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The Inverse Laplace Transform

We now know how to find Laplace transforms of “unknown” functions satisfying various initial-
value problems. Of course, it’s not the transforms of those unknown function which are usually
of interest. It’s the functions, themselves, that are of interest. So let us turn to the general issue
of finding a function y(#) when all we know is its Laplace transform Y (s).

26.1 Basic Notions
On Recovering a Function from Its Transform

In attempting to solve the differential equation in example 25.1, we got

4
Y(s) = ——
() = —

which, since
Y(s) = Lly®]l, ad —— = L[4eV]|
s S

we rewrote as

Ly®O] = L[4e¥]
From this, seemed reasonable to conclude that
y@) = 4e”

But, what if there were another function f(¢) with the same transform as 4e* ? Then we could
not be sure whether the above y(z) should be 4e* or that other function f(¢). Fortunately,
someone has managed to prove the following:

Theorem 26.1 (uniqueness of the transforms)
Suppose f and g are any two piecewise continuous functions on [0, c0) of exponential order
and having the same Laplace transforms,

LIf] = LIg]

Then, as piecewise continuous functions,

f@) = g  on [0,00)
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528 The Inverse Laplace Transform

(You may want to quickly review the discussion of “equality of piecewise continuous func-
tions” on page 497.)

This theorem actually follows from another result that will be briefly discussed at the end
of this section. What is important, now, is that this theorem assures us that, if

Llynll, = L[4e]], .

then
y(t) = 4

at leastfor t > 0.
What about for ¢t < 0? Well, keep in mind that the Laplace transform of any function f,

FGs) = LIf]], = /0 Fedr

involves integration only over the positive T—axis. The behavior of f on the negative T—axis
has no effect on the formula for F(s). In fact, f(¢) need not even be defined for r < 0. So,
even if they exist, there can be no way to recover the values of f () on the negative T—axis from
F(s) . But that is not a real concern because we will just use the Laplace transform for problems
over the positive 7T—axis — problems in which we have initial values at + = 0 and want to know
what happens later.

What all this means is that we are only interested in functions of ¢ with ¢ > 0. That was
hinted at when we began our discussions of the Laplace transform (see note 3 on page 477), but
we did not make an issue of it to avoid getting too distracted by technical details. Now, with the
inverse transform, requiring ¢ > 0 becomes more of an issue. Still, there is no need to obsess
about this any more than necessary, or to suddenly start including “for + > 0” with every
formula of 7. Let us just agree that the negative T—axis is irrelevant to our discussions, and that

in all formulas involving t , it is assumed that t > 0.

> Example 26.1:  Somewhere above, we have
y(t) = 4
What we really mean is that
y(t) = 4e¥  for t>0

We have no idea what y(t) isfor t < 0. We don’teven know whether, in whatever application
this may have arisen, it makes sense to talk about y(t) for t < 0, nor do we care.!

The Inverse Laplace Transform Defined

We can now officially define the inverse Laplace transform:

Given a function F(s), the inverse Laplace transform of F , denoted by L~ !'[F],
is that function f whose Laplace transform is F .

I For example: What if y(7) denoted the temperature in a cup of coffee ¢ minutes after being poured? Does it make
sense to consider the temperature of the coffee before it exists? (Answer this assuming you are not a Zen master.)
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More succinctly:
f@) = LTNF®I, < LIFOl, = F(5)

Our theorem on uniqueness (theorem 26.1) (along with our understanding about “always assum-
ing t > 07) assures us that the above definition for £~ '[F] is unambiguous. In this definition,
of course, we assume F'(s) can be given as L[ f(¢)] for some function f .

> Example 26.2:  We have

£—1[ A ] = 4e™
s—3 ;
because A
_ 3
— = £[4e t]|
Likewise, since
6
c[?]] = = .,
[ ]|v s4
we have 6
3 -1
0= e
s4 11
The fact that

f@) = LTNFOI, < LIfFOl, = F(s)

means that any table of Laplace transforms (such as table 24.1 on page 484) is also a table of
inverse Laplace transforms. Instead of reading off the F(s) for each f(¢) found, read off the
f(t) foreach F(s).

