Solution:

By definition of Fourier sine transform, we get

f(w) = \/%fooof(x) sinwx dx
= \[%fooo e ¥ sinwx dx

= Z[e_x (—sinwx — wcosws)g = 2( 7 )
oA tw? 0 7 m\1+w2

And the inverse Fourier transform of f(x) is given by

T 1+w?

fx) = \Efooo F.(w) sinwx dx = Efooo Z_ sinwx dw



e kX a<x<b

tion: Find the Fourier transf f =
Question: Find the Fourier transform of f(x) {O a<xandx>b

Solution:

By definition of Fourier transform, we get-
_ 1 r® _iwx
fw) = mf_oo e”™W¥ dx

= Ul f@e™™ dx + [ f)e™ dx + f,7 f()e™* dx}

_ 1 b _ikx ,—iwx
= Efa e Hre dx

e—i(k+w)x b

N [
Vem L-i(k+w) 1,

— \/%f: e—i(k+w)x dx =

, [ —i(ktw)b _ —i(k+w)
_ 1 [ [e—(k+w)b B e—i(k+w)a] _ [ [e i(k+w e~ i(k+w)a
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EXERCISE 2.5

=

Find the Fourier transform of the following
X

e*, —a<x<a
. fx) = .
a. f(x) { 0, otherwise

k,a<x<b
: f(x):{—k,b<x<c
0, Otherwise
Find the Fourier Cosine transform of the following

feo = {,

N

w

x, 0<x<1
, Otherwise

C(1—-x%, |x|<1
a- f(x) _{ 0, Otherwise

4. Find the Fourier Cosine transform of the following
cosx , 0<x<a
a. fx) = { 0, xX=>a

b. f(x)=e™ ,x=0



