Primitive roots-
In number theory, a primitive root, also known as a primitive element or a generator, is an integer that generates all the elements of a cyclic group. More precisely, given a positive integer "n," an integer "g" is a primitive root modulo "n" if it forms a cyclic group with the positive integers less than "n" under multiplication modulo "n."
Here are some key details about primitive roots:
1. Definition: Let "n" be a positive integer. An integer "g" is a primitive root modulo "n" if, for every positive integer "a" coprime to "n," there exists an integer "k" such that g^k ≡ a (mod n). In other words, "g" raised to any power "k" will cover all the possible residues coprime to "n".
2. Existence: A primitive root modulo "n" exists if and only if "n" is either 2, 4, an odd prime power (p^k) or twice an odd prime power (2p^k), where "p" is an odd prime. For example, there exists a primitive root modulo 7, 8, 9, 11, 13, and so on.
3. Properties:
· Order: The order of a primitive root "g" modulo "n" is equal to the totient function of "n" (φ(n)), which counts the number of positive integers coprime to "n". Therefore, the order of a primitive root modulo "n" is φ(n).
· Generators: The number of primitive roots modulo "n" is φ(φ(n)), where φ(φ(n)) denotes the totient function applied to φ(n). There can be multiple primitive roots modulo "n".
4. Applications: Primitive roots have various applications in number theory and cryptography, including:
· Discrete logarithm problem: Primitive roots are used in algorithms such as the baby-step giant-step algorithm and Pollard's rho algorithm for solving the discrete logarithm problem.
· Cryptographic protocols: Primitive roots are employed in cryptographic protocols like Diffie-Hellman key exchange and ElGamal encryption.
5. Calculation: Finding a primitive root modulo "n" can be challenging for large values of "n". The existence and calculation of primitive roots are linked to properties of prime numbers and prime factorization. Methods for finding primitive roots include exhaustive search, checking candidate values, and applying specific algorithms like the factorization method or the index calculus method.
Primitive roots play a crucial role in understanding the multiplicative structure of integers modulo "n" and provide a basis for various number-theoretic and cryptographic applications.