As you may have already noticed, we take inverse transforms of “functions of s that are
denoted by upper case Roman letters” and obtain “functions of ¢ that are denoted by the cor-
responding lower case Roman letter”” These notational conventions are consistent with the
notational conventions laid down earlier for the Laplace transform.

We should also note that the phrase “inverse Laplace transform” can refer to either the
‘inverse transformed function’ f or to the process of computing f from F.

By the way, there is a formula for computing inverse Laplace transforms. If you must know,
itis

1 Y .
L7UF$)]l, = — lim (o 4 i&) dE
2w Y—>+o0 J_y
The integral here is over a line in the complex plane, and o is a suitably chosen positive value.
In deriving this formula, you actually verify uniqueness theorem 26.1. Unfortunately, deriving
and verifying this formula goes beyond our current abilities.?

Don’t pretend to understand this formula, and don’t try to use it until you’ve had a course in

complex variables. Besides, it is not nearly as useful as a good table of transforms.

2 Two derivations can be found in third edition of Transforms and Applications Handbook (Ed: A. Poularikas,
CRC Press). One, using Fourier transforms, is in section 2.4.6 of the chapter on Fourier transforms by Howell.
The other, using results from the theory of complex analytic functions, is in section 5.6 of the chapter on Laplace
transforms by Poularikas and Seely.
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26.2 Linearity and Using Partial Fractions
Linearity of the Inverse Transform

The fact that the inverse Laplace transform is linear follows immediately from the linearity of
the Laplace transform. To see that, let us consider L7 aF(s) + BG(s)] where « and B are
any two constants and F' and G are any two functions for which inverse Laplace transforms
exist. Following our conventions, we’ll denote those inverse transforms by f and g. That is,

f®) = L7'F®I, and g = LG,

Remember, this is completely the same as stating that

LIfOll, = F(s) and  L[gO]];, = G(s)

Because we already know the Laplace transform is linear, we know

Llaf @) +pgOll; = aLLf O]l + BLIEMIl, = aF(s) + BG(s)

This, along the definition of the inverse transform and the above definitions of f and g, yields
LTaF () + GO, = af (1) + Bg(t) = aL ' [F($)]|, +BLT G ()],

Redoing these little computations with as many functions and constants as desired then gives us
the next theorem:

Theorem 26.2 (linearity of the inverse Laplace transform)
The inverse Laplace transform transform is linear. That is,

L7e1Fi(s) + caFa(s) + -+ + cu Fy(5)]
= i L7'Fi(5)] + LI[F2(s)] + -+ + ciL[Fu(s)]

when each ¢ is a constant and each F; is a function having an inverse Laplace transform.

Let’s now use the linearity to compute a few inverse transforms.

1
E_l
|:s2 + 9:|

We know (or found in table 24.1 on page 484) that

1l 3 .
L |:S2+9]‘t = sin(3t) ,

which is almost what we want. To use this in computing our desired inverse transform, we
will combine linearity with one of mathematics’ oldest tricks (multiplying by 1 with, in this
case, 1 =34):

1 1 3 1 3 1
! =Y || =27 ———|| = -sin(3
[Sz_i_g}‘[ [3 s2+9]‘l 3 [Sz—i_g]‘[ 3Sln( )

> Example 26.3: Let’s find

t
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The use of linearity along with ‘multiplying by 1’ will be used again and again. Get used
to it.

!> Example 26.4: Let’s find the inverse Laplace transform of

ﬁ 8
s7 s—4
We know
6! 1
£_1[—7] = 0 and _1|: ] = ¥
s’ 1t s—4 ;
So,
30 8 1 1
=+ =307 = || + 87—
s s—4 . ) . s—4 .
_ 1l el 4t
= 30C [E'F]L + 8e
30 6! 30
_ _£—1[_ QoM — /6 e
ot L7l Tl 65432 T°¢
which, after a little arithmetic, reduces to
30 8 ] 1
£—1 e — —t6 8 4t
[ﬂ i Tt T

Partial Fractions

When using the Laplace transform with differential equations, we often get transforms that can
be converted via ‘partial fractions’ to forms that are easily inverse transformed using the tables
and linearity, as above. This means that the general method(s) of partial fractions are particularly
important. By now, you should well-acquainted with using partial fractions — remember, the
basic idea is that, if we have a fraction of two polynomials

Q(s)
P(s)

and P(s) can be factored into two smaller polynomials
P(s) = Pi(s)P(s)
then two other polynomials Q(s) and Q,(s) can be found so that

0(s) _ o(s) _ 01(s) " 01(s)
P(s) Pi(s)P2(s) Pi(s) Py(s)

Moreover, if (as will usually be the case for us) the degree of Q(s) is less than the degree of
P(s), then the degree of each Q(s) will be less than the degree of the corresponding Py (s) .
You probably used partial fractions to compute some of the integrals in the earlier chapters
of this text. We’ll go through a few examples to both refresh our memories of this technique,
and to see how it naturally arises in using the Laplace transform to solve differential equations.
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!> Example 26.5: In exercise 25.1 e on page 523, you found that the Laplace transform of the

solution to

Y' 4+ 4y = 20e¥  with y©0)=3 and y'(0)=12
iS 2
352 — 28
Y(5) = —
®) = 5% (s> +4)

The partial fraction expansion of this is

352 —28 A Bs+C
Y(s) = —— = + 2F
(s—4)(32+4) s—4 s+ 4

for some constants A, B and C . There are many ways to find these constants. The basic
method is to “undo” the partial fraction expansion by getting a common denominator and
adding up the fractions on the right:

3s2-28 A Bs+C
(s—4)(s24+4)  s—4 s2+4
A (s> +4) (s —4)(Bs + C)

(s —4) (s> +4) (s —4) (s> +4)

_ (A4 B)s?+(C—4B)s+4(A—C)
- (s —4) (s2+4)

Cutting out the middle and canceling out the common denominator leads to the equation
3-52 4+ 0-5s —28 = (A+B)s>+(C —4B)s+4(A—-C) ,

which, in turn, means that our constants satisfy the three by three system

3=A+ B

0=C — 4B

—28 = 4A — 4C
This is relatively simple system. Solving it however you wish, you obtain
A =1 and B =2 and C =38

Hence A Bs +C 1 2s + 8
s s
Y(i) = = S
() s—4+ s24+4 s—4+s2+4

and

o S | 25 + 8]
Y0 = LY, = £ L_4 et |
1 s 1
= || 422! —} gL
|:s—4:|t+ [s2 + 411, + s24+4]],

4 -1 s I . 2
= 2L [7] 8- - L7 ——=
e s2+2211; + 2 |:s2+22:|

t

= " + 2cos(2r) + 4sin(2r)
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!> Example 26.6:  In example 25.2 on page 511 we obtained

16 6s — 38

Y =
©) = Ty -nmin - nmin

and, equivalently,
652 — 505 + 92

o) = o n )

as the Laplace transform of the solution to some initial-value problem. While we could find
partial fraction expansions for each term of the first expression above, it will certainly be more
convenient to simply find the single partial fraction expansion for the second expression for
Y (s). But before attempting that, we should note that one factor in the denominator can be
further factored,

2= Ts + 12 = (s=3)(s—4)

giving us
6s% — 50s + 92
(s—2)(s —3)(s—4)

Now we can seek the partial fraction expansion of Y (s) :

Y(s) =

652 — 50s + 92 A B C
(s=2(s—=3)(s—4) s-=2 s—3 s—4

A —3)(s—4) + Bs —2)(s —4) + C(s —2)(s = 3)
s—=2)s—=3)(s—4)

Cutting out the middle and canceling out the common denominator leaves

6s> — 505 + 92

(26.1)
— AGs—3)(s—4) + BGs—2)(s—4) + C(s —2)(s — 3)

Rather than multiplying out the right side of this equation and setting up the system that A,
B and C must satisty for this equation to hold (as we did in the previous example), let’s find
these constants after making clever choices for the value of s in this last equation.

Letting s = 2 in equation (26.1):

6(2%) — 50-2 + 92

= A2-3)2—-4) 4+ B2-2)2-4) + C2-2)(2-3)

—> 16 =2A +0B +0C — A =238
Letting s = 3 in equation (26.1):
6(3%) — 50-3 + 92

= AB3-3)3—-4) + BB3-2)3—-4) + C3-2)(3-3)

> -4 =0A-B+0C = B=4
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Letting s = 4 in equation (26.1):
6(4°) — 504 + 92

= A@4-3)4—-4) 4+ B4-2)4—-4) + C4—-2)4-3)

— —-12=0A+0B+2C = C = -6
Combining the above results, we have
2 _
Y(s) = 65~ — 50s + 76
s—=2)s—=3)(s—4
A n B n c 8 n 4 6
) s—3 s—4  s=2 s—3 s —4
Hence,
8 4 6
) = L'y =rc! -

y(1) Y )l [s_2+s_3 s—4],

—grt| !
= 8L |:s—2:|

= 8¢% + 4e¥ — 6e*

Do recall how to deal with repeated factors in the denominator. In particular, if your denom-
inator has factors of the form

(s +¢) or (s> +bs + c)"

for some positive integer n and constants b and c, then the corresponding partial fraction
expansions are

Ay Ar Az Ap
(s + c)n + (s + )1 + (s +c)n2 tot e
and
Ais + B Azs + By A3zs + B3 Aps + By,
(s2+bs+c)" (s2 + bs +c)"71 (s2+bs+c)n72 s2+bs+c
respectively.

!> Example 26.7:  The partial fraction expansion of

is of the form

A n B n C
(s —6)3 (s — 6)2 s—6

To find the constants A, B and C, we proceed as in the previous examples:

252 A B C
(s—6)3  (s—06)3 + (s — 6)2 + s—6
A B(s — 6) C(s —6)2
(s — 6)3 (s —6)2(s — 6) (s —6)(s — 6)2
A 4+ B(s—6) + C(s —6)?
(s —6)°
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So we must have
252 = A + B(s —6) + C(s — 6)?

The value of A can be easily found by letting s = 6 in this equation, and the values of B
and C can be found by letting s = 6 after taking derivatives of both sides of this equation.
Or we can multiply out the right side and rewrite the left side more explicitly, obtaining

25> + 0s + 0 = Cs* + (B—12C)s + (A — 6B + 36C)
This tells us that the constants can be obtained by solving the system

cC =2
B —12C =0
A — 6B + 36C =0

In either case, you will discover that

A =172 , B =24 and CcC =2
Thus,
252
Y = —
(s) G 63
_ 4 . B C
T (s —6)3 (s — 6)2 s—6
72 24 2
= + +

(s —6)3 (s — 6)2 s—6

In the next section, we will discuss an easy way to find the inverse transform of each of the
terms in this partial fraction expansion.

26.3 Inverse Transforms of Shifted Functions

All the identities derived for the Laplace transform can be rewritten in terms of the inverse Laplace
transform. Of particular value to us is the first shifting identity

Lle" f0]|, = F(s —a)
where F = L[ f(t)] and a is any fixed real number. In terms of the inverse transform, this is
LTF(s—a)]l, = e f(1)

where f = L7'[F(s)] and a is any fixed real number. Viewed this way, we have a nice way to
find inverse transforms of functions that can be written as “shifts” of functions in our tables.

> Example 26.8: Consider
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Here, the ‘shift’ is clearly by a = 6, and we have, by the above identity,

-1 1 e B &
L [(S—6)3]‘t = F [F(S 6)]|t = e f(t) . (26.2)

We now need to figure out the f(t) from the fact that

1

F(s—6) = ——
(s —6) G 63
Letting X = s — 6 in this equation, we have
1
F(X) = e
Thus,
1
F(s) = —=
) =5 .
and

@0 = LF®I, = fﬂ[%]

1 2!
_ [l 2
=L [E s2+1]

Plugging this back into equation (26.2), we obtain

E_l[(s —16)3]

In many cases, determining the shift is part of the problem.

1 2
! - Eﬁ ['sz“‘l]

2

1 1

6t 6t * 2 2 6t
N e 1) = e -t~ = —t’e

' F@ 2 2

> Example 26.9: Consider finding the inverse Laplace transform of

1
s2 —8s+25

If the denominator could be factored nicely, we would use partial fractions. This denominator
does not factor nicely (unless we use complex numbers). When that happens, try “completing
the square” to rewrite the denominator in terms of “s —a ” for some constant a . Here,

s?— 8s +25 =5 — 245 + [4° — 4*] + 25
=2 — 245 + 4 —4 4+ 25 = (5—-4>+9

(s—4)2

= 51[;}
. (s =42 +9]], (26.3)
= LTUFGs =], = " F@)

Hence,

Again, we need to find f(t) from a shifted version of its transform. Here,

1

Fo=% = =5



Additional Exercises 537

Letting X = s — 4 in this equation, we have

1
F(X) =
) X2+9 7
which means the formula for F(s) is
1
F =
) s2+9

Thus,

el e 1
fo = FON, = 5]

_ [t 3]
=L [3 5249

Plugging this back into equation (26.3), we get

1
e
s2 —8s+25

S L” _ L
, = 3t [s2+32 , = 356G

t

=M f) = e‘“%sin(f&t) = %e‘” sin(37)

Additional Exercises

26.1. Using the tables (mainly, table 24.1 on page 484) or your own memory, find the inverse
Laplace transform for each of the following:

1 1

1
. b. . =
6 s+2 “ 2
6 5 s
d — . ——— f. ——
s4 ¢ s2425 s24+3m2
26.2. Using the tables and ‘linearity’, find the inverse Laplace transform for each of the
following:
6 1 3 8
a. b. — c. — —
s+2 s4 s s—4
d 452 — 4 . 3s+1 P l—e™
3 52425

26.3. Verity the following inverse Laplace transforms assuming « is any real constant:

.
= — sin(wt
5, Sin(wt)

= 21? [sin(wt) — wt sin(wt)]

(2 +e?)” ],

26.4. Solve each of the following initial-value problems using the Laplace transform:

a y +9y =0 with y0) =4

b. Yy +9y =0 with y(0)=4 and y(0)=6
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26.5. Using the tables and partial fractions, find the inverse Laplace transform for each of the

following:
Ts +5 s—1 1
a — b, — C.
s+2)s—1) s2—Ts+12 s2—4
352 + 65 + 27 . 1 P 8s3
s34+ 95 ©os3 452 Cos4 81
552 4 6s — 40 h 253 + 352 425 +27 ; 652 4 62s + 92
g(ymﬂﬂ+m) T (249 (s2+1) T s+ D (s24+10s +21)

26.6. Solve each of the following initial-value problems using the Laplace transform (and
partial fractions):

a. y" —9y =0 with y(0)=4 and y(0)=9
b. y// + 9y — 2713 with y(()) =0 and y/(O) =0
c. ¥ + 8y + Ty = 165¢*  with y(0)=8 and y'(0)=1

26.7. Using the translation identity (and the tables), find the inverse Laplace transform for
each of the following:

1 b 1 . s d 1
(s =7)° T 52— 6s+45 T 52— 6s+45 C s +2
1 1 2
e — . E— g — | —
s2+8s+16 52— 125 +40 s2 4125 + 40 (s —3)5

26.8. Using the Laplace transform with the translation identity, solve the following initial-
value problems:

a y —8 + 17y =0 with y(0)=3 and y'(0)=12

b. y' — 6y + 9y = &¥t? with y(0)=0 and y'(0)=0

c vy +6y + 13y =0 with y(0)=2 and y'(0)=38

d y + 8/ + 17y =0 with y(0)=3 and y'(0)=-—12
26.9. Using the Laplace transform, solve the following initial-value problems:

a. y' = e'sin(t) with y(0)=0 and y'(0)=0

b. y" — 4y 4+ 40y = 1227 with y(0)=0 and y'(0)=38

c. v — 9y = 247 with y(0)=6 and y'(0)=2

d. y' — 4y + 13y = ¢¥sin(3t) with y(0)=4 and y'(0)=3

26.10. The inverse transforms of the following could be computed using partial fractions.
Instead, find the inverse transform of each using the appropriate integration identity
from section 25.3.

2 — b — ¢ —
’ s(sz—|—9) ’ s(s —4) ’ s(s —3)2




